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Hamiltonian Dynamics for Einstein Relativistic Particles: The
Classical Particle and the Quantal Particles of Spin 0 and %

by Terje Aaberge?)
Département de Physique Théorique, Université de Genéve, CH—1211 Genéve 4, Suisse

(16. XII. 74)

Abstract. In this paper we present a new Hamiltonian dynamics for the description of Einstein
relativistic particles. The theory is based on the idea of passivity in the Einstein relativistic case and is
constructed by following a scheme similar to that followed by Piron in his study of the Galilei relativistic
particles. The results obtained and presented indicate that the present theory may be considered as a
natural generalization of the Galilean-Hamilton dynamics, as well as the Wigner theory for free Einstein
relativistic quantal particles.

1. Introduction

In this paper we propose a Hamiltonian formalism for the description of Einstein
relativistic particles in interaction with external fields, treating in particular the classical
particle and the quantal particles of spin 0 and ‘1’

In constructing the theory, we have followed a programme similar to the one
followed by C. Piron [I, 2] in his analysis of the Galilean-Hamilton dynamics:

i) first to try to understand what is the passive point of view in Einstein relativity [3]
and to construct the passive action of the Lorentz group on the ‘measuring appara-
tuses’ such that each of the observables characterizing the Einstein particle is
defined by a system of imprimitivity;

ii) then to construct solutions of these imprimitivity systems corresponding to the
classical particle and the quantal particles;

iii) and finally to calculate the most general Hamiltonian compatible with the given
definitions of observables.

In addition to constructing the general theory, we also study the free particles of
the type mentioned, showing that in this case we obtain (except for notation and inter-
pretation) the usual description. We also show that the Galilean limit (¢ — «) for the
free classical Einstein relativistic particle is the free classical Galilei relativistic particle
from the passive point of view, i.e. compatible with being in interaction. The theory is
being written out as a one-particle theory only, however, it is generalizable to an n-
particle theory in the same way as the corresponding Galilean theory. Thus, the theory

h Th:s paper contains results from the author’s Ph.D. thesis. The research has been part1ally sup-
ported by the Fonds National Suisse.
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presented may be considered as a generalization of the present theory for free Einstein
relativistic particles and of the Galilean-Hamilton dynamics.

Remarks

In the following, p* and ¢* must not be confused with the four-momentum and
four-position of special relativity; both mathematically and conceptually they are
different from these (pp. 182-183). One should also be aware of the fact that the time T,
being the only notion of time entering the theory, is an observable, and that the Hamil-
tonian generating the time evolution of the particle in the time 7 has the same relation to
energy as in the Galilean case. Moreover, ¢* is a fictive ‘spatial’ observable in which the
interactions are local; the position observable denoting the ‘real’ position of the particle
in three-dimensional space is g, = § — [§/(¢° + ¢)]¢° for the classical particle, and g, =
4 — 4[4/(¢° + ¢), ¢°],. for the quantal particles.

2. Einstein Relativistic Particlés

An Einsteinian particle is by definition a physical system characterized by a con-
stant m > 0 (the rest mass), and for which the observables ‘momentum’ p*, ‘position’
¢* and time 7 are defined.

The study of the symmetry properties of the measuring apparatuses for these
observables lead us to define the following action of the symmetry group G (which is
the inhomogeneous Lorentz group G, times (direct product) the translations of R, 7,
i.e. G = Gy x T={(#,8,a",7)}) on their spectra, i.e. on the nine-dimensional space [4]:

{(r".q*,|p" eR* q" eR*, TER};
the ‘special Lorentz transformations’ {u}:
p* = AQ@, p* + mu*
q* — A" q"
T T,

where A(#%) is the usual representation of the special Lorentz transformations on R*
and #* = (y — 1,y%) for y = (1 — #2/c?)~/2; the rotations {8}

p* = AQY,p* = (p°le, RO)P)
g* > A@,q" = (¢°lc, RO
THT,
the spatial translations {a*}:
pt=p
qﬂ = q.u + all
T T,
the time translations {z'}:
p* —p*
q* —q"

TH=T+T.
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The Boolean CROCs £, simulating the measuring apparatuses for momentum and
position, are both constructed by starting from subsets of R*, the one for time is con-
structed from the subsets of R. In each case we have two possibilities, either £ contains
all the subsets in question, or 4 is the CROC of Borel sets modulo the subsets of measure
zero. In any case, G actsin a natural way on the elements 4 € % and we obtain the follow-
ing systems of imprimitivity:

for the momentum:

S@p(4") = pH(A@Y, 4* + mu*)
SEp 4" =p A0y, 2)

S(a*) p"(4*) = p*(4")

S()PHAY) = pH(a");

for the position:

S@ Q4 = g(A@", 4)
S@)q(4") = q(A@, 4"

S(a*) q“(4") = q*(4* + a*)

S() q*(4*) =g*(4");

for the time:

S@)t(4) =(4)

SO w(4) = (4)

S(e") t(4) = ©(4)

S(t)1(4) =14+ 7).

