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A relativistic two-body model for
hydrogen-like and positronium-like systems II

by F. Reuse1)2)
Institute of Physics, University of Neuchâtel, 2000 Neuchâtel, Switzerland

(20. VIII. 1980; rev. 12. XII. 1980)

Abstract. This paper is devoted to a generalization of a relativistic two-body model previously
formulated in the spin-free approximation. New terms have been introduced for the description of the
spin interactions. Except for fixed physical constants like masses, charges and gyromagnetic factors for
both particles, our interaction terms contain two dimensionless parameters hm and h(2), one for each
particle.

The resulting fine and hyperfine structures are evaluated up to contributions of order a4, for
arbitrary mass ratio. In the particular case of the hydrogen atom, for he_ 1.048, the model predicts
the correct fine and hyperfine structures of the hydrogen spectrum, (including the Lamb shifts). On the
other hand, the fine and hyperfine structures of the positronium are obtained, taking for Ke_ he+ the
values 1.048, as in the hydrogen atom.

1. A two body model for interacting spin — | particles

The two body model of hydrogen-like systems described in part one [1], did
not account the interactions due to the spins. We now generalize the above model
to a more realistic situation where the spins interact with the electromagnetic
field, giving rise to the so-called fine and hyperfine structure of the spectra.

Essentially this generalization is incorported into the same scheme as in [1].
According to [1] we again postulate the equality na) ng) n'1 for the bound
states of the system. We then write a self adjoint operator Kn (on the Hilbert
space Hn®Hn) which differs from the one given in (117)3) by some new covariant
terms including spin operators. The construction of the new evolution operator Kn
that we propose is based upon the following assumption. First, each particle
interacts with the field produced by the other. Second this interaction is described
by terms of the same form as the one given in (112) for a particle interacting with
an external field.

1) Supported in part by the Swiss National Science Foundation.
2) Present address: Department of Theoretical Physics, University of Geneva, CH-1211 Geneva 4,

Switzerland.
3) This notation means formula (17) of [I].
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More precisely we propose the following evolution operator (with q* standing

for qfo-qfo)

Kn 2M~ gM"(P(1^ ~ •**(«*(-<i))(P(i>ta. -^d)v(-q))

SmP-m

2Mmc2 (Pei). - stmA- d))F?1)v(- q) W?«

(1)1
+ 2M~ g,1^P<2^ ~^(2)M.(q))(P(2)v ~^(2)v(q))

"â^(P(2)* -^».(q))^)^)w&

+âSF(^(q)n"F-(Cï)flP

Where c, M(1), p.m eh/lMm and (-e), M(2), pl2-) (-e)h/lMl2) respectively
denote the charges, the masses and the Bohr magnetons of the particles (1) and
(2). Moreover g(1) and g(2) denote their gyromagnetic factors and h(1), h(2) are
dimensionless phenomenological constants.

In this expression ^(i)|i(-x) ^(1)M.(xa)-x(2)) (resp. si(2)ll,(x) si(2)lx(x(2)-xa)))
denotes the effective 4-potential as seen by particle (1) (respectively (2)),
associated with the 4-vector potential A(1)M.(-x) A(1)|J,(x(1)-x(2)) (resp.
A(2)|i(x) A(2)|X(x(2)-x(1))) created by particle (2) (resp. (1)). Similarly F(1)m.„(-x)
(resp. F(2)lLV(x)) are the corresponding electromagnetic field tensors:

p tv _,. \_aA(.)v(x(i)~xo)) 3-A(On(x(Q~xo))
/,- ,\-n 9\ n n n\r'VvAX'i) xofr- TH T~Z» (J, 7)-(l, 2), (Z, 1) (2)

dX(0 dX(i)

Finally the dual field tensors are given by

c2
F(i)n.v -~ ~~z £|.vP F(i)pk, i 1,2 (3)

The expression for A(1)(J,(x(1)-x(2)) and AC2)(i(x(2)-x(1)) are suggested by the
following classical considerations. The 4-vector potential A(i(x) corresponding to
a classical particle of charge e and magnetic moment M1* whose motion is
uniform and in the direction n11 (suppose q*ir) n^r), is given by

A»(*)=— „2
* ,+Z 5JUn,x)Ar

4tts0c2 d(n, x) 4-7re0c2

where d(n, x) is defined in (118) and where f„.v(n, x) stands for

enppXX n
d3(n, x)
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This expression A^(x) can be found by considering the case n n0 (0,0,0,1).
We then have

Ali(x)-(A(x), -V(x))=( 1 2^,-T-rS)
\4TTeoC |x| 4ire0|x|/

which is a well known result. The above 4-vector field verifies the Lorentz gauge
condition d„,A*(x) 0 because

x^ + n^x-Q/c2
d"- din, x) —

din, x)

and thus

d»uvin,x) 0

In view of the previous results where n* plays the role of a 4-velocity and as

regards to the evolution properties of n in our model, we propose the following
expression for A(2)(i(q(2) —q(1)) A(2)(l(q), the 4-vector field as seen by the particle
(2) and created by the particle (1) of charge e and magnetic moment g(i)P(i) Wfa:

A«»M^itù+ï^u"-«)w:» <4)

Analogously for A(1)MXq(1)-q(2)) A(1)M,(-q), the 4-vector field as seen by the
particle (1) and created by the particle (2) of charge —e and magnetic moment
g(2)P(2)W&, we find

A(iv(-q)=
~e

2 .,"» ,-%^L(n,q)Wï2) (5)
4ire0c din, q) 4rre0c

In other words, in this model, the usual dependence of the field on the particle
velocity is replaced by a dependence on the corresponding mean value which is
precisely given by n*\

