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Theory of Magnetic Superconductors

M. Tachiki
The Research Institute for Iron, Steel and Other Metals

Tohoku University, Sendai 980, Japan

Abstract. An epoch-making discovery of new ternary
compounds which are simultaneously superconductors and magnetic
materials was made in 1977. Since then, many materials of this
type have been found and are called "magnetic superconductors".
These materials have unusual properties owing to the interplay
between superconductivity and magnetism. The explanation of
these properties and the predictions of new phenomena are
presented.

1. Introduction
Are there materials in which superconducting order and

magnetic order coexist, and if these materials exist, do some

unique properties appear owing to the interplay between these two
orders This question was posed many years ago [1]. The

discovery of the rare earth ternary compounds (RE)MofiSfi [2] and

(RE)Rh.B. [3] provided a key for answering this old problem.
These compounds show superconductivity, although the rare earth
magnetic ions are regularly situated at the lattice sites [4,5].
In these compounds, superconducting and magnetic orders very
often occur at the same time. Experiments show that these
compounds possess unusual electromagnetic properties [6]. Nowadays,
these materials are called magnetic superconductors. Recently
many compounds joined the magnetic superconductors. These are
the examples: (RE)M4B4 with M Ru [7], Ir [8], and Os [9],
(RE)RhxSn [10], (RE)2Fe3Si5 [11], (RE)5Co4Si10 [12], and CeCu2

Si, [13] In these compounds, the magnetic moments are carried
by the 4f electrons of rare earth ions localized at the lattice
sites and superconductivity is mainly carried by the 3d, 4d, and
5d electrons of transition metal ions.

Recently, there appears the new type of magnetic
superconductors in which the magnetic order arises from itinerant
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electrons. The binary intermetallic compound Y_Co is a weak

itinerant electron ferromagnet with the Curie temperature of 4K %

6K [14]. This compound shows superconductivity below 2K ^ 3K.

The organic compound TMTSF?X with X CIO. [15] is a superconductor

at ambient pressure and those with X PF- [16], AsF. [16],o o
and TaFfi [17] are superconductors under pressure. In the organic
compounds the antiferromagnetic order appears above the superconducting

transition temperature.
Owing to the interaction between the magnetic moments

and the superconducting electrons, the magnetic superconductors
are expected to show various kinds of unusual properties. In this
paper the following topics are chosen: A long period order of
magnetic moments in the superconducting state of ferromagnetic
superconductors, flux quantization and anomalous magnetization
curves in the mixed state, surfaces and films of ferromagnetic
superconductors, and the Josephson effect in ferromagnetic
superconductors. Before discussing these topics, we should mention
the nature of the interaction between the magnetic moments and

the superconducting electrons.

2. Interaction between the magnetic moments and the
superconducting electrons

In the magnetic superconductors of the rare earth
compounds, two kinds of interactions are important. One is the
exchange type interaction between the magnetic ions and the
conduction electrons, the so-called d-f interaction. The other is
the electromagnetic interaction between the persistent current
and the magnetic moments.

d-f interaction
Since this interaction forces both the spins in the

singlet Cooper pair to align parallel or antiparallel to the spin
of the rare earth ion, the interaction causes the breaking effect
of the Cooper pair. According to this effect, the spin fluctuations

and the magnetization of the rare earth ions work to
decrease the superconducting transition temperature and the critical

fields [18"v24]. In antiferromagnets, the periodic exchange
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potential produces a new energy gap in the energy band and

decreases the number of electrons responsible for superconductivity.
This potential also affects the wave function of superconducting
electrons and weakens the BCS interaction. These effects are all
accountable for the anomalous behavior of the temperature dependence

of the upper critical field in antiferromagnetic superconductors

Electromagnetic interaction
The electromagnetic interaction between the persistent

current and the magnetic moments causes various kinds of phenomena,

especially in ferromagnetic superconductors.
Screening effect

We write the molecular field acting on the magnetic
moment at the position x in the normal state as /y(x-y)m(y)d y,
where y(x-y) is the exchange interaction constant between the
magnetic moments at the positions x and y in the normal state.
We use the continuum model. In the superconducting state, we

should add the magnetic field induced by the persistent current
h(x) to the molecular field mentioned above. Thus, the molecular
field in the superconducting state is written as

n"m(x) /Y(x-y)m(y)d3y + \K(x) (1)