We can now make the definition of an Einsteinian particle more precise:

Definition 1. By an Einsteinian particle we mean every propositional system %
for which there is defined a representation S of G of Aut.#, which admits observables
P, ¢* and 7 satisfying the above systems of imprimitivity.

2.1. The classical particle
The propositional system % for the classical particle is realized by

L =2(Q)=2({(p*q",7)|p* cR* q* e R*, T € R}),
P

the set of subsets of Q, in which G = {(#, 8,a", 7')} acts in a canonical way. Moreover,
since all classical observables have a purely discrete spectrum [5], one has to identify %
with the set of subsets of R* or R. With these choices, it is easy to verify that the following
observables satisfy the imprimitivity relations:

p'(4) = {(p*.q*, 7)|p* € 4 = R*}
7"(4) = {(p*.¢",7)|q* € 4 =< R*}
w(4) ={(p*,q", )|t e 4 = R}.
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These observables may be defined as the inverse images of the following functions:
(»*.q",7) —p*
(p*.9*,7) —¢"
(P4 7) = 1;
i.e. by the functions:
P(pq*, 1) =p*
q"(p*,q",7) =¢*
(p*,q", 1) =1.
2.2. The quantal particle of spin 0
In the quantum case time is a superselection rule [6, 7] and the propositional system

Z is to be constructed from a family of isomorphic Hilbert spaces H,, indexed with
respecttot e R, i.e.:

£ =V P(H)

eR

Under these circumstances, the symmetry S(z") defines for each value of 7 a unitary
transformation U,(z’) between the spaces H, and H, ..., and one can identify the spaces
H, in such a way as to have U,(1") = I. In this way the representation S(g) of G is re-
duced in each H, to a representation up to a phase of the subgroup G, = {@,8,a")}.

For a given 7 we let the Hilbert space H, be represented by the space L*(R*,d* x) of
square-integrable functions @ defined on R*, with the Lorentz invariant scalar product

(@,%) = | a*x*(x) W),

R4

and the group G, = {(ii, §, ")} by the unitary representation U
m
(U @) 9)(x*) = exp ( il xv) (A7 @), x7)

(U©) @) (x*) = &(A~ 1B, x")
(U(a®) D) (x*) = B(x* — a),

for @* = (y — 1,—yii); or by the space L%(R* d*p), the Fourier transform F of L*(R*,
d*x),i.e.

F:LA(R* d*x) — L*(R*,d*p)
is defined by

¢(pu) = j\ d* x €exXp (— ;li' pv xv) ¢(x.u)’

and the group G, by the representation V' = FUF™1,
(V(u) ®)(p*) = S(A~1@), p* + mit¥)

Qnh)?



Vol, 48, 1975 Hamiltonian Dynamics for Einstein Relativistic Particles 177

(V(©) ) (p*) = &(A~1 (01, p")

V(@) D) (p*) = €XP( & ;— a”Pv) B(p").

The two representations thus defined will be referred to as the x-representation and the
p-representation, respectively.

ii)

For the given choices, the following observables satisfy the imprimitivity relations:
for the momentum:

in the p-representation:

PY(4) = {P. = x4(p")},

with the corresponding family of Hermitean operators,

{4% =p"I};

in the x-representation the family of Hermitean operators is:
{48 = —ifid, };

for the position:
in the x-representation:

q“(4) = {P, = xa(x")},

with the correSponding family of Hermitean operators,

{d2 =x"1};

in the p-representation the family of Hermitean operators is:
{A¥ =iho, };

for the time:

©(4) = {P, = x4(1)},

with the corresponding family of Hermitean operators,
{4, =I}.

It follows from the preceding that p* and ¢* satisfy the commutation relations

[q*,p"] = ihg"".