Finally, in view of the expressions (5) and (4) for A(1)(1(-q) and A(2)(i(q) and
according to (117), we propose the following expressions for the effective 4-
potentials simil.i-q) and ^„(q)

^-^^>^otù-^'u"-q)W!''} (6)

and similarly

«»-<¦»- A^^itù^''"^"»} (7)

where the values of km and A.(2) are given by (160).
At this point, the general expression (1) of Kn and the definitions (4), (5), (6)

and (7) completely define the model (via (2) and (3)).
The energy spectrum associated to the bound states of the system has to be

calculated in a perfectly similar way as in [1]. Let us recall that in [1] we had been
led, as a first step, to an eigenvalue problem (see (138)) which, in a formal way,
looked like a non-relativistic bound state problem for a particle in an external
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potential. (Actually, in (138) we had directly written the corresponding radial
equation).

Presently we also will be led, in a first step of the evaluation of the spectrum,
to a non-relativistic bound state problem as above, i.e. to an eigenvalue problem,
relatively to a "fictitious hamiltonian" (depending on the energy W). The
expression of this "hamiltonian" is given by (23) and by (21) and (22). To
determine the expressions (21) and (22) we first have to develop the explicit
expression of Kn obtained from (1), taking into account the explicit forms of A,i)lx,
•s*<Om.> F(0«.v and Fi0vtv obtained from (4), (5), (6) and (7) via (2) and (3).

This is a straightforward calculation where (as in [1]) it is convenient to
replace p(1)(i and p(2)(t by their expression in terms of the total and relative energy
momentum P^ and p^ as defined in (120) and (122).

Such a calculation leads to K„ expressed as a sum of terms. In this sum we
have to distinguish four kinds of terms. Grouping together the terms of the same
kind, Kn may be written in the following way

k„=k^+k^+k^+k:r(3) (8)

where K^ denotes the spin free evolution operator which has been considered in
[1]. This operator reads

K<co)_g:

(9)

For convenience we have introduced the fine-structure constant a
e2f4rre0hc and the Bohr radius aa 4rreQh2lme1. On the other hand let us
remember that M M(1) + M(2) denotes the total mass and m MmM(2)/M the
reduced mass. Moreover, from (160) k Vl—m/M, when M(2)<M(1).

The operator K™ denotes the terms of Kn which are of the type of a

spin-orbit coupling. This operator reads

K?
4 2a mc

Ih aliP^in, q)[Gf£Wr« + G%W&\

where

nso-

+ P»L(n, q)[gfr?W?„ + gf2?W("2)]}

g(2) mMm

(10)

so __
g(i) mM(2)
2 M2

G so _C2>-

and

g(i)
_g(i)M(2)(M+Mw)

M2
„so_g(2) -

2 M2

g(2) Mm(M + M(2))

M2

(11)

(Note that for formal symmetry reasons we have factorized h 1 in (11). Let us
remember that n amca0.)
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The Operator K2 groups the hyperfine structure like-term of K„. We have:

Ki2) a4mc' m
4M

f nJP* HS njp*} al _,,

where

g"5 g(l)g(2)
M(i)-M(2)

2M

(12)

(13)

In the above expression, T(n, q) denotes the so-called tensor coupling
operator between Wfr, and Wf2)

T(n, q) - W(1)llWfa - 3 —— 2—d(n, q)

Finally, X(„3) denotes all remaining terms of Kn

K(n3) a6mc2{gD + gDTT(n, q) + §gDSW&WmJ
4

a0
d4(n, q)

(14)

(15)

where the dimensionless constants gD, gDT and gDS are given by

1
gD=; l {M32)h2x) + MliXv + 2M(1)M?2)gf1)

32M3

+ 2Aff1)M(2)g22)}

_ m /1 m M(1)-M(2)\
8 8M\3 M M /

in view of (129), and

g(l)g(2) (16)

DS_ m
8 ~ 8M g(1)8(2)

As we shall see, these terms will contribute to the spectrum in a similar way
as the so-called Darwin terms in the usual Breit model. For this reason we call
those terms Darwin-like-terms.

As in [1], we now denote that the commutation relations

[Kta,,Pj 0

hold since Kn does not depend on Q*\ Hence, as expected, the total energy-
momentum of the system is a constant of the motion. Consequently we have to
consider solutions dj(X, x) of the equation

Mc2
Kndj(X,x)=-—dj(X,x) (17)

of the form (132) which satisfy the additional condition (133)

«KX, x) exp (iP^m^x), P,. Wnjc2
On the other hand, for convenience and without loss of generality, we choose

n* to be equal to n&. This choice simply corresponds to a description of the
system relatively to its rest-frame.
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In such a situation

d(n0, x) \\\ r
xk

fu(n0, x) 0, /„(no, x) eijk4 —, i, j, k 1, 2, 3

and

W(t) (S(O,0), i l,2
Then

T(n0, x) S(1)S(2)- 3 ^K^s T(x) (18)

abbreviated below by T(x).
In view of the above expressions, obviously no term K„l depends explicitly

on q4. As a consequence noP^ — - ihd/dx4 commutes with K^ (and with P„. too).
More generally this means

KpMCJ 0

Moreover (in the case where n* n%) the total relative momentum operators

J L + fìS

where L qAp and S S(1)+S(2), which obviously commute with P^ and n^p^,
also commute with K^ because of the rotational invariance of the system.

