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On the point spectrum of Dirac operators

by M. Klaus1)
Department of Mathematics, Cabell Drive, University of Virginia, Charlottesville, Va 22903, U.S.A.

(21. VIII. 1980)

Abstract. We study asymptotic properties of the discrete point spectrum of H0+ V otp + ß + V
where V is a suitable potential. Firstly, replacing V by A.V (V=s0) we find that the number of
eigenvalues which enter (resp. leave) the interval (-1,1) grows proportional to A3 as A-»°°. Secondly,
if V (V=£0) is long-range we determine the asymptotic behavior of the number of eigenvalues
contained in (0,E) as E\l,

1. Introduction

Consider on [L2(R3)]4 the operator

H0+V ap+ß + V (1.1)

where H0 denotes the free Dirac Hamiltonian. Here a (a,, a2, a3) and ß are the
usual 4x4 Dirac matrices satisfying the relations a^a, + a,^ 18tiI, a^ß + ßa( 0,
i l,2,3.

As is well known cr(H0)=lR\(-l, 1) and if V is a suitable perturbation
o"ess(H0+ V) o-(H0). In the gap (-1,1) H0+V may have discrete eigenvalues.
For nonpositive V we let N1(AV) (resp. JV_1(AV)) denote the total number of
eigenvalues of H0 + AV that have entered (resp. left) the gap at 1 (resp. -1) as the
coupling constant rose from 0 to A. If V is a radially symmetric, rectangular
potential well we know that N^^AV)—»°° as A—»°°, for the eigenvalue problem is

explicitly solvable. The natural question arises whether this is true for more
general potentials and, if yes, one may further be interested in the asymptotic
behavior of N±1(AV) as A—»°°. In the Schrödinger case the number of negative
eigenvalues grows like ~cA3/2 where c (2ir)"3 vol {(p, x) | p2+ V<0} [1, p. 262].
So what is 'vol {(p, x) | ap + ß + V<0}'? I am indebted to B. Simon for once
asking me this question. The answer will be given by Theorem (2.1). Moreover,
we find that N+1 and AT1 are equal in leading order as A—»°o. This supports the
intuitive idea that the eigenvalues move through the gap in an orderly fashion
(one behind the other) and don't get stuck. In fact one may ask: can it happen
that an eigenvalue E(A) obeys E(A)|a as A-»-°° where a e (-1,1)? We were
unable to answer this question for general negative potentials, except in the
radially symmetric case where the answer is negative (Remark 4 to Theorem
(2.1)).

1) Work supported by the Swiss National Science Foundation.
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In the proof of Theorem (2.1) we cannot use the well known Dirichlet-
Neumann bracketing technique [1, p. 261]. We rather apply results of Birman and
Solomyak on the eigenvalue asymptotics of certain integral kernels after we have
found the right set-up for tackling the problem. The idea is to look at the
Birman-Schwinger kernel A |V|1/2(H0 —E)_1 |V|1/2 which has eigenvalue 1 if and
only if E is eigenvalue of H0 + AV. This kernel is a sum of two kernels which we
refer to as the Dirac/Schrödinger part respectively (2.14) (2.15). It turns out that
the Dirac part dominates over the Schrödinger part as far as the asymptotic
behavior of the eigenvalues is concerned. More precisely, the Dirac part has
eigenvalues which decrease as 0(n^1/3) whereas those of the Schrödinger part are
0(n~2/3). This implies that the eigenvalues of the full Birman-Schwinger kernel
are also 0(n~1/3) which in turn yields the 0(A3) growth of N(X.V).

The Dirac/Schrödinger part switch roles in Section 2. There we suppose V to
be long-range so that the number of eigenvalues is infinite. We count the
eigenvalues which are less than E and ask how this number grows as Ejl. Again,
we consider the Birman-Schwinger kernel and observe that it is the Schrödinger
part which dominates. One may say that the EfT limit is nonrelativistic. The
relevant result is proved in Theorem (2.1). We also remark that the E|l limit has
previously been investigated by H. Tamura [4] so that our result is merely a
rediscovery of his in part. However, we feel that the approaches are sufficiently
different and believe it is simpler not to square the Dirac operator.

