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On regular external fields in quantum electrodynamics

by G. Nenciu') and G. Scharf
Institut fiir Theoretische Physik der Universitit Ziirich, Schonberggasse 9, Ch-8001 Ziirich

(28. III. 1978)

Abstract. Regular external fields are defined by the property that the electron—positron emission and
absorption operators, in the presence of the classical electromagnetic field, realize a Fock representation
of the anti-commutation relations on the Fock space of the free field. Explicit necessary and sufficient
conditions for static regular external potentials are given. There exists only regular static electric fields, no
static magnetic field is regular in the above sense.

1. Introduction

Regular external electromagnetic fields are defined by the property that the
Dirac equation, with these external fields, allows a second quantization within the
ordinary Fock space of the free Dirac field. More precisely, the electron—positron
emission and absorption operators, in the presence of the classical external field
(dressed operators), realize a Fock representation of the anti-commutation relations
on the Fock space of the free field. A necessary and sufficient criterion for regularity
has been derived in [1]: A static external field is regular if and only if the one-particle
Dirac operator

H=-i) ock—a~ + mp + V(x) — a-A(x) | (1
k=1 0%

has the property that P, — P? is a Hilbert-Schmidt operator, where P, and P? are
the spectral projections on the positive parts of the spectra of H and the free Dirac
operator H,, respectively. The investigation of this basic criterion by means of
perturbation methods [1] leads to the very natural conjecture that a static external
field is regular iff it is purely electric (A = 0) and the Fourier transformed potential
satisfies

Ve - [, pq+ mz)
J.dsp stq E, Eq)z 1 T < o0. (1.2)

'} Onleave from the Laboratory of Fundamental Physics, Institute of Nuclear Physics and Engineering,
Bucharest, Romania.
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It has been shown in [1] (for another proof see Theorem 2 below) that this condition
(1.2) is equivalent to

2
d Ly Vp))? < . 1.3
J p1+}p|'(p)’ (1.3)
The class of potentials V(x) satisfying (1.3) will be denoted by 4, in the following.

In the present paper we return once more to this problem of characterization of
regular static potentials. The proof of the conjecture (1.2) seems to be rather compli-
cated. However, we are able to approach the condition (1.3) from both sides arbi-
trarily close. We will prove the following necessary condition for regularity (Theorem
2, next section)

stp_L PP << (1.4)

for any ¢ > 0, where C is independent of &. In particular no static magnetic field is
regular (Theorem 1), which from the physical point of view is surprising. Condition
(1.4) is weaker than (1.3) in the ultraviolet limit p — co. A stronger necessary con-
dition in this region is

J a*plpl|VO)* < C (1.5)
mN<p<n,N

for any N > 0 and fixed n, > n, > 0, where C is independent of N (Theorem 3).
Concerning a sufficient condition, we prove in Section 3 (Theorem 4) that V' is
regular if

Jd;"p—!ﬂi——Iff(p)l2 < © (1.6)
1+ |p|'* '

for some ¢ > 0. This class of potentials denoted by A, is smaller than 4,. We have a
proof of regularity for potentials satisfying

Zlog (2 + P
stp P ;’gf o IP|)|V(p)| < . (1.7)

But since this is not yet the final answer, we do not give it here. In addition, we know
that the first two orders in the perturbation expansion of P, — P2 are Hilbert-
Schmidt operators for Ve 4,,.

2. Necessary conditions for regular potentials

We consider the Dirac hamiltonian -

H=H, + H, (2.1)
with

H, = V(x) — a-A(x). | 2.2)

Let us assume that the interaction part H, to be H,-bounded with H,-bound < 1 in
order to have a self-adjoint hamiltonian H by the Rellich-Kato method. This
assumption is not essential and can be weakened for instance to H,-form boundedness.
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We now require that
P, — P2eHS. (2.3)

is a Hilbert-Schmidt (H.S.) operator, and look for the most restrictive condition this
implies on H,. The condition (2.3) is equivalent to the two conditions (see [1],
Section 4)

POP_cHS., P,P°cHS. 2.4
Then we have
Theorem 1. Let H, be H,-bounded with H,-bound < 1 and such that PSP _ and

P, P° are Hilbert—Schmidt operators and 0 is not an eigenvalue of H. Then the vector
potential A(x) must be 0 and the electrostatic potential V(X) satisfies

3 3 |I7(p—q)|2 _p-q+m2 g 2.5
fdpjd € +Ey~\' " EE ) 7 (2:5)

p
for any ¢ > 0, where C is a constant independent of ¢.