Consequently, for the same reasons as in [1], we have to determine solutions
of (17) for n* n£, of the particular form

<KX, x) exp (iP^/h) exp (- iwx4lh)<bf(-x) (19)

where P^ Wnjc2 and where ^^(x) is a four-component, spatial relative wave
function verifying

J2d-¥(x) J(J+ \)h2<bf(x), / 0,1,...
and

hcbf(x) Mhcf>Y(x), M=-J,...,J-l,J.
The functions (19) are then solution of (17) if the spatial relative wave

function <f>J*(x) obeys the following equation

Mc2
K%4>j*(x)=-~4>Y(x) (20)

obtained by considering the restriction of (17) to the spectral subspace which is
associated to the eigenvalues P^ Wnjc2 and w. Hence

K% %+V»+y™+r<3)
where St, l^^, V<2) and i^3) denote the corresponding spectral restrictions of K^,
K™, Ki2l and K% respectively. Clearly, from (9), (10), (12) and (15):
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W + Aa2mc
2Mc2\

-- r (w + A.a2mc2
2mc2 V

£o\2+p1
r / 2m.

^ a4^ <*! L(gfoS(i) + gsoS(2))
2ä

r(2)=-a4ific2 m

4M lg(l)g(2)
w

Mc ;+gf
w

mc

log
-jr3 T(x)

and

T<3) «6mc2{gD + gDTT(x) + fgDSS(1)S(2)} ^
Finally the eigenvalue equation (20) for d>™(x) reads

\^-Xa2mc2^-^^^+^ + V2' + y<Acbf(x) e^(x)Mm r 1 r J

where (as in (138) with A 1 and K= -Mc2/1)
W w

X A—^ + A. ;Mc mc

and

1 IW2
1 \.\Mc mc i

(21)

(22)

(23)

(24)

(25)

Following the same argument as in [1], the bound states of the system are
supposed to correspond to the solutions of (23) that belong to C4<8>L2(IR3, d3x).
The corresponding values of e together with the condition (q^^O lead to the
values of VV belonging to the energy spectrum. For symmetry reasons, the "mean
value" (q).], can be expected to vanish. On the other hand, the relation

q4-kKno,q4] ^+Aa2^+g«sa4-^-4T(x)
n m r 4M r

and the condition (q4)* 0 imply the equality

-*-2=-k«2&) -gHV-^(4Tw)
mc xr/q, 4M \r I&

in the same way as in (142), (143) and (144).

(26)

2. Evaluation of the energy spectrum

This section is devoted to the evaluation of the energy-spectrum of the
previous two-body model of hydrogen-like systems, up to terms in a4.

As regards to (23) we have to consider a problem whose formal analogy with
a non-relativistic two-body problem is obvious. At first, our aim is to calculate the
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values of e corresponding to the solutions of (23) in C4<8>L2([R3, d3x), by a
perturbative procedure treating the sum

4 2 2

T=-a mC gg+yœ+y(2)+r(3) (27)
2 r2

as a perturbation in (23). The solutions of the unperturbed problem, where:

P2
¦? -,a0 —h2 1 d d L2 a0 ,_„.^o ^ xc-2mc2^=- 2-r2-+ ——2-xo-2mc2-± (28)

are well known. There are wave functions associated to given angular momentum
quantum numbers I whose normalized radial part R„i(r) e L2(U+, r2 dr) correspond

to the eigenvalues of St0

e™=-a2mc2£, n 1, 2,... (29)
2n

For a given principal quantum number n, the degeneracy relatively to /

corresponds to the values 1 0,1,... ,n-l. Because of (24) and (25) the above
result yields a relation between W and w. By replacing w in this relation by its
unperturbed mean value w™ we finally obtain the unperturbed energy spectrum
W(„0). The mean value w^0) is given by

mc
.A„f.) __i£(A w+Aia

\r/c(o> n \ Mc mc I
We refer to (26), without the perturbation term gHSa4m/4M(aÜ/r3)T(x), and

to the analogy of the present calculations with those performed in [1] from (143)
to (149). (Actually the only difference is that here y l.)

We then get

,m AAa2mc2 W
n2 + k2a2Mc2

and finally

W0) Mc2\\+— 1 (30)" L Mn2 + a2(l-m/M)J K '

using the value of A. proposed in [1]. Expanding this result we have

W(n0) Mc2- mc2\^-2- (1 - m/4M) ^i+0(a6)] (31)
L2n 2n J

A corresponding set of normalized eigenfunctions is given by

Ki(r)Y%(e,d>) (32)

where Y%(0, <b) e C4 denote the angular eigenfunctions of J2, J3, L2 and j2, j being
given by

i L+fiS(2), (33)
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for the eigenvalues JiJ+l)h2, Mh, lil + l)h2 and j(j + T)h2 respectively. This
choice is done, assuming a non-symmetric situation where M(1)>M(2). The
particle-antiparticle system where M(1) M(2) will be discussed in Section 4.

Obviously the total momentum quantum numbers J and M are "good"
quantum numbers for the perturbed system. On the other hand, concerning and
/, we first notice that the operators

LS(1), LS(2), T(x) and S(1)S(2)

appearing in the expression of V do not change the parity. Then for given J and
M, the eigenfunctions <£j*(x) of St0+T, i.e. satisfying (23), are then necessarily of
one of the following forms (Jj- 0)

R+(r) YfJJ+0, <f>) + R.(r)Y^_è(0, <b) (34)

(i.e. a superposition of wave functions for I J and /' J±2) or

K+(r) YfJ+u+0, 4>) + K-0) Yfj_ljA(6, <b) (35)

(i.e. a superposition of wave functions for l J+\,j J+\ and J— 1, j J—|).
In particular for / 0, the form is

R(r)YtyL0,4>) or K(r)Yglè(o, <b)

Let us now denote by EnJM the two-dimensional (one-dimensional if / 0)
subspace of C4®L2(U3, d3x) generated, for n>J and M fixed, by

R*(r)Y%Le,4), l J, j J±h (36)

Correspondingly, we denote by FnJM the two-dimensional (one-dimensional
if J 0 or if n J+l,J) subspaces generated, for n^J and M fixed, by

Rni(r)Y%(e,<b), l J±l, /=/±| (37)

Because of the Darwin-like-term %^3) in (41), which introduces a singular
potential with a r~4 behaviour, our perturbative treatment depends on whether
we consider an eigenvalue associated to an eigenfunction with a 0-component
or without such a component. In other words we have to discuss separately the
perturbations of an unperturbed solution in EnJM with J£ 0, respectively in FnJM
with Jj-1 or in E^0, respectively in F^1M.