In Remark 2 to Theorem (3.1) we comment on the relationship between the
Dirac operator and the operator Vp2+1 + V and in Remark 4 we discuss the
peculiarity of the potential V(x) -l/l + x2.

Finally, I acknowledge the kind hospitality at the Institute for Theoretical
Physics at the University of Zurich during summer 1980.

2. The limit A^oo

The main result of this section is

Theorem 2.1. Suppose VeL3C\L3/2, V=s0. Then

N±1(AV)/A3^-^- \\V\3d3x as A-*oo.
3tt J

Remark. In the Schrödinger case the number of negative eigenvalues grows
like ~A3/2||V||3/2. In the Dirac case, the property VeL3/2 is suppressed in the
asymptotics, however, it is needed to ensure the finiteness of N+1(AV).

We prove Theorem 2.1 in a sequence of four lemmas. For any compact,
self-adjoint operator A, and any (>0, we define

Nt(A) dim P((,„)(A) (2.1)

where Pn(A) denotes the projection-valued measure (of the Borel set fì)
associated with A. Let Xm(x) denote the characteristic function of the set M.
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Lemma 2.2. Let M [-l, I]3. Then

t3Nt(xJ^ XmV»^- as 40. (2.2)
V p / 3tt

Proof. The operator ap/p2 has kernel

ct(x-y)
4ir|x-y|3

(2.3)

This kernel is homogeneous of degree —2. So we can take advantage of the well
developed theory for such operators. We follow closely the work of Birman and
Solomyak. [2], [3]. The method described in [2] (periodic continuation of the
kernel and using a Fourier transform) carries over to our matrix kernel. For tt
we find that the right side of (2.2) is (| | denotes Lebesgue measure)

2|{peR3|l/p>l}| ^ (2.4)
3rr

noting that ap/p2 has eigenvalues ±l/p (each of multiplicity two). Upon scaling,
the result (2.2) for arbitrary I follows.

Lemma 2.3. Let V -2= 0 be continuous and have compact support. Then, as t\0

.3N,(v1/2^V1/2)^__Jv3d3x (2.5)

Proof. By approximating V by step functions and using Lemma 2.2. See [2]
for how to deal with the cross terms.

Next we would like to get rid of the continuity restriction and merely assume
VeL3. The corresponding problem in the Schrödinger case is nontrivial. To make
the intended approximation argument work we need an upper bound on Nt in
terms of ||V||3. Thanks to the work of Cwikel who solved the analogous problem
for Schrödinger operators [5] we can state

Lemma 2.4. Suppose VeL3, V&0. Then

t3Nt(v1/2^Vll2^c^V3d3x (2.6)

Proof. Since ap/p2=£l/p (in the operator sense) it suffices to prove the
estimate for the operator V1/2(l/p)V1/2. Now V1,2eL6 and l/peweak-L6. So
(2.6) follows from the result of [5] where c is a certain constant.

Finally, we arrive at

Lemma 2.5. Suppose VeL3, V^O. Then (2.5) holds.
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Proof. Given e >0 pick We e CJ, We 5*0 such that ||W*/2- V1/2||6<e. Write

yl/2 £5 yl/2 Wl/2 «E Wl/2 + Vl/2 _ Wl/2} ?| Wl/2
P P P

+ wy2^(v1/2-wy2)
p

We1/2^We1/2 + Ae. (2.7)
P

For any self-adjoint, compact operator A we let sn(A)(A*(A)) denote its singular
values (positive/negative eigenvalues). sn and A^(A~) are arranged in descending
(ascending) order. The operators appearing in (2.7) have the useful property that
their spectra are located symmetrically with respect to 0. For the self-adjoint
members this means s1 s2 ±A*, etc. To see this note that ap is unitarily
equivalent to -ap via a transformation which commutes with the potentials [8].
Moreover, we remark that f°lV.(A)-»c as rj.0 if and only if nTA^(A)—»cT as

n—»oo where r 1/cr. If A is the first operator on the r.h.s. of (2.7) this applies
with a 3.