Remarks. 1If 0 is an eigenvalue of H the projections P, have to be defined more
carefully (for a discussion of this point see [ 2], Section 3). It has been shown in [1] that
(1.2) implies indeed that V' is H,-bounded with arbitrarily small H,-bound.

Proof. 1. Let
R =H-D"Y R =(H,— D! (2.6)
be the resolvents of H and H, respectively. Then
POR(ip)P° = P°P_R(in)P° + P°R(in)P,P° e H.S. 2.7
is a Hilbert-Schmidt operator and
IPOR(in)PC s, < ]C OJI:S; forally > 0. 2.8)
Using
R =R, — RyH,R (2.9)
we get
P2RP? = POR,H,P°R,H,RP° + P°R,H,R,P°H,RP®° — POR,H,R,P°
(2.10)

and therefore
P°R,H,R,P°(P°H,RP® — 1) = P°(1 + R,H,)P°RP° (2.11)
must be a Hilbert-Schmidt operator because R,(in)H; is bounded. Since

P°H R(in)P° — 1 has an inverse uniformly bounded for # > 0 (note that
P° H,R(in)P° f = fimplies f = 0), we conclude

. . const
P2 Ro(in) H Re(in) P2 s, < = = 2.12)

where the constant is independent of .
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The Hilbert-Schmidt norm (2.12) can be expressed in terms of the potentials as
follows

-
By 7 APO2 . = | 43 2
1P Ro(in)H Ro(in) P2 |1E s, —f a pf o (E} + n)(E] + 1)

. ) 2
) 2
+ A — ) (1 + %%"l)
ep-f&(p — q)q-AQp — @)*
EPEQ
) P-AP—9* q-Ap—9*\|
—2ReV(p—q)( Z - 5 )}

p q

— 2R

(2.13)

2. Let us examine the magnetic terms at first. Collecting the terms involving the
x-component |4,(p — g)|* we obtain

Jy = fd3k131(1<1)|,41(k1)|2 (2.14)
where
Bk = 32m |k, | ks
)= ”L : L CUTT R d® + D — D
'x(1+ k3 — k2 + 4m?
V&2 + K2+ am?)? — ak2kiz?
2 g2
- Kax = Kis ) (2.15)
JE + k2 + 4m?)? — 4Kk

and the new variables of integration

p—q=k,, p'—i—q=k2 (2.16)
have been used. Let us consider the spherically symmetric part By(|k,|) of (2.15)
e +1 k%
By(ky) = 32 dk d
o) RL 2 L UK+ A+ A — Ak
lkz _ k2 4 2

x(l+ W K ) 2.17)

V& + K + 4m?)? — 4k2k2z?

To estimate this from below, we split the k,-integral as follows

ks 0
s =n( [T [T) €y v
0 k3
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with
ky = /3(k? — 4m?) ifk, > 2m
= 0 if k, < 2m. (2.18)
For B, we get

k2

0 +1
Bys(ky) = dk Y s N
02(k1) 2 327TJ;3 2 J_l Z(k% ¥ d2)?
T 1 ky 1 ky
_ B’ _ 1 o SOOI 2.19
o (4d 4™y Yoy dZ) (2.19)
where
d* = k3 + 4m* + 4n?
Since
%’_\/3, arctgk—aigg,
we have
16 7
By, (ki) = — (2.20)

3 ki + 4m® + 4112‘
This leads to the following contribution to J, (2.14)
A, (k)
lez—nzj d3k, 2| i 12)| -
3 Jupsamiear VKT + 4m® + 4n
16 2
> —

3 V807 + 8m® Jio cumrian

kA, k)P (2.21)

which decreases only as #~! for large # in contradiction to (2.12). The remaining
integral B,, over the finite interval [0, k,] gives a contribution 0(y~*), as can be
easily estimated, which does not compensate (2.21)

Finally let us consider a typical non-diagonal term involving

pl"i1(p - q)@zﬁz(p —q) = %(ku T k2x)(k2y - k1y)'/i‘1(k1)Aﬂz(k1)*- (2.22)

Integrating with respect to k,, the only term which contributes is of the form
klxklyBZ(kl)Al(kl)A2(k1)* where

o0 +1 k2
B,(k,) = dk d 2
2( 1) Jo 2 J_l Z(kg + k% + 4m2 + 41,,2)2 _ 4k%k§2,2
x ! . (2.:23)
JEE + K2+ am?)? — 4kik3z?
Estimating from above
kz
B,(k 2 dk 2 , 2.24
2t f 103 = 17 + @ + 4?1k — K| N
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we easily find this contribution to be 0(n~3). Consequently, there is no way to com-
pensate the term 0(n~') (2.21). Therefore we must have 4,(k) = 0 (almost every-
where). Since the same arguments apply to 4,, 45, the vector potential must be 0.