The imprimitivity system for q* thus constructed is the ‘canonical imprimitivity

system’ for the action of the inhomogeneous Lorentz group G, on {x* € R*}. In fact
this action is transitive, with the homogeneous Lorentz group {(# 8)} as isotropy
group (little group), such that the representation U of G, in L*(R*,d* x) is the representa-
tion induced from the trivial representation ((ii, @) — I) of the Lorentz group. Thus, the
imprimitivity theorem [8, 9] applies, and the representation of the imprimitivity
system for ¢* is unique up to a unitary transformation. Moreover, it is irreducible,
only the identity commutes with (U, q").
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For p* the situation is somewhat different because in this case the action of the
inhomogeneous Lorentz group is non-transitive on {p* € R*} and the imprimitivity
theorem cannot be applied directly. However, one can decompose {p* € R} into orbits
of Gy, apply the inducing construction on each of the orbits and take the direct integral
over the orbits thus obtained. This is the sense of V. It thus follows that the imprimitivity
system constructed for p* is reducible. However, as for the non-uniqueness involved
in taking direct integrals, this is of minor importance since what we are searching for is
the simultaneous specification of the imprimitivity systems for p* and g*. Therefore,
since one of them is irreducible, by definition the simultaneous specification is irre-
ducible, and moreover, since one is essentially unique, it follows in this case that the
other is essentially unique.

2.3. The quantal particle of spin %

To construct the imprimitivity systems for the spin 4 particle we proceed as for
the spin 0 particle. For the x-representation we choose the Hilbert space LA(R*,d*x) ® I?
with scalar product:

(@,%)=> [ a*xop(enwioe.
i=1 g

In this space the unitary representation U of G, = {(ii, 0, a*)} is defined by

(U @) B)!(x*) = exp (z%’u xv) D(@), S(A~ (@Y, x*)
(U@)®)'(x*) = D@), &/(A*D), x*)
(U(@)' (x*) = BH(x* — a¥),

for D being the irreducible representation (4,ia) in the principal series (a € R) [10].
In the p-representation, the representation of G, takes the form:

(V (@) ®)(x*) = D@, DA @), p" + mit*)

(¥ (6)@)'(x*) = D@, #'(471E),p")
i
(V(a")®)'(x*) = exp (— 7 a”pv) P p*).
For the observables p*, ¢* and = we then have the following solutions (we write
down the corresponding families of Hermitean operators only):
for the momentum:

x-representation: {4% = — ihd,, ® I}

p-representation: {A% = p* I, ® I;};
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for the position:

x-representation: {4% = x*I;, ® I}

p-representation: {4 = 49, ® I,};

for the time:

A, =1, ® 1}.

Similar remarks about irreducibility and uniqueness for the imprimitivity systems
as in the spin O case apply here. In fact U is induced from the representation D of
G, ={(#, #)}. Moreover D depends only on (i, 8) because G, = {(ii, 0)} x,{(a*)} the
semi-direct product between the Lorentz group and the Abelian group 7* of translations
of R*. ,

The observables for the additional degrees of freedom, the spin, is by definition
specified by a set of operators on /? (thus commuting with p* and ¢*) constituting a
second-rank anti-symmetric tensor S** transforming according to

S¥ > A, O), A, )5 S*.

They are thus given by the generators of the representation D of the Lorentz grpup.

3. The Evolution of Einstein Relativistic Particles

It is a postulate that the reversible evolution of a physical system during an interval
of time is described by a symmetry of the propositional system which induces a repre-
sentation of the translations of the real line. Thus, for a physical system described by a
propositional system % realized by V P(H,), where the Hilbert spaces H, are all

a€Qy
mutually isomorphic, it follows as a consequence of the generalized Wigner theorem

[11] that the evolution is induced by a permutation of the points of
o = Oy,
and a family {V,(z")} of unitary operators,
V(t'): Hy — H,,,
these together satisfying the relations
(0y)ey = R4y
and
Vauy (72) Vo(71) = V(11 + 73).

We have set w,(t1,75) = 1 because even if the group acts effectively on o the phase-factor
is of trivial type.

If we postulate some conditions of continuity and differentiability we can deduce
the following equations

Op ot = x(oa) and 0, ¥y, =He,. Ve,
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i.e. a Schrodinger equation coupled with a system of differential equations defined by a
vector-field y.