Next we shall show that supn n1/3sn(Ae) tends to zero as eiO. By the above
remarks this carries over to the eigenvalues and Lemma 1 of [2] applies with the
result that Ae drops out in the f|0 asymptotics. On account of the inequalities [7]

sn+m.1(A+B)^sn(A) + sm(B) (2.8)

sn+m_1(AB)^sn(A)sm(B) (2.9)

we obtain with Ze V1'2- W\12

Ss"(z-7>-(7PB'") (2'10)

where we used Sj(A) ||A|| in the second step.
Applying [6, Theorem XI.22] we obtain

sn(zE-)-)*;const. ||ZJ6 n"1/6 (2.11)

sm(j= Wl'2^ const. ||Wy2||6 m-1'6 (2.12)

By assumption ||Ze||6«e showing that supnn1/3sn(Ae)«0(e). Therefore (using
Lemma 2.3 and [2, Lemma 1])

lim t3Nt(v1/2 5S V112) lim lim t3Nt(wl'2 ^ W1/
tiO V P / ej.0 t|0 V P

(^)l|v||l,
completing the proof of Lemma 2.4.
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Next we want to prove Theorem 2.1 using Lemma 2.5. To this end note that

(Ho-ET^^Pä (2.13)

Thus the Birman-Schwinger kernel |V|1/2(H0-E)_1 |V|1/2 is a sum of a 'Dirac
part'

iyi1/2^T x^ivr (2.14)ap
p2+l-E

and a 'Schrödinger part'

\y\112/+lEE2wr (2.15)

It is useful if both parts have norm limits as EÎ1 or E J,—1. The natural condition
for this is that VeL3C\L3I2. Then the limits are

|V|i/2^|y|i« E ±l (2.16)
P

for the Dirac part and

|V|1/2^-|Vr2, E ±l (2.17)
P

for the Schrödinger part.

Proof of Theorem 2.1. By the Birman-Schwinger principle N±1(AV)
dimPd^flvPtHo+ l)-1 |V|1/2). From the proof of Lemma 2.5 we know that

n1/3A:(|V|1/2^|V|1/2^c>0 as n^oo. (2.18)

From [6, Theorem XI.22] we conclude that the singular values of (2.17) obey

sn^const.|||V|1/2||ln-2/3 (2.19)

Thus n1/3s„—»0 as n-»oo. So the Dirac part determines the asymptotics since, by
Lemma 2.3,

lim N±1(AV)/A3 lim NVJ\ V\V2 ^ |V|1/2) /\3
\T«. \t» \ p //

r.h.s. of (2.5),

completing the proof of Theorem (2.1).

Remarks. 1. If V"2=0 all goes through with E 1 and E -l switched.
2. That the eigenvalues move from the right to the left follows immediately

from the fact that the eigenvalues of the Birman-Schwinger kernel decrease
monotonically as E|-l [8].

3. In order to see that as A—»oo infinitely many eigenvalues pass through
any given point E e (-1,1) we need only show that dimP(0,oo)
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(|V|1/2(H0-Er1|V|1/2) œ. On account of estimate (3.7) this is true provided

dimP(0,oo)(lV|^2p2+11_E2|V|^2)^œ

which is obvious since on L2(supp V) the operator has trivial kernel.
4. If V is radially symmetric the preceding remark applies to each reducing

subspace (two component spinors). An eigenvalue which is supposed to get stuck
(as described in the Introduction) would necessarily be passed by infinitely many
others. Thus degenerate eigenvalues would occur which, however, is impossible
for the separated equations.

5. Let V(x) -l/l + x2. Then the operator (2.17) at E l (E -l) has

spectrum [0, 8] ([-8, 0]) (see e.g. the Appendix to [10]). Since the operator (2.16)
is compact we conclude that H0 + AV has infinitely (finitely) many bound states if
A >g (0< A <g). The special case A § remains undecided.