Let us consider the first case where a I 0-component does not appear in the
solution. Then the contribution of order a4 from (27) to the spectrum can be
obtained by a standard first order perturbation.

More precisely, suppose W and w to be fixed parameters in (23). Then the
perturbative term (27) contributes to e with terms of order a4 and higher.
Actually the contribution to e is given by the eigenvalues of the restriction of Y to
the subspaces EnJM, JjO and FnJM, Jj 1, as is usual in a first order perturbation
calculation. Since the Darwin-like-term i^3) obviously gives rise to a contribution
of order a6 we can neglect it in the present calculation. Let us denote by
a4mc2eci}(w, W) the contribution of order a4 from V to e, i.e. to one of the
eigenvalues of V |e„,j,m or Y |Fmj,M (when Yi3) is neglected).
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The resulting relation between w, W which comes from (25) reads

W2\ (^+^-Mc2) s™ + a4mc2e%(w, W) + 0(a6)
2 \Mc mc I

—a2mc2 „ 2
X{w'^ + a4mc2e^(w, W) + 0(a6) (38)

2n

where we recall that x, given by (24), depends on w and W. In the same way as

previously, in order to obtain an equation determining the energy spectrum, we
have to replace w by its corresponding mean value wnJ for states &njj* built up
from solutions of (23) (we refer to (143)) and verifying the condition (26).
Presently, solutions of (23) differ from the unperturbed one by a4 and higher
terms. Under this condition the right hand side of (26) differs from the one in the
unperturbed case by terms of order a4 and higher. Thus

wnJ w^) + àwnJ

where Aw^ 0(a4). For what follows, it is important to remember that iv™
0(a2).

Consequently, putting

W=W°) + AWnJ (39)

in (38), where w was been replaced by w™ + Aw„j, we easily conclude that AW„j
necessarily contains a4 and higher order contributions. More precisely we
conclude that

AWnJ a4mc2e^(w 0, W Mc2) + 0(a6) (40)

In other words, the contributions of order a4 from Y to the energy spectrum
are obtained from the restriction to EnJ¥,0M and FnJ¥,1M of

r=^^+^^UgsoSa)+ gsaS(2))

-a4mc2^g(1)g(2)^T(x) (41)

as follows from (27) (where T*3' has been neglected) and (22) where we set w 0
and W Mc2. Moreover the restriction has to be considered for subspaces EnJM
and FnJM associated to the radial wave functions K„i(r) for w 0 and W Mc2
i.e. to the radial wave function of (28) with x -1> (see (24)).

These calculations are in all respects similar to the ones of the usual
evaluation of fine and hyperfine structure in the non-relativistic case. For this
reason we only give the results of these calculations and refer to [2] for more
details.

We first consider the matrix elements

ytf™= f r2 drf sin 0de^Td<bRUr)Y%(6, cbYY'R^^Y^ie, <f>)

i.e. the restriction of Y' to EnJM relative to the basis (36).
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For i j' J+k (JjO,J=Kn), we obtain
/nJJVf _

gfff(2J + 3)-gg?(2J+l) m

(J+1X2J+1)

If!?
4 2a mc
In3 UttH g(D g(:

2M(J + 1)(2J+1)7+l)J
and for j /' J-\ (Jj 0, J <n),

1 f gg?(2J-l)-gg?(2J+l) m gœg(2) I
r+1 I J(2J+1) 2MJ(2J+1)J2n3 2.7+1 I J(2J+1) 2M .7(2.7+1).

The non-diagonal elements (where j J — j and /' J + 2) are given by

1 2gfg-m/2M-g(1)g(2)

9 if
4. 7a mc

(42)

2n3 2.7+1 VJ(J+1)(2J+1)

The eigenvalues of this 2x2 hermitian matrice correspond to the contribution

of order a4, from Y to the energy spectrum when Jj 0.
We now consider the matrix elements

T'^M £ r2 dr^sin 0d0^ "'dcf>R*(r)Y^d, <b)+Y'KAr)Y^r(e, <f>)

i.e. the restriction of Y' to FnJM relative to the basis (37).
For j /' J + \(l V J+\)(Jj 1, J+1<n)
ois-nJb/f

-M
7 + 3 1

2,gfg+ggg, m g(l)g(2)
t»>2n3 2.7+3 T J + l ' 2M(/+1)(2J+1)

For j /' J-| .' J-1)(/^1, J<n)
Oif-YtJiS/l' JJ"

4 2a mc ^
(43)

2 g(D + g(2) m g(1)g(2) Ì
2n3 2.7-1 I J 1MJ(1J + 1)\

In this case the non-diagonal elements vanish.4)
Thus, the above diagonal elements (43) are simply the contribution of order

a4 of Y to the order spectrum when Jj 1.

Next, we have to consider the particular situations where a 0-component
appears, and for which the above perturbative procedure does not apply. This
corresponds to the subspaces En>0,o and FnilM.