3. The electrostatic potential ¥ must satisfy the condition (2.12)

2 A d + m?
d*p fd%, y P — g)? (1 - Eq——) < const (2.25)
f (E; + n*)E} + 1) E,E,

uniformly in #. We multiply (2.12) by ! ~¢ and integrate over # from 1 to co. Let us
consider the integral

foe] 1-¢
n
J = d : (2.26)
L T0F + ED® + ED)

For E, > E, > 1 we have the simple estimates

2E; 1 2E, "
J > s > i ————=
J.l (2E,) L T+ E})?

1 1 1 1 const

= — — > —— 2.27
(E,y 2(E; + 1 5Ej) El*e e

For E, > E, > 1 we get in the same way

const
and for arbitrary E, E,
t

cons (2.29)

J > .
(E, + E))***
Using this estimate in the integrated form of (2.12) we finally obtain (2.5)
Vip — 9 p-q + m ©dy _C
d’p |d’® | | ——— C| =— 2.30
J pJ q (Ep L Eq)2+£ Equ = 1 }11"'8 € ( )

The necessary condition (2.5) is equivalent to the following more explicit
condition

Theorem 2. If V is a regular electrostatic potential, it satisfies
2 ;
p 5 C
d’p ———|Vp)|* < = 2.31
f P PO < 231)
for any ¢ > 0 with some constant C independent of ¢.

Proof. As in the second part of the proof of Theorem 1, we transform the
condition (2.5) using the integration variables (2.16)

J %k, Bk )Pk, )P < % | (2.32)
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with

0 +1 k2
B(k)=2nj dkj
' o g 4 (2«/a + bz + 1 /a — bz)**¢

2 2 2
(1 k3 -k 4+ 4m) (2.33)

az _ b222

a=Fk:+ K2+ 4m?, b= 2kk,.

Since B(k,) is a positive continuous function of k,, we must only investigate its
behaviour for k; — 0 and k;, — o0. For k; — 0 we find from (2.33) B(0) = 0, and
expanding the last factor in the integrand

1 0 +1 kz
lim — B(k dk, d
kl—»Okz ( 1) ﬂi[) J Z(kz + 4m2)1+e/2

1 sz ‘
- = t. 2.34
5 (k§ T am® T U2+ 4m2)2) cons (2:34)
The positive constant is bounded below uniformly in ¢ > 0.
For k; — oo we transform the variables in (2.33) as follows

k a m? b
y==2 4 ==k} b == =2k, (2.35)
2 kl k2 kz k% 2
then
00 +1 krz
Bk, = kl_EZnJ dk’ j dz
* : ' @ (2\/a+—b’ o 2\/—‘17)2”
2. 2
y (1 . \/i;’%/k ) (2.36)
and
hm k11 - B(k,) = const., (2.37)

where again the constant is uniformly bounded below in &. Equations (2.34) and (2.37)
imply (2.31).

Applying similar arguments directly to the first condition (2.25), we find the
following stronger ultraviolet condition

Theorem 3. If V is a reqular electrostatic potential, it satisfies

f EpplV > < C (2.38)
niN<p <nsN
forall N = 0 and fixed n, > n; > 0 with some constant C independent of N.