Since the magnetic field h(x) results from the persistent current
induced by the magnetic moments, h(x) is also a linear function
of m(x). Therefore, the molecular field (1) can be written in
the form i\ (x) Jy(x-y)m(y)d y. Since fi (x) has the lattice
periodicity, h (x) is expanded in the Fourier series as

fim(x) ly (q)m(q)exp(iq.x) (2)
q

The quantities y(q) and m(q) are respectively the Fourier transforms

of y (x) and m(x). The effective interaction constant y (q)
includes the screening effect due to the persistent current and

the electromagnetic interaction between the magnetic moments.
Since the effect and the interaction have only the transverse
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Figure 1

q-dependence of the exchange interaction constants.

components, y (q) is very anisotropic with respect to the angle
between q and m(q) We write y (q) for qJLm(q) and q ||m(q) as
Y _L (q) and y II (q) / respectively. The wave number dependence of
these quantities is shown in Fig. 1. In this figure, the
exchange interaction constant in the normal state y(q) is also
shown. The exchange constant has a maximum at q 0, since the
system is assumed to be ferromagnetic in the normal state. When

the wave number q is smaller than 2tt/Xt A being the Londonli ii
penetration depth, the interaction is strongly screened and yj_(q)
has a maximum at a finite wave number Q. Therefore, the magnetic
structure stable in the superconducting state is a periodic
structure [2ÏK32] Since y_L(Q) is larger than y || (q) for all q

as seen in Fig. 1, the magnetic moments should be perpendicular
to 2.
Sinusoidal magnetic order in HoMofiSR and ErRh.B.

In a narrow temperature range above the lower transition

temperature T _ in HoMo,SR and ErRh.B., the sinusoidal order
of the rare earth magnetic moments which may correspond to the
magnetic structure predicted above was observed. The wavelength
of the sinusoidal order is 200 A for HoMogSg [33,34] and 100 Â

for ErRh.B. [35,36]. According to the experiments using the
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single crystals of ErRh.B4, the direction of the wave vector 2 is
inclined at about 45° from the c axis of the tetragonal crystal,
and the magnetic moments of Er are perpendicular to Q in the c

plane [36]. The fact that the magnetic moments are perpendicular
to Q in the c plane is consistent with the prediction mentioned
above. Just from the magnetocrystalline anisotropy, the magnetic
moments can be in any direction in the c plane.

In the ferromagnetic normal state of HoMofiSfi and

ErRh4B4 below T _, the samples may be divided into many magnetic
domains, which are separated by domain walls. Since the magnetic
structure inside the domain walls is similar to the spiral
magnetic structure, the walls are possible to be superconductive
under some condition [37].

The magnetic scattering of neutrons in the rare earth
compounds is caused by the magnetic interaction between the
magnetic moments of neutrons and the rare earth ions. The magnetic
interaction is screened by the persistent current, and, therefore,
the forward scattering is almost perfectly screened in the
superconducting state [38].

3. Flux quantization and magnetization curve in the mixed state
h(x)

/' IrC

m(x)

¦ytt^ny-
'j(X)

Figure 2

Magnetic field, magnetization, and current in the vortex.

Let us consider one vortex in the sample of the Meissner
state. As shown in Fig. 2, the vortex current induces the
magnetic field h(x) and the magnetic field produces the magnetization

of the rare earth ions m(x) in the vortex. If we define the
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h(x)

repalsive attractive repalsive

Figure 3

Spatial dependence of the magnetic field in the vortex.

magnetic induction b(x) as b(x) h(x) + 4,.m(x), the condition of
the flux quantization is given by

¦+. ,2/b(x)d x /h(x)d x + 4,r/m(x)d x tf> hc/2e (3)

where tt>n is the unit flux. The interaction energy between the
two vortices x apart is shown to be proportional to h(x). When

m(x) is negligibly small at temperatures far above the magnetic
phase transition temperature T h(x) has a positive value as

shown in Fig. 3. The zero point in this figure corresponds to
the center of vortex. When h(x) is positive, the repulsive
interaction acts between the vortices and the triangular lattice
of the vortices are constructed in the mixed state. When temperature

decreases near T and m(x) increases, |h(x)d x should
decrease by the restriction of the flux quantization (3). This
decrease of the integral causes the decrease of h(x) itself. In
the case that the wave number dependence of the staggered
susceptibility of the rare earth magnetic moments is strong, h(x)
oscillates and some part of the tail becomes negative as shown by
the dashed curve in Fig. 3 [39,40]. The negative sign of h(x)
indicates the attractive interaction acting between the vortices.
When an external magnetic field is applied near T the attractive

interaction causes a simultaneous entrance of many vortices
at the lower critical field H and thus the magnetization jumps
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at Hcl [39,41].
When the external magnetic field further increases, the

magnetization of the rare earth ions increases more. If the d-f
exchange interaction exists, the magnetization polarizes the
spins of conduction electrons through the interaction. The

breaking effect of the Cooper pairs due to the spin polarization
becomes stronger near the upper critical field H When the
strength of the d-f interaction exceeds a critical value, the
superconducting state abruptly changes to the normal state and

the magnetization jump occurs at H » [42,43].

a lb)

d)le) e)

Figure 4

Various types of the diamagnetic magnetization in ferromagnetic superconductors.