For some observable A realized by a family of essentially self-adjoint operators
A,, there may exist a new observable A realized by the family of operators

i
Aa = E[”aa Aa]'

In particular we will postulate that there exists such p* and ¢*.
After these generalities we return to the Einsteinian particle to make the equations
explicit for the different models by taking into account Einstein relativity.

Definition 2. We shall call Einsteinian evolution a reversible evolution induced by a
group of symmetries V' (z') satisfying the following two conditions:
i) the evolution V(") changes 7 into T + 7’,

V(@) t Ve i (1) =14, — T I .

ii) for every special Lorentz transformation # the observable ¢* transform according
to (covariance condition)

U @) gy Us (@) = A7 @), qup+ 8 L.

3.1. The classical particle

For the classical particle we have seen that we can take as state-space the differ-
entiable manifold:

Q={(p".q",1)|p" €R* ¢* eR*, 1R},
and that the observables are defined by the functions
»(p*.q",1)=p"
“(p*.q*,0) =¢"
(p*,q", 1) = 1::

For such a system, the evolution is represented by a curve in £, naturally para-
metrized with respect to 7, and it follows from the relations in Definition 2 which imposes
the conditions

Tr' =T + T’
and
g¢(p*,q*,7) = AT@)", ¢*(A@)", p* + mu*, A@U)*,q",7) + @*

that the vector field x specifying the evolution (if it is homogeneous) is the generator
of the one-parameter group {V(z')} translating the points along the curve. Since V' {(z")} is
a symmetry group of Q it must respect the symplectic structure imposed on

I'={(p*,q")|p" e R*,¢* eR*}
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by the definition of p* and ¢*; thus y must be a Hamiltonian field, i.e.
r= gw{(apa%ﬂ) an - (aqa”)apﬁ}a

where the Hamiltonian s# = #(p*,q*) is a differentiable function on I'. It follows from
the covariance condition that the most general Hamiltonian (for a conservative system)
which transforms covariantly under the Lorentz transformations is of the form

1
H(P*,q") =5~ (7" — 4@ (pu— 4" + V(@").

To prove this assertion, we first observe that the choice of y implies the Hamilton
equations:

P* = Ypu = =04, #(p*,q")
7" = Yqu = 0,, #(p",4").
Then putting the covariance condition into the last of these equations, we get
¢“(p*,q") = A7 @0, #) (A@)*, p” + mu*, A@*,q") + 3
or, since
YO —
A@),¢*(p*,q") = (95, ) (A@", p* + mu*, A@)*,q") — u,
L&

A@)(8,, ) (p*,q¥) = (0,,5) (A@*, p* + mu*, A@)",q") — u*
= 1 —>
=(9,,#) (0, A@)*,q") + ” A@)*, p’.
Since A operates on g* in an isometric way,

1
(apu %) (05 A(a)uv qv) = A(i‘))uv (apv‘%) (09 qu) == "'m_ A(ﬁ)uv Av(qu)a

and we get
1
(0,,9)(P*,9") = - (p* — 4" (g"),

which, integrated with respect to p”, give us the Hamiltonian already referred to.
A*(g*) is any four-vector of differentiable functions of ¢* transforming isometrically
under the Lorentz transformations, and ¥'(¢*) any differentiable scalar function.

As part of an interpretation we will study the case of the free particle; however,
before doing so, we will introduce a new observable,

-

> —-> p

—_ g — 0
%=1 P+ mc

q-,
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which describes the position of the particle in three-dimensional space [12]. Its trans-
formation properties follow from the transformation properties of p* and g*.
We then define a free particle to be a particle for which the Hamiltonian is

H(p".q") = %m p'p,= % (?*—p%)
and whose momentum and rest-mass are related by
(p° + mc)® —p? =m? 2.
This last condition, which by the invariance of the form
(p° + me)t —

is a Lorentz invariant condition, will be referred to as the free-particle condition.
It follows that the submanifold of {p* € R*}, on which the free-particle condition is
satisfied, is an orbit of transitivity for the inhomogeneous Lorentz group, and the con-
dition may be interpreted as saying that for a free particle there always exists a frame
of reference in which the particle is at rest and p® =0, p = 0. It follows also from the
observation that (p° + mc)® — p? is an invariant form, and that our representation Ag
of the Lorentz group is conjugate to the usual isometric representation A. In fact, let
T,, € Aut(Q) be defined by

Tw:(p°lc,P) — ((p°[c) + m,P)
Trm:(q°c,q) — (q°/c,9)