In the first case (J I 0, j §) the solution of (23) has the following form

400(x) R(r)Y°00i(d,d.)

'IIt can be shown that: R„l+2(r)*-§Rnl(r)r2 dr 0 for n»3.
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Since

LS(1) Ygoj LS(2) YSoi 0, T(x) Y°m 0

and

S(i)S(2) Y00i — jYgoi

the eigenvalue equation (23) implies the following radial equation for R(r),
obtained by taking (22) into account

f — h2 1 d 2 d 2 2a0 a4mc2 a%

z A r2-A—xa2mc2 —.lm r dr dr r

+ a6mc2(gD-hDS)^\R(r) sR(r) (44)

In fact we have to find values of e corresponding to solutions of (44)
belonging to L2(IR+, r2 dr).

It can be shown [5] that such solutions behave as follows, near the origin:

R(r) exp(-aV2gD-gDSa0/r) ¦ O(l) for r^O (45)

when one, of course, assumes that 2gD - gDS >0.
For this reason it is convenient to set

R(r) exp (-a2JlgD-gDSa0/r)R(r) (46)

By virtue of this definition an easy calculation shows that R(r) obeys the
following differential equation obtained from (44)

f — tr2 1 d 2 d
2 2a0 a4mc2 a%

„2 ;-r2—-XO-2mc-
ta 2m r dr dr

- a4mcV2gD-gDS^ jr }H(r) eR(r) (47)

A function R(r) corresponding to a solution of (44) in L2(IR+, r2 dr) behaves
near the origin as R(r) O(l) for r -> 0. On the other hand R(r) as well as R(r)
are analytic functions of r in ]0, °°], decreasing exponentially for r —> oo.

Consequently such functions R(r) are in L2(U+, r2 dr) and, conversely, solutions of (47)
belonging to L2(IR+, r2 dr) give rise to a solution of (44) belonging to L2(U+, r2 dr).

Hence, a first order standard perturbation calculation can be performed in
(47). Treating the terms

<*4mc2 al _.4__2 /».p -DsaS d
.2 a4mcNlgD-gDS^^Y> (48)

L r r
in (47) as a (non self-adjoint) perturbation, we recognize the unperturbed
solutions to be the usual Coulomb radial wave functions Rno(r) associated to the
eigenvalues

ef=-a2mc2f-2
In
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Then, first order perturbation calculation leads to the following contribution
of order a4 to e:

a4mc2s(n1o(w, W) £'R*0(r)Y'Rn0(r)r2 dr -^^{2X2-4V2gD-gDV}

Finally, the corresponding contribution of order a4 in the energy-spectrum is
given by c.4mc2e^o(0, Mc2) (i.e. x 1)> as follows from a similar argument as the
one that led to (40). Then, for J 0 (I 0, j §) and for n 1, 2,... we have

AW„0= -^H2-4V2gD-gDS}+ 0(«6) (49)
2n

This result completes (42) in the case .7 0.
Consider now the second particular case corresponding to solutions of (23) of

the form (35) for J 1. In this case

-pf« R+(r) Yr2i(0, <t>) + R_(r) Y^O, cf>) (50)

From (23) and (22), we obtain the following coupled radial equations for
R+(r) and R_(r):

(-h2 Id ,d h2 T6 01 a0
Urri72 Jr r

dr
+ 2nV2[0 oF*" mC 7

(gf^+gp^;1 °]
4 2 2 4 2 3a mc ar, a mc

- +
2 r2 2

4 2 m f
mc \i4M!*

+ a6mc2-

f W HS w \a30\ \ -1/V2]
{g<i)g(2)Mc2+g —^[..yji 0 \

£of D+i0«. »if I -l/V2]ììfR+(r)1 f-Ä+(r)]r4ig +ëg +g Ul/v^ 0 J]J[taRfrr)J eLR_(r)J (51)

since Y™i and Y^i are linearly independent angular functions. We have to
determine the value of e corresponding to solutions of (51) in C2<8)L2(M+, r2 dr).

As previously, it is convenient to set

where we assume that 6gD + gDS>0. Substitution of (52) into (51) gives

\^lAr2A+ J>__\6 °]-Xa2mc2^ +Y]\^l] e\^]] (53)\lm r2 dr dr Imr2 LO OJ * r JL-R_(r)J LRfrr)J

where Y' stands for
2 4 2

a0 a mc
"2J +

r2 2

m
4M

&&$ [7 °]

f w w io|r è -1/V21

+«^tH-i.V2 T]--WV5P+li-0|. (54,
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The solutions of (53) in C2<8>L2(IR+, r2 dr) give rise, via (52), to solutions of
(51) in C2Cg>L2(M+, r2 dr). In (53), we can evaluate e by standard first order
perturbation methods, treating Y' given by (54) as a perturbation. The solutions
of the corresponding unperturbed problem are obviously

[*f ],» 3,4,... aod [^J, „-.,2,... (55)

and the corresponding eigenvalues are

(0) 2 2 X
eV=-a2mc2—-52n

First order standard perturbation calculation consists in determining the
eigenvalues of the restriction of if' to the two-dimensional (one-dimensional if
n 1,2) subspace of C2<8>L2(1R+, r2 dr) generated by (55). In spite of the singular
terms occurring in (54), such a restriction exists as it is easy to verify since
Rnl(r) 0(rl) for r^-0. The following term of Y'

6 2Ao DT\ I -1/V2]
amc-?g L1/V2 0

J

giving rise to a contribution of order a6 in e, can be neglected. On the other hand
the only possible non-diagonal contribution of order a4, i.e.

fRt2(r)Y'Rn0(r)r2 dr, n>l
comes from the third term in (54). However, such a contribution vanishes. Up to
order a4, the restriction of Y' relative to the basis (55) is diagonal. Hence, up to
order a4, states with I 0 and 2 do not mix.