The magnetic superconductors are originally the type II
superconductors. However, according to the effects mentioned
above, we expect many kinds of the magnetization curves occuring
in the magnetic superconductors. These are schematically shown

in Fig. 4. The magnetization curve in Fig. 4(a) is of usual type
II superconductors. In the magnetic superconductors, the following

types of magnetization curve are expected depending on material

constants. The magnetization curve in Fig. 4(b) has a jump

at H that in Fig. 4(c) has a jump at H -, and that in Fig.
4(d) has jumps both at H and H _. Near the magnetic transition
temperature, the magnitudes of the magnetization jumps at H and
H - much increases and finally the magnetization curve becomes of
the type I superconductor as shown in Fig. 4(e) [43].

An example of the calculated magnetization curve is
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Figure 5

An example of the calculated magnetization curve.

shown in Fig. 5. This curve corresponds to that in Fig. 4(d),
but the curve in the mixed state is shifted to the positive
owing to the contribution of the rare earth magnetization.

Crabtree et al. [44] made the magnetization measurements

using the single crystals of ErRh.B., and obtained the
magnetization curves corresponding to that in Fig. 4(c) when they
applied external magnetic fields along the easy direction of
magnetization.

4. Self-induced vortices and phase diagram
If we assume a uniform spontaneous magnetization of the

rare earth magnetic moments M, 4ttM acts on the electron motion as
an external magnetic field. Therefore, if 4t.M fulfills the
condition

Hcï < 4™ < Hc2 (4)

the vortices are possibly stabilized without applying an external
magnetic field. In (4) H and H _ are respectively the lower
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Phase diagram.
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and upper critical fields when the magnetization vanishes. In
this vortex state, the magnetization M should be stabilized by
the magnetic field induced by the vortex current in a self-consistent

way. Accordingly, this type of the vortices is called
the self-induced vortices. The vortex state is one type of the
coexistence of ferromagnetism and superconductivity [41,45,46].

Which state is stabilized in a ferromagnetic superconductor

is due to its material constants. Figure 6 shows the
phase diagram in the plane of the Landau parameter k and the
reduced temperature normalized by the superconducting temperature
T [47]. As the material constants, the approximate values for
ErRh4B4 were taken. The solid curves indicate the second order
phase transition boundaries and the dashed curve indicates the
first order phase transition boundary. When the magnetocrystal-
line anisotropy is strong, the spiral ordered state is replaced
by the sinusoidal ordered state.

5. Surfaces and films of ferromagnetic superconductors
Let us consider the sample of ferromagnetic superconductor

which has a surface at x 0 and extends over the space of
x > 0. The molecular field acting on the rare earth magnetic
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moments is expressed by the sum of the molecular field in the
normal state h

H. -> m

current h(x) as

normal state r\ (x) and the screening field due to the persistent

fim(x) fim°(5) + t\(x) (5)

When h(x) is parallel to the surface, h(x) should be continuously
connected with the magnetic field in vacuum at the surface. When

no external magnetic field is applied, h(x) vanishes at the
surface. For this reason, the screening effect is weakened up to
the depth of AT from the surface. Therefore, when temperature isii
decreased, the surface magnetization appears prior to the bulk
magnetization [48^50].

The films of ferromagnetic superconductors have the
surfaces at the both sides. When the film thickness is of the
order of AT, the surface magnetizations appearing near the bothii
surfaces interfer inside the film. As a result, various kinds of
the magnetic order occur depending on the film thickness. When

the thickness is shorter than AT, the screening effect due to the
persistent current becomes incomplete anywhere in the film, and

the ferromagnetic order which is suppressed in the bulk appears
in the film and coexists with superconductivity [52,53]. On the
other hand, when the film thickness exceeds AT, the oscillatoryii
magnetization appears owing to the screening effect inside the
film.

Figure 7 shows the magnetic phase diagram in the plane
of the film thickness a/AT and the temperature T/T T being theL mm
ferromagnetic transition temperature of the bulk sample [53]. We

assumed the uniaxial magnetic anisotropy parallel to the surface.
The solid curve indicates the magnetic phase transition temperature.

Below the phase transition temperature, the sinusoidal-
like magnetic structure appears as shown in Fig. 7. The number

of nodes in the sinusoidal-like pattern increases with the film
thickness. In the temperature region below the dashed curve the
normal ferromagnetic state is stable.