T,.T+—T1,
then

Ag =Tt AT,

With the given choice of Hamiltonian the equations of motion are

> 1 > 2pp° 3
4=—|2—= =—

2m p’+me] (p°lc)+m
=0

m
q'u__’

m

3

g.=0vt+a’ for &' =a-—

22 \-1/2
pPr=m(yz—1,y:0) for 7= (1 = _)

g* = 1(yz— 1,y20) + (a°c, d).
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We also observe that if we apply the free-particle condition to eliminate p°
the Hamiltonian, we get

H' =p°c=cVp*+m?c? — mc?,

which is the expression for the kinetic energy T of a free particle, known from special
relativity It is easy to show that the transform of 7' by a special Lorentz transformation
Ag(#l) gives the kinetic energy T of the particle, in the new frame, according to special
relativity.

We proceed to study the Galilean limit ¢ — . In this limit,

(1 0 0 0]

0 0

(A@))) —=2 S ,
_u3 0 0 1

un=(V“ lﬁ‘y—ﬁ) e (0’7;)

and
a* = (a°%c,d) —— (0,3);

moreover, for the free particle,

> >
qs C—'_W*QSG:UT'}‘Q

pu Temw (0: m—ﬁ) = (0’}—7)6)

9" —= 0,7t +a) = (0,40).

The action of the contracted transformations on these objects are then:
dsc F> Gsc + b
Pe V> P + mi
4o F Go + E:
and rotations. It follows that gs; and ¢; can be identified, thus in the Galilean limit the
free Einstein particle is the free Galilei particle from the passive point of view [13].

The preceding discussion indicates that the Hamiltonian in our formalism has the

same relation to energy as in Galilean-Hamilton dynamics; moreover, in the four-
momentum p*, p°® denotes the difference of mass from the rest mass due to the interac-
tion and velocity of the particle, and for the free particle we see that this gives the whole
energy of the particle. The observable g* is to be interpreted by means of the observable
gs, being the real position observable of the particle.

3.2. The quantal particle of spin 0

For this model each Hilbert space H, is canonically isomorphic to L?(R*), and Q
identified with R (the t-axis). According to the first condition in the definition of the
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Einsteinian evolution, the reversible evolution is defined by a family of unitary opera-
tors V,(7') satisfying

Vite, (@) Ve(11) = Vi(z1 + 1),

because the condition mentioned implies that the permutation of the points of the -
axis is
TH>T,=1+71.

If the evolution is homogeneous in time, the problem is considerably simplified
because in this case V, is independent of 7, and defines a vector representation of a one-
parameter group on L*(R*%):

V() V(r) = V(z; +70).
Let us impose the continuity condition

Jim [(V(@r) - D @[ =0 & e LR,

we can then apply the Stone theorem [14] which affirms the existence of a self-adjoint
operator 4 such that

V(z')=exp (— ééfr’).

The domain of # is by definition the set of @ € L*(R*) for which the limit
i ,
61};30 50 VY-
exists. For these vectors the Schrodinger equation
iho, d, = HO,

is defined.
According to the definition of the Einsteinian evolution, the Hamiltonian must be
such that the covariance condition

Uu) §* U™ @) = A7 @), g + i
1s satisfied for
i
W — _ [ ag™l.
=7 [#,q"]
Now since
U@)p* U~'(@) = A7 @), p* + mit*,

it follows that p* — mg* transform isometrically as a four-vector under the special
Lorentz transformations, i.e. it can at most be a vector-valued function of g*,

p* — mg* = 4*(g*),
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or
1
g" = — (p* — 4*(g")).
m

By means of the commutation relations between p* and ¢* it is then easy to verify that

1
H = " (p* — A*(g")(p* — 4*(g") + V (g"),
mn

where V'(g*) is a scalar function of g*.

As an example we will again treat the free particle but, before doing so, we introduce
the position observable ¢, represented by

G=a= 5| w1 A

which describes the position of the particle in three-dimensional space. It is Hermitean,
it has commuting components, and its transformation properties are given by those of
p* and g*; in the p-representation it has the form

P | - P P
T _indy| =ik o+ ST S—
p°+ mc I pOL : ( P 0t me ” 2(p°+mc)2)

- 1
qs=iha;;-—5

A free quantal particle of spin 0 is a particle whose Hamiltonian is
H = : pp
2m Vo

and for which the Lorentz invariant operator AM,

1
AM = -V +mef = —m,

has value zero.