For states with I 1 (J 1) the contribution of order a4 of Y' to e is given by
the diagonal element of Y' associated with

\Rn2(r)} ta,-L
0 J' n>2

i.e. by the mean value of

a_mc_Oo 3 42, so, so,^0
2 r2 4 vg(i)+g(2)J r3

a4mc2 m ' w "• "» "3

4M
f W HS w Ì al
{g(i)g(2)^+g —2\T,

-a4mc2V2gD+kDS4T
r dr

with respect to Rn2(r). But, in this expression, the last term does not contribute
because:

I K*2«aj^%^'2<*r 0
r dr
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Finally, the mean value of the above sum of operators, for w 0 and
W Mc2 (x l) reads (n>2):

and gives the corresponding contribution of order a4 to the energy-spectrum. It is
important to note that this result coincides with (43) (for j =j'=J+ 2) where J 1.

Significant differences appear for states with I 0 (J 1). The contribution of
order a4 of if' to e is given by the diagonal element of Y' associated with

I" ° 1
LRn0(r)J n l,2,...

i.e. the mean value of the operators
cL4mc2 al 4 2 D DSal à

j- a4mc2<lgD +\gDS — —
1 r r dr

relative to Rn0(r). The above mean value, for w 0 and W Mc2 (x 1) reads

4 2a mc
AWnl=-^H2-4V2gD+|gDS} (57)

2n

and gives the corresponding contribution of order a4 to the energy-spectrum. This
result completes (61) in the case j j' J — 2 for .7=1.

Let us now summarize. The spectrum, up to order a4, associated to solutions
of the form (34) is given by the expansion (31) for W*0) up to the same order,
where the contributions of (42) or (49) have to be added. For such states I is a
good quantum number but j is not (except if .7 0 with then /'

The spectrum, up to order a4, associated to solutions of the form (35) is
given by the expansion (31) for W^0) where contributions given by ((43), (56) or
(57)) have to be added. For these states and j are approximate good quantum
numbers in the sense that there exists a mixing between .7+1-components in
terms of order a6 and higher. Exceptionally, I (and j) are good quantum numbers
when J 0 and then 1 1, / \.

3. An application to the hydrogen atom

In this application, particle (1) is a proton and particle (2) is an electron. We
may thus suppose M(2)«M(1), i.e. m/M«l.

Our aim is to determine, from the previous results, the energy-spectrum of
the hydrogen atom up to terms of order a4 and up to terms in mfM. This implies
from (11)

„so -21 „so^Io)g(l) — g(l) M g(2) —
2

and from (16)

gD "è H)+]S(2g?2)-3h22))}, SDS «(»ge,
m

8M

(58)
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The other dimensionless constants play no role at all because of (42), (43),
(49) and (57). As a consequence of the above expression for gf° we note that the
non diagonal elements in (42) are of order m/M and thus contribute to the
eigenvalues of the 2 x 2 matrices Y^M, through terms of order (m/M)2 (whenever
the corresponding trace does not vanish). So, the diagonal elements in (42) lead to
AWta^j up to terms in m/M. This result together with (43), (49), and (57) gives
directly AW„j....

For convenience, we express AW„j... as a sum of a so-called "fine structure
term" AW^f and a so-called "hyperfine structure structure term" AW"S

AWnJ AW™+AW™ (59)

The energy levels of the atom are labelled by n, J, j, I. As follows from the
previous comments, j and I may be assumed to be good quantum numbers since
the mixing between states of different ; and I is very small.

In this way we obtain the following AW^f and AW£S, for Ij 0 (from (42) and
(43)). We have

AW«.,-«^ * f1±&£zi] (60)
2n3 j+l I 21 + 1 J

for l i±\ respectively

a w««- «4™c2 m 2g(1) f gço/2-l]AW --^FM(ij+T)(n+T)\±l±-iji^r\ m
for } J±\ respectively for the first sign and tor I j J or 1 J respectively for the
second sign.

For I 0 (from (49) and (57)), we have

AW*= «4™2r r
2n3 H*--s(^)]}

and

AWHS _^j^ta^-^œ ri±g(2)/2-tt(2)1 mIn3 M2J+11 h(2) J

depending on whether / 0 or 1.

The above results need some comments.
The first terms in the expressions (60) and (62) of AWra, i.e.

-^4l (64)
2n 7+2

are the same as the fine structure terms of the Dirac spectrum [6] where the mass
of the electron has been replaced by the reduced mass m. These terms exhibit the
well known degeneracy relatively to I for fixed j. In our model this degeneracy is
removed by the second terms in (60) and (62). These terms contribute thus to the
Lamb shifts of the fine structure spectrum. Usually the Lamb shifts are obtained
as radiative corrections to the Dirac results. The energy shifts terms obtained by
such a procedure [7] may be compared with the corresponding energy shifts terms
resulting from expressions (60) and (62) of AWra. Both types of expressions, ours,
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which read

_a4mc2 g(2)-2+ -
2n3 (2j + l)(2. + l)

for l=j±\jO respectively and

m2g22)-h22)Na mc
1 +

M 2h(2)

(65)

for 0, and the ones obtained from radiative corrections are rather similar,
particularly in what concerns their n -dependence. (For a comparison, see also
Ref. [17] Section 2.)

Actually, in the hydrogen atom, where

g(2) 2.0023

is the gyromagnetic factor of the electron, and where we put

h(2) 1.048

our fine structure terms AWra exhibit Lamb shifts with good numerical agreement.