3. The limit Efl
Define

n(E, V) dim P(0,E)(H0+ V), E e (0,1) (3.1)

and

n(E, V) dimP(_Ä(-A + V), E<0. (3.2)

We make the same assumptions on V as in [1, Thm. XIII.82], namely

-Cl(x + ir3^V(x)^-c2(x + l)-3 (3.3)

I V(x) - V(y)\ « c3[min {x, y}+1]"0-1 |x-y| (3.4)

for some 0 < ß < 2, cu c2, c3 > 0.
Let

g(E, V) tM (E - V(x))3'2 d3x (3.5)
OTT Jvse

Then one can prove

n(E,V)/g(E,V)^l as E|0. (3.6)

The analog for Dirac operators is contained in

Theorem 3.1.

n(E, V)/g(E, V)-^l as Efl
where g(E, V) 25/2g(E -1, V).

In a remark below we shall explain how one can relax the conditions on V and
allow local singularities.

Proof. We introduce P (ß +1)/2 which projects onto the upper two spinor



Vol. 53, 1980 On the point spectrum of Dirac operators 459

components. Then (recalling (2.1))

.Vidvr (Ho-e)-1! vn^N^^—i vi1'2-^y^ i vr) 0.7)

2n(E2-l,(l+E)V) (3.8)

where we used P(ap)P 0 and Nfr) ^N^P • P) in the first step and the Birman-
Schwinger principle in the second. Again by the Birman-Schwinger principle and
(3.8)

n(E, V) N1(\V\1,2(H0-E)-1 {V^-N^V]1'2 Hö1 \V\1/2) (3.9)

>2n(E2-l,(l + E)V)-N1(|V|1/2Hö1|V|1/2) (3.10)

Pick S>0 and suppose 1-6<E<1. Then

n(E, V)^2n(E2-l,(2-8)V)-N1(\V\1'2Ho1 |V|1/2). (3.11)

Now we remark that

limlimg(E2-l,(2-ô)V)/g(E, V) l (3.12)
8J.0 Efl

This follows from (3.3) by means of some straightforward estimates which we skip
here.

Upon dividing (3.11) by g(E, V) and letting first Efl and then 8|0 (using
(3.6) and (3.12)) we arrive at

lim n(E, V)/g(E, V) 3= 1. (3.13)
Efl

Next we prove the converse inequality by separating small and large p. Let Xa(p)
denote the characteristic function of [0, 8]. Using ap=£p, Xs(\>)p^8, E=el, one
gets

ap+ß+E^ 6 + ß + l (l-x8(p))
p2+l-E2^p2+l-E2 p

Since n(A + B) =£n(A) + n(B) for any two self-adjoint operators A,B where
n(-) dim P(_oo,o)(') [1, P- 274] a little agrument shows that for any e e (0,1)

+Ne(|V|1/2l~Xs(p)|vr2) (3-15)

+ Ne(iVl1/2l~Xs(PVl1/2) (3.16)

Since the last member on the right does not depend on E and is finite (the
operator is compact) it tends to zero as Efl upon division by g(E, V). Combining
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(3.9) and (3.16) yields

r •ffiWrttJt^.r n(E2-l,(2 + g)/(l-e)V)lim n(E, V)/g(E, V) « 2 hm (3.17)
ETI Etl g(E, V)

Letting ôtatO and ejO we obtain

lim n(E, V)lg(E, V)« 1. (3.18)
EÎ1

This finishes the proof of the theorem.
Next we briefly describe how one can include local singularities in the

potential. If the local singularities are still in L3 there is no problem, for in
proving Theorem 3.1 we have reduced the Dirac problem to the Schrödinger case
and for the latter there is a remark in [1, p. 277] about how to cope with local
singularities. We recall that one can prove (3.6) for -A+ V+ W where V obeys
(3.3) and (3.4) and W is such that n(0, AW) is finite for all A. Here one may ask
what happens if W *i(x)/x2? Then -A +AW is unbounded from below if A < -\
(i.e. this is true for any self-adjoint extension). However if A> —\ the operator
has no negative bound state and one would expect (3.6) to be true for -A+ V+
AW, A > — \. This is exactly the situation one is confronted with in the Dirac case
if a local Coulomb singularity is present. Let us consider

Ho+V-AW, A e (0,1) (3.19)

where

Wix) -Xlix) (3.20)
x

and V obeys the assumptions (3.3) and (3.4).
Then our proof of Theorem 3.1 breaks down completely for parts of the

Birman-Schwinger kernel become noncompact. We even know that [9, Lemma
5.5]

cress(w1'2^Bw1'2) [-l,l] (3.21)

Therefore the estimate (3.15) becomes useless since the second term on the r.h.s.
is infinite (in fact o-ess(W1/2[l-x8(p))/p]W1/2] [-.r/2, ir/2] for any 8 by
arguments of [9]).

