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On the phase transition in 4*-phonon theory')

by N. Szabo
Department of Theoretical Physics, University of Geneva, CH-1211 Geneva 4, Switzerland

(2.V.1977)

Abstract. For a A*-quantum mechanical phonon Hamiltonian it is proven that the free energy is
complex if the harmonic, dynamical matrix of the model has negative definite portion in the Brillouin zone.
From this fact it follows that the free energy exhibits always an instability associated with the ground state.

(1) The partition function of a phonon system can be represented in a closed form
containing functional derivatives. The study of this representation presents a definite
interest by its simplicity.

The functional technique has been used by Martin and Schwinger [ 1] to describe
many-body Bose- or Fermi-system. Classical source fields are introduced by this
method into the partition function to generate the Green’s functions. These can be
generated by taking the functional derivatives of the generalized free energy.

Our aim is to get definite information on the partition function for an anharmonic
quantum or classical crystal. We will show that for an 4*-theory the phase transition
cannot occur at finite temperature if the dynamical matrix of the 4*-phonon theory
does not depend on the temperature 7. In this case the phase transition occurs only in
the ground state. Further it follows from the quantum mechanical model, that the
classical one is also unstable if the harmonic matrix has negative portions in the
Brillouin zone.

In order to construct a closed form for the partition function we write down the
quantum lattice dynamical model Hamiltonian

1 V
H=3 :Z P(l) + IZI w*(L1)AI)AL) + ZIZA“(G) (1.1)
where A(/,) is the displacement field and P(/,) its canonical conjugate momentum at
site /; of a d-dimensional lattice. A(/,) and P(/,) fulfil the Heisenberg-commutation
relauons [P(/,), A(I))] = #/i 6, ,,. Here §, , denotes the Kronecker’s é-function.
We assume periodic boundary condltlons that means the Fourier transform of the
dynamical matrix

w*(q) = Z exp {—iq- (R, — th)}wz(l1lz) (1.2)

1) Presented on the SPS-meeting in Lausanne, April 1977.
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of the Hamiltonian equation (1.1) does exist and is periodic with respect to the
reciprocal lattice vectors K. The Fourier transforms of A(/,) and P(/,) are also
periodic in K.

(2) Under these conditions we prove the following theorem:

Theorem. If the dynamical matrix w*(q) is negative definite for a portion of wave
vectors q in the Brillouin zone B and *(q) does not depend on the temperature T, then
the model phonon system equation (1.1) is unstable and it exhibits a ground state
instability which is present at all temperatures T > 0.

To prove this we study the partition function Z (or the free energy F) of the
model system equation (1.1), which leads to the construction of the ‘S-matrix’ of Z
in the imaginary time interval [0, £]. The construction of the ‘S-matrix’ requires that
we split up the model Hamiltonian equation (1.1) into a Harmonic part

1 1

H, = 5 lz P3(l) + 512,: Q21 1,)A()A(L) (2.1)

with positive definite Q%(/,/,) > 0 and into a perturbation
v
H, = —a) A%1) + 72 AW, 2.2)
1y 1

where we assumed

w?(l1,) = Q*(,1,) — 2a 0,1, a>0, (2.3)
The partition function Z can be written as

Z = Tr {exp (- BH)} = Z(S[H Dos (2.4)
where

(STH,T>y = Tr {95?—(1@—’ S[HJ}’
ZO

B

S[H,] = Texp(» J drHl(r))- (2.5)
0

T denotes the imaginary time ordering operator. /,(7) is in the interaction representa-

tion, H,(t) = exp (tH,)H, exp (—1H,). The free partition function Z is given by

={
Z == [ [2-Sh (ﬁﬁ Qq)] , Qq > 0. (2.6)
qeB 2
Notice that the expectation value of the S-matrix equation (2.5) should be real to have
well-defined thermodynamics. We prove the contrary for the model equation (1.1),
that means {S[H,]>, is complex for a > 0 and v > 0 and the instability of the
system is always present in the parameter space {a, v}.
To do so, we introduce at first a generalized partition function by