Proof. As in the proof of the foregoing theorem we write the condition (2.25) in
terms of the relative coordinates k, , k, (2.16)
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J = jdskl Bk, n)|V(k)]* < C (2.39)
where |
© e k2 k2 — k2 + 4m?
Blki,n) = n232nj dk J dz 2 (1 _ 2 1 )
1 Jo )T @+ 4 - b2 Ny

(2.40)

Here we introduce the scaled variables (2.35) again, scaling the parameter 5 also

N
n = 7 (2.41)
Then
1 3 o0 " +1 kf22
lim — B(k,,n) = n'*32 dk’ d.
g ) = f f U T A — kg

kZ — 1 def ., ,
" (1 N 4k;222) phi 242

The positive continuous function (1) vanishes only for " = 0and ' — oo. Choosing
0 < n} < #, fixed, we therefore have

f)=d>0 fory, <y <79,. (2.43)
For large enough n = #,, it then follows from (2.39)

CaJ= dJ d3k1k1’ﬁ(k1)

No/M'2< k1 <no/n’'1

% | (2.44)

which proves (2.38).
This theorem is stronger than Theorem 2. For example, the potential P(p) =

</log p/p? is not regular according to Theorem 3, while Theorem 2 does not exclude

it. It is a pity that Theorem 3 is still not strong enough to decide the non-regularity of
the Coulomb potential V(p) = 1/p?, which is expected from V ¢ 4, (1.3).

3. A sufficient condition

~According to Theorem 1, it is sufficient to consider electrostatic potentials only
in the following. Here we will prove the Hilbert-Schmidt property of

Q=P -P, (3.1

for potentials in the class 4, .

Theorem 4. If

_[dsprfl—l%ll_“g [V(p)]* < oo (3.2)
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Jfor some ¢ > 0 and 0 is not in the spectrum of H, then Q is a Hilbert—Schmidt operator.

For the sake of clarity, we shall divide the proof in a number of steps. Our main
tool is the well-known integral representation for the spectral projections in terms of
the resolvents [3]

1 1 + o

P, = 2 + ﬂ 5 R(in) dn 3.3)
which by means of (2.9) leads to
1 + . .
Q=P — P, =5-| Ry(in)VR(in) dn. (3.4)

2n

It is essential in our proof that this equation can be written in a more transparent
form:

- a0

Lemma 1.

1 + ) .
Q=5 f Ry(im)[PLVP_ + P2VP 1R(in) dn. (3.5)
Proof. Since
P°(P? — P )P_=0
we get from (3.4)

1 + o
0=P°QP_=P? _ﬁj R, (in) VR(in) dnP_

1 + co
=5 Ry(in)P2 VP _R(in) dn

where P?, P_ can be put under the integral because they are bounded operators.
Since

P — P =—-(P°-P)

we also have

+ o
j Ry(in)P2 VP R(in) dn = 0,

— o0

which proves (3.5).

Lemma 2. Let Q = P? — P . Then

1 +
= ﬂ‘[ Ry(in)(POVP® + P°VPO)R(in) dy

— 0

+ 517; (P — P f " Ro(in)VOR(in) di 3.6)

Proof. This relation follows from Lemma 1 (3.5) by adding and subtracting the
first term on the right-hand side of (3.6).
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The main idea of the proof of Theorem 2 is the solution of an equation like (3.6)
for Q. This is done in the following

Lemma 3. If

0=Y+ f " Am)QB) dn, 3.7)

— @O

where Y is a Hilbert—Schmidt operator and

J |4 (Bl dn < 1, (3.8)

— 00

then Q is also a Hilbert—Schmidt operator.
Proof. Under the condition (3.8) the equation (3.7) can be solved by iteration:
Q=71+ i J dny.. Jdn,- A(n,). .. A(n) YB(,). .. B(1,)
with J
1Qlus. < ¥l + % 1¥lhs. ( j 4@ B dn)j o
Next, we need some technical results.
Lemma 4. Let Ve A,. Then for any § < ¢, V is |H,|' ~*-compact, i.e. |H,|>~* V'
is compact (where this operator is defined by extending it to the whole Hilbert space by

continuity).

Proof. First let us consider potentials W(x) e Cy°. The operator

(W|Ho"" DY(W|H | 1) = WIH|**W (3.9)
is an integral operator with the kernel
K(x,y) = WX)G,(x — y)W(y) (3.10)

where G, is the Bessel potential [4] for « = 2 — 24. Since G,(x) is square-integrable
atx = 0 for a > 3 [5], it follows that (3.9) is a Hilbert-Schmidt operator for § < %.
Hence, |H,|’~! W is compact.