For the "SU2 - nP1/2 energy separations (n > 2) we have the expression

^nf (h(2)-i+g2g^:3^+^) (66)
2n3 V lZ) M 2h(2) 6 /

corresponding in the hydrogen atom (where a4mc2fh 350.19 [GHz] and m/M
0.5440 • 10~3) to the frequencies 8.464/n3 [GHz]. The above value of h(2) has
been chosen to reproduce the experimental value 1.058 [GHz] for the 2S1/2-2P1/2
energy separation [8]. The predicted numerical values for n>2 may then be
compared with the experimental results [9].

n theory [GHz] experiment [GHz] *)

3 0.314 0.315
4 0.132 0.133
5 0.068 0.065

*) Experimental data are reproduced up to
the last significant figure.

In the above cases where j \, the line width is always smaller than the Lamb
shifts, but for j § it is larger than the predicted energy splitting.

We now consider the hyperfine structure contribution AWHS given in (61)
and (63). The first terms in these expressions of AWHS can be written in the
unified form

a4mc2 m 2g(1)

2n3 M(2J+1)(2. + 1) l ;

which, (for the gyromagnetic factor of the proton g(1) 5.585), corresponds to the
hyperfine energy shifts for the hydrogen obtained from the Breit equation [10].
These results are in agreement with the experimental ones.

Finally, the second terms in the expressions (61) and (63) of AWHS are small
corrections in the present case as g(2) is very close to 2 and h(2) close to 1. For 1^0
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these correcting terms are negligible but for 1 0 their contributions are about
4% of the hyperfine energy shift. For experimental data on the ground state
hyperfine structure of hydrogen we refer to [11].

4. The particle-antiparticle system. The positronium

In this particular case

M(1) M(2) 2m M/2

Moreover, we assume that

g(i) g(2)-g and hm=hl2)=hF

Then, from (11), (13) and (16) we have

„SO SO SO _ 3 _HS_ng(l) - g(2) — g - 8g) g — O

g2+h2/i
gDT _i_=_j_g! oS g!

S 64 ' g 64 64 3 ' g 32 J

(68)

We evaluate the energy spectrum (up to terms in a4) by a perturbative
treatment of (23). As previously we assume the terms (27) to be a perturbation Y
in (23). In this particular case (from (22) and (68)),

*» 2^frg„-2ilii

where S stands for the total spin operators

S S(d+S(2)

From this definition it follows that (18) also reads

T(x) ^(s2-3^) (70)

The following procedure and the basic considerations are quite similar as in
Section 2 except that now, the total spin S2 obviously commutes with St0 and with
St0+Y. As a set of normalized eigenfunctions corresponding to the unperturbed
energy spectrum (45), we thus take

Kn.(r«(0,<*>) (71)

where "2/^(0, <f>) e C4 denote the angular eigenfunctions of J2, J3, L2 and S2 for the
eigenvalues J(J+l)n2, Mh, l(l + l)h2 and S(S + T) respectively.

This implies that J, M and S 0,1 are good quantum numbers for the
system. On the other hand, for what concerns I, we note that the operators

LS, T(x) and S2
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occurring in the expression of Y and acting on the angular part of (71), do not
change the parity. Then, for given J, M and S, the eigenfunctions ^^(x) of
St0 + Y, i.e. verifying (23), necessarily have the following forms:

For S 0 (singlet state)

<b%(x) R(r)^JO(0,<p) (72)

For S 1 (triplet state) and Jj 0

<bJ\(x) R(r)®yji(0,(b) (73)

(i.e. a wave function for l J) or

cbjKx) R+(r)<atyj+a(e, <f>) + R_(r)<&yj_ii(6, <f>) (74)

(i.e. a superposition of wave functions for l J+l and l=J—T). For the special
case where .7 0, the corresponding form is

*8i(«)*R(r)08u(A«p) (75)

Let us now denote by EnJMS the one-dimensional sub-spaces of C4<8>

L2(U3, d3x) generated by

Ki(.ry»%L0,4), l J (76)

for n > .T, M and S fixed. (Jj 0 if S 1).
We denote by FnJM1 the two-dimensional (one-dimensional if -7 0 or if

n J+1, J) subspaces of C4CS>L2([R3, d3x) generated by

Rni(r)^(e,<b), l J±\ (77)

for n>J,M fixed and S 1 (Jj0).
As previously, because of the "Darwin" like term Y^3) in (69), which

introduces a singular potential of r4 behaviour, the perturbative treatment
depends on whether we consider an eigenvalue associated to an eigenfunction
with a 0-component or without such a component. In other words the
perturbation from unperturbed solutions in ê^jMS with Jj 0 and in FnJ>Mpl with
Jj-1 can be performed in the standard way: the eigenvalues of the corresponding
restrictions of Y leads, with (40), to the contributions of order a4 of Y to the
spectrum.

The special cases of perturbations from unperturbed solutions in En,o,o,o>

n> 1 and in Fn,i,M,i> "^1 will be treated as previously in Section 2.
We separately consider the singlet S 0 and the triplet S 1 cases.

The singlet states. Then S 0, Y1** and Y(z> do not contribute since

LS<3^0 0 and T(x)^0 0

On the other hand, Y^3) gives rise to a contribution of order a6 for
perturbations from EnJ-Mt0, JjO. Then, up to order a4, the contribution of Y
comes from the first term in (27). The corresponding contributions to the
spectrum are given by

4 2 -1a mc 1

AWnJ=-—-3-7-r, 1=JJ0, n>J (78)
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For En,o,o,o> the solution of (23) reads

R(r)<y°000(6,<f>)

and the radial function R(r) verifies the eigenvalue equation

f-fi2 1 d d ,a0 a4mc2an a6mc2 hla4.! „.{—— -r— r2-—Xa mc2— j + —-—-^-j\R(r) eR(r)\lm r2 dr dr r 1 r2 2 64 r4J

which is similar to (44). Then in analogy to (49) we have

AW"0=_$"{2"l1' l J °> n>1 (79)

Finally, for singlet states, we note that I is a good quantum number.