Z, ;= ZLTS,S;S[H 1, 2.7)
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with
1 (P B
S, = Texp ~—2—J dr, J dr, Y u(l;ty, IZTZ)A(IITI)A(lth):l 5 (2.8)
L 0 0 Ly
[~ (B
S; = Texp ij dr, Zj(lltl)A(llrl):l~ (2.9)
L JO L

In S[H,], S, and S, the displacement fields are in interaction representation.
U(l;t,, I,7,) and j(/,7,) denote classical source fields such that U(l;7,, /,7,)=
U(ly7,)-9,,,-0(t, — 1,). Itis easy to show that the generalized partition function can
be written with help of functional derivatives as

Zu,j = Zy-exp (Av + Aa)<TSqu>o (2.10)
=Zyexp(A, + A, + Au)<Sj>0

where
A = _EJ & (2.112)
’ 4 J, oi(1)*
52
Aa = —a J‘va (2.11b)
1 8%

Here the sign jl denotes the sum over the lattice pomts 2., and the integral over the
imaginary time interval [0, ]: [y = 2, B fodts i = [k ,] One gains the partition
function Z equation (2.4) after performing the functional derivatives in equation
(2.7) and then putting the source fields equal zero.

To get information about the stability of the system we compute <7S,S;S[H,],>
at u = j = 0. One evaluates the quantity {S,>, at first:

(S0 = exp[—%f f i) D3, 2)1(2)] (2.12)
1J2

Here DJ(1, 2) denotes the imaginary time ordered two point, free phonon Green’s
function, which is real. The space Fourier transform of DJ(1, 2) is

1 h ChL(B/2 — |chQq]

DO ! - 2.13
20 = 38 T AT BR0q] @13)

where Qq is given by the Fourier transform of Q3(/,, ;). We define

Folu,j] = <TS,S;>¢ = exp (A,){S;>0. (2.14)
To evaluate this expression, we make the ‘ansatz’

; 1 ; ;
Folu, j1 = C[u]-exp [_EI IJ(I)DQ(I, 2| u)J(Z)} (2.15)
1J2

and the two point phonon Green'’s function is defined by
DY(1,2 | u) = {T{AMAR)S,}>/{S, D0 - (2.16)



766 N. Szabo H. P A

Now from equation (2.14) it follows

d 1 2

e — ] = 2 ——— ] 2.17

which with equation (2.15) permits to write the identity
1
0ln Clu] = —Ef I D1, 2| u) du(2, 1). (2.18)
1J2

The integration of this equation gives

Clu] = det™'2[1 + DJu] (2.19)

in the notation of matrices. In the determinant D? is given by equation (2.13). Using
the local u-source field the generalized partition function Z, ; can be written at
j=0as
Z,o=Zyexp (A, + A,)det™ 2 (1 + DJu) (2.20)
= Zy-exp (A,)-det" Y2 [1 + DI(u — 2a1)]

with
A, = _EJ o - 2.21a)
u su(1)?’
K = —ZaJ 0 . (2.21b)
- L ou(l) _
Therefore the expectation value of the S-matrix {S[H,]>, can be written as
(S[H 1> = exp (A,,)-det™ " [1 + D3(u — 2al)]|,=o (2.22)

= f[Qq, v,a]-exp [—1 Tr {In (1 — 2a DY)}].

Here f[Q,, v, a] is a functional only of [(D3)™"' — 24]™" and a function only of v.
Further

b CH(B2 — [eDhd]
26 ShL/2hd,]

q

remains always real for real or imaginary frequencies &, see equation (2.3), it follows
immediately that f [Qq v, a] is real. However the exponential of equation (2.22)
exp[—3Tr{ln(1 — 2a D")}] is complex for all positive a > 0. Therefore the
instability in the model system equation (1.1) starts to occur at a = 0 which proves
the theorem.

We would like to express our sincere thanks to the referee for corrections in
the text.

(D)™ — 2417 '(q,7) = (2.23)
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