Next let W (x) e L? with 3/(1 — §) < p < co. Then W(x) can be approximated
by C{-functions in the L? norm

1
W= Wl,n e Wz,n Wl’"ECSO, “ I/VZ,n”pS E (311)
The Holder and Hausdorff-Young inequalities imply
const

I [Hol*™! Wyl < const IWs,ull, =

p

, (3.12)

1
Eﬂ()lﬂé
i.e. |[Hol’ 'W is the norm limit of a sequence of compact operators and therefore
compact.
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Finally, let V € 4,. Then we decompose V in p-space
k) = V,(k) + V,(k)
Vi) = PRy k),  Vok) = PR — (k)

0 = 1 k<1
1K) =10 K> 1.

By Holders inequality, we get

(3.13)

171l < I [E®|P, ]

1
m 2q/2—q) < ©

if 8 <g<2, _which implies V,(x) e L?, pe[2, 6) by the Hausdorff-Young in-
equality. For I, we have

J(l + |k|2)(1+s)IZIV2(k)iz < o0,

because
2

1 + kl—s
Then, by the convolution theorem
Va(x) = (G +e2%9)(X) (3.14)

with g € L?. Since G,(x) € LY, g€ [1, 3/(3 — «)), [5], the Young inequality implies
V,(x) e L, p e [2, 6/(2 — ¢)). Summing up, it follows that |H,|*~*¥ is compact for
20 < &, which completes the proof of Lemma 4.

(1 + |k|)"*972 < const for |k| > 1.

Lemma 5. Let 6 > 0. Then there exists K; < oo such that
K&

I Ro(im)| Ho|* %Il < T’?‘s

(3.15)

Proof. The proof is a simple application of the functional calculus for self-
adjoint operators.

Lemma 6. Let Ve A,,e > 0. Then
+ o0

1
Y, = 5 Ro(in)(P2VP? + P°VPO)R(in) dn (3.16)

is a Hilbert—Schmidt operator.

— 00

Proof. Separating the first order contribution in ¥, we can write Y, as follows

1 + oo ) )
Y, = 7 Ry(in)VR(in) dy

— &

1 + o0 3
— 5 f dqRo(im)(PLVPS + P2VPY)R(in)VRo(in)(1 + VRo(in))™*
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ety 4 yo, (3.17)

It has been shown in [1] that Y{V is a Hilbert-Schmidt operator. In particular, the
Hilbert-Schmidt norm is given by ([1] (4.13))

V 2 - + 2
1¥Us = 2007 [ [ Hf(l SME e G
P4

which is finite for Ve 4, = A4, (1.2). Now

1 . .
| Yg)”f’i.s. < B jd’?”Ro("T)(P?L VP2 + P? VP-OO-)RO("])”H.S

X | V|HoP~ | I|Ho|**Ro(im) II(1 + VRo(im)~ |l (3.19)
Since
IRo(in) (PSVP + P2VP)R(im)llds.

_ 3 [V — 9 _pq+m
=2 Jd p jdaq GRS IGEe1 Uh e SR

P q

we get by means of the simple estimate

(E] + n)E} + n*) = §2n* + m*)(E, + E)* . (3.21)
for the Hilbert-Schmidt norm of Y{?

3 l(p—q)r2 p-q + m*\|'7?
s < 2o [ E +EP\ T EE,

) i g~ 1+ VR <o

This is finite because of (3.18) and Lemma 4 and 5, which completes the proof of
Lemma 6.

Proof of Theorem 4. Let y > 0. Since |Hy|’~ 'V is compact, it can be written as

\Ho[*~'V = M + E (3.22)
where M is a Hilbert-Schmidt operator (actually M is finite dimensional) and
IEN < 7. (3.23)

Then we can write (3.6) as follows

l +
0 = ﬂj Ry(in)(P2VP® + P°VPQ)R(in) dn

+ 51; (PY — P9 rw Ro(in)|Ho|' ~* MQR(in) dn

-

1 +
# 5 @2 = P2 | Rl ~*BQRG)
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def +o
=¥+ f A(mQB(n) dn (3.24)
with
1
Alm) = 5- (P2 = PORy(in)|Hol' ~°E

B(n) = R(in). (3.25)
For y sufficiently small, we clearly have

f " la@ 1B@)| dn < 1.

Since

% (PY — PY) j Ro(in)| Ho|" ~* MQR(in) dn

H.S

2 . - ,
< ||M||H.S.EJ|’RO(ln)'HOI1 *I IR(in)|| dn < oo,

Y in (3.24) is a Hilbert-Schmidt operator. Then it follows from Lemma 3 that Q is
also a Hilbert-Schmidt operator. This completes the proof of the theorem.
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