As seen in Fig. 7 the regions of two different natures
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Phase diagram in the plane of temperature and thickness of film.
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Magnetization of films for weak fields.
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of sinusoidal orders alternately appear when the film thickness
is increased. One is the ferro- or ferrimagnetic region in which
the net spontaneous magnetization exists in the film. The other
is the antiferromagnetic region in which the magnetic moments are
cancelled inside the film. When we measure the magnetization by

applying a very weak magnetic field, we expect a quite different
temperature dependence of the magnetization in these two regions,
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as shown in Fig. 8. In the ferro- and ferrimagnetic regions the
magnetization monotonically increases with decreasing temperature,
but in the antiferromagnetic region the magnetization has a maximum

at the phase transition temperature [54].

6. Josephson effect
Let us consider a tunnel junction made of ferromagnetic

superconductors. If we write the phase difference of the
superconducting order parameters of the superconductors at the left
and right sides of the junction At)), the Josephson tunneling current

is expressed as [55]

J J sinAtj) (6)

where J is a constant which is determined by the nature of thec -1

junction. Since a very thin insulator film is inserted at the
junction and the junction part is in the weak superconducting
state, a faint magnetic field can penetrate the junction and

affect the phase difference of the order parameters. Therefore,
the Josephson current is very sensitive to the magnetic field
applied at the junction. For the same reason the magnetic
moments near the junction strongly influences the phase difference.
Therefore, the Josephson effect in the ferromagnetic superconductors

is excepted to be very unusual one [56].
If we write the coordinates along the junction as x, the

differential equation for the phase difference is given by

â2 1

-=~ A<Mx) —ö=— sinAtJ>(x) (7)
dK A, (t)j

with

Xj(T) /5TtT Xj (8)

Aj <J,0c/16t.2JcAl (9)

where X_(T) and AT are the Josephson penetration depths for the
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Figure 9

Temperature dependence of a(T).

junctions of the magnetic superconductor and nonmagnetic
superconductor, respectively. The Josephson penetration depth X-j(T)
is given by scaling AT by the factor /a(T). The effect of the
magnetic moments is included in a(T). The calculated temperature
dependence of a(T) is shown in Fig. 9. As seen in the figure,
a(T) decreases with decreasing temperature and vanishes at the
phase transition temperature of the surface magnetization at the
junction. The equations (6) and (7) show that the Josephson
current flows only in the region within AT(T) from the edges of the
junction. Accordingly, it is expected that when temperature is
lowered and Aj(T) decreases, the maximum Josephson current diminishes

and finally vanishes at the phase transition temperature
of the surface magnetization of the junction. This temperature
dependence of the maximum of the Josephson current has really
been observed by Umbach and Goldman using the junction of
ErRh4B4-LuxOy-In [57].

Figure 10 shows the magnetic field dependence of the
maximum Josephson current J for the two junctions with the

max J

width of L/Xj =0.5 and 2. In the case of L/Aj 0.5, the maximum

current shows the Fraunhofer patterns shown in Fig. 10(a).
When temperature is lowered, the period of the Fraunhofer pattern
decreases with keeping the amplitude constant. On the other hand.
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Figure 10
Field dependence of the maximum Josephson current.

in the case of L/A 2, both the amplitude and the period
decreases when temperature is lowered as shown in Fig. 10(b). At
low temperatures, the shape of the Fraunhofer patterns are broken
down in this case.

I would like to conclude this article with adding the
followings. We construct a multilayered sample in which the
films of a ferromagnetic superconductor and a nonmagnetic
superconductor are alternately stacked up. When the vortices are
inserted into the sample by applying an external magnetic field,
the vortices are more stable in the films of the ferromagnetic
superconductor than in the films of the nonmagnetic superconductor.

Therefore, the interfaces between the two kinds of films
work as pinning centers. By using this sample it may be possible
to obtain a considerably large critical current.

In rare earth compounds, the cerium compounds are
special. In the compounds, the quantum mechanical mixing between
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the wave functions of the conduction electron and the 4f electron
of Ce is strong, and in some compounds the Kondo lattice is
constructed. In CeCu-Si-, the specific heat, the electrical conductivity

etc. show a typical behavior of the Kondo lattice. In
spite of this, the compound shows superconductivity below 0.6K
[13,58]. Very recently, Celn. was found to have similar properties.

The electrical conductivity shows the Kondo lattice
behavior above the antiferromagnetic transition temperature of
^10K. The crystal makes a superconducting phase transition at
6 ^ 7K [59]. The superconductivity in the Kondo lattice will
briefly be discussed in the talk.

The author would like to express his thanks to Mr. H.
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