To overcome these difficulties we look at the modified Birman-Schwinger
kernel

|V|1/2 (H0 - AW-E)'11 V\in. (3.22)

We recall from [8] that for any Eep(H0-AW) we have

(Ho-AW-E)"1 JR0(E) + AR0(E)W1/2(1-AW1/2R0(E)W1/2r1W1/2R0(E)
(3.23)

where R0(E) (H0-E)_1. This means we consider the physically distinguished
realization of H0-AW. The kernel K(E, W) Wll2R0iE)Wm has its essential
spectrum on [-1,1] (cf. [9]) and possible discrete eigenvalues outside this interval.
Thus under the assumption A e (0,1) the kernel AK(E, W) can at most have
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eigenvalue 1 for a set of discrete values of the coupling constant A. Henceforth we
assume that A is not such a value (otherwise we perturb it a little and all goes
through we minor modifications). Since KiE, W) is norm continuous in E we may
assume that 1 e piKiE, W)) for all E sufficiently close to 1. By the way this means
that H0-AW has only a finite number of bound states.

Now insert (3.23) in (3.22). From Theorem 3.1 we conclude that

JVidVl1'2 (Ho-Efr1 |V|1/2) O[(l-E)3/2-3/0] (3.24)

as Efl. We have to estimate the same quantity for the correction which arises
from the second term on the r.h.s. of (3.23). It turns out to be of a lower order
than (3.24) which, by now familiar arguments, implies that the overwhelming
majority of eigenvalues above 1 stems from the operator |V*|1/2 jR0(E) |V|1/2.

Now

VHn-iflvr R0iE)W1,2H-KiE, W))"1 WV2R0iE) |V|1/2)^Csn(A)sm(A*)
(3.24)

where A |V|1/2R0(E)W1/2 and ||(1-K(E, W))^i^C for E near 1. Now, using
(2.8) and (2.13),

Sn(A)^Sr,(|Vl1/2p2^EE2W1/2) + Sl(|Vl"2p2+°;P_E2W1/2) (3.25)

The last term stays bounded as Efl for the kernel ~|V(x)|1/2 |x-y|~2 W(y)1/2 is

compact. The other one is bounded by

sn{\Vr ^}Q\\p-^'2\\ (3.26)

where we set y f. The boundedness of the last factor is clear since it has kernel
~|x-y|"7/4 W(y)1/2. The first factor can be estimated by means of [6, Theorem
XI.22] which yields

S^^-^ • (3-27)

Finally we see that for N1 of the operator on the left of (3.24) we get the bound
«c(l-E)3/2-3q/8 which is of lower order than (3.24) if 8/ß>q>max[6/ß,4].
Since 0<ß <2, such a choice is always possible. This proves that Theorem 3.1 is
also valid for the operator (3.19).

Remarks. 1. Theorem 3.1 is, of course, still true if we count the eigenvalues
contained in (-1, E) rather than (0, E).

2. We should also point out the close relationship between the Dirac
Hamiltonian and the operator Vp2 +1 + V(x) acting on L2iU3). Theorems 2.1 (for
N+1(AV)) and (3.1) could be proved for the latter operator as well, with the only
difference that, due to spin degeneracy, the number of eigenvalues is doubled in
the Dirac case. The relevant property for the asymptotics of N(AV) is that the
relativistic kinetic energy is proportional to p for p—»oo (which enters via (2.4)).
The Efl limit depends on the fact that Vl + p2~l + p2/2 for small p and, indeed,
Theorem 3.1 also describes the Efl limit of p2/2 + l +V (up to the spin factor).
We have exploited this connections in our proofs.
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