The triplet states. We first consider the one-dimensional subspaces EnJtM1
(where the case I .7 0 does not occur). To perform a standard perturbation
calculation we have to determine the action of the operators ft *LS and T(x) on
the angular functions <3/^i(0, d>). We obtain

fr1LSfSl^1= -#& and T««^»-^«^ (80)

Since in this case Y0^ gives rise to a contribution of order a6 we neglect this
term in the following integral

''d'i sin 0 dO f dtpJî^r)«^«, <fS)+rRnJ(r)?/^1(0, cf.)

a4mc2
— \2x2+(-g--—e)-^-}
+ l\X \4g 8Mc2g )j(J+l)i

AW.= -aV

2n3 27+1 I ~ \4° 8Mc2° lJ(J+T)
The previous expression follows from (69) taking into account (80). Because

of (40) we finally have for the contribution of order a4 of Y, with W=mc2 and
X 1 in the above expression.

i_(2 3_I 1 g2 1 m)In3 U+ l\ 4 7(7+1) 87(7+l)J V ;

for 7>1 and n>J.
Consider now the subspaces F„ JM 1; for Jj 1 and determine the corresponding

restriction of if' (i.e. if where Y00 has been neglected).
The non-diagonal elements of the restrictions of if' to F„jM1 relative to the

basis (77), vanish. For diagonal elements we have the following results, from (69).
We have set W Mc2 and X 1 (see (40))

AW„r -a4mc2 1-Ì1+1-JL-+1 i! ]
7+3 I 4 7+1 8 (J+1X2.7+1)J2n3 27+3 1 4 7+1

'

8(7+l)(27+l)J
for I J +1 and n > I, and

AW _ «W 1 \ 3g 1 g2 1

"* In3 27-1 l 47 87(27+1)1

(82)
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for 7-1 and n>l.
Furthermore we have to consider the particular situations where a 1 0-

component occurs. This corresponds to the subspaces F„ 1M1. In this case the
solutions of (23) are of the form (74) for 7=1.

-pE« R+(.r)<Sl?21(0, d-) + R-ir)<&y01i6, <b)

From (23) and (69), we obtain the following coupled radial equations for
R+ir) and R_(r).

(-h2 1

12m r2

d d
— r \-

2dr dr 1
Xa2mc2 ¦

4 2 2 4- 2 ^ Ta mc üq a mc 3g ag

h2 T6 01

mr2 Lo oJ

a|[-l 01
r3 Lo OJ

a4mc2 W
Mc2
,4

16

+ a6mc

,a|f | -1/V2]
r3 L-l/^ - '

-I/V2 0 J

r4 Hl28 48/ 12 L-l/
2

I/V2
-I/V2oH.ra-ra <->

The analogy of these coupled radial equations with (51) is obvious. Our
problem is similar to the one we had treated in Section 2 and we can use this
formal analogy to express the result for I =7+1 using (56).

i.e. the same expression as (82) for 7= 1 in the case I 7 + 1.

The result for .=7—1 0 is obtained similarly from (57)
4 2rv mr

AW„
a me f 1

"22--Vh2T§g2 }¦ .=7-1=0

(84)

(85)

Collecting the results (78) and (79) for S 0 and the results (81), (82), (84)
and (85) for S 1 we obtain the following formula for the contribution AW of
order a4 of Y. For IjO

AW a mc 1

2n3 2Ì+ 1L 2

For I 0

AW=-^L2-if **
2n L

2lVhF+l?_

0 for S 0,7=. ]

-3(.+§) + g/4

+ 1K2. + 3)
for S l, 7=/ + l

l-g/4
1(1 + 1)

for S l, 7=.

3(1-è)+ g/4
I 1(21-1)

for S l, 7=.-l

»F for S 0

for S 1n2F+Ig2

(86)
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whereas the unperturbed spectrum is given by

«v-M"-"*2{é-M5+0(«S)} <87)

These results call for some comments. First, for Ij 0 and g 2, the formula
(86) corresponds to the fine and hyperfine structure of the positronium as
obtained from the Breit equation [12]. Consequently, for g 2.0023, the
gyromagnetic factor of the electron (and positron), our results are very close to
the predictions of Breit. For theoretical predictions from Bethe-Salpeter equation
and QED techniques applied on bound state problems we also refer to [12], [13]
and [14].

Second, for 1 0, to compare our results with the other theoretical predictions

and with the experimental data [15], [16], we obviously have to take into
account the energy shifts due to the instability of the positronium. In this way we
have to add an energy shift term

¦\ 4 21 a mc
2 n3

(from the Breit equation) to the energy level n3Sx of the positronium and which is
due to the virtual electron-positron annihilation. In (86), taking for hF h(1) h<2)

the value 1.048 as for the electron in the hydrogen atom, we then find the
following hyperfine energy separation for the S-states of the positronium

4 2

Win3S1)-Win1S0) 1.095^-^- (88)
n

which corresponds to the frequencies 191.81/n3 [GHz]. For the ground state
n 1, the measurements of E. R. Carlston, V. W. Hugues and I. Lindgren give
the frequency 203.4 [GHz]. (This result is reproduced up to the last significant
figure.)
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