Consider the restriction of 4M to the non-negative spectrum; then, to interpret
this operator, we observe that the boost Lg! defined by

—

Lo (pr, = A (——-—-—p )

(p°lc) +m
takes p* to (AM,G),
Lg! ﬁ ® ﬁ’ u N
- v 71 LA 0
PP A ((p0/0)+m) vp +mu((p0/c)+m) (4M,0),

i.e. to the frame where 3 = §. Thus it follows that 4M is the difference of mass from the
rest mass in this frame, and the free particle condition may be interpreted as saying
that in the rest frame of the particle this difference is zero, thus giving meaning to the
notion of rest mass.
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To see what all this means let us consider the subspace H 5o of LA(R*,d>pdp®)
on which AM > 0. H,, > is isomorphic to

(AM + m)V*
(AM + m + PPlcd) 2 )’

LZ(R3 X R*,d®pdAM

with the Lorentz invariant scalar product

d?pdAM(AM + m)'/* . N
@M+ mp 1y & UM DI AMD),

@n=|

and the isomorphism is explicitly given by

0
dj(p?’ﬁ) > f(AM,p) = ¢(VAM + m)® +3*|c® — m, p).

In this space the observable {; is represented by (see also Ref. [15])

g, = i 03— = P 1
PT UM+ mp + 7

since
. 3 1 B P -
(05 - T S P,
(lh( p+p°+mc = 2(p°+mc)2)d>)(c p)

1 7 |
— . a_’__ 2 22(n2 —>
(zh( i (AM+m)ZCZ+ﬁ2)¢)(V(AM+m) +7*/c — m, D),

0
%— “A(AM+m2 +B2c2-m

and the Hamiltonian 3 reads

: 1
H =cVP*+ (AM + m)* c* — 5 ((AM + m)? ¢ + m? c3).
m

As AM is invariant under the inhomogeneous Lorentz group, it commutes with
Vi 5o (1€ Vrestricted to H o) for any (4, g,a*) and thus determines an integral

decomposition of Vg, _ .
®
_ (4M)
Viawso= | V4™ ddaM,
R+
acting in

®
HAM?O = jJH(AM) dAM.
Rt
Moreover, g, and ## commute with AM also, and can be decomposed:
@

gs =f g, aM dAM
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®
H = f H M dAM,
R

Let us consider V@, H® g® and #: It follows from the preceding that H©
may be represented by

. m1/4
5 (R P +m2))

in which V'@ act in the following fashion:

(VO (P) =f(A7 @)\ p* — mput) (i=1,2,3)

VO O)1) (") =f(RB), p%)

V@@)f)(p") = exp (—% a"pv) f(pH;

moreover
5 1 p
4, @=ip| oy — = ——
( Po2pr+m? cz)
and

H O =cV p? + m?c? — mc.

L2 Ra d3p m1/4
@)+ iy

is the Hilbert space of square integrable functions on the transitive orbit,

(po + mc)z _ﬁz = m?¢2,
of the Lorentz group, with the Lorentz invariant measure
mi4d3p

WO~ A+ miy

V©is anirreducible representation of G, in this space, the representation induced froma
representation of the stability group T*x,SO(3) being trivial for SO(3), and g is the
Newton-Wigner position observable [16].

Thus, for the free quantal particle of spin 0, we obtain the same description as
Wigner [17], except for notation. In fact, the reader might verify that

(4@ (V@) + m? — mB) = (A@w) (VD) + m, ) (i=1,2,3),

when A is our representation of the special Lorentz transformations, and A is the
usual isometric representation.
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3.3. The quantal particle of spin %

The evolution of the spin 4 particle is described in a way similar to that of the spin
0 particle, only the form of the most general covariant Hamiltonian is different. In
fact, in this case,

P —mg* = A"(g") + S B"(g") + S S Coprs"(@*) + - . .,

the right-hand side being the most general function of observables transforming iso-
metrically as a four-vector under the special Lorentz transformation. Now, instead of
writing the most general covariant Hamiltonian, we will be content with giving the one
expressing a minimal coupling between the external field and the spin. It takes the form

1
H = o (P = Aq") — S Bug"(@") (Pu — A4") — S Bap(¢"))

+ 5% Dop(g”) + V(g").

As an example, we again treat the free particle: A free quantal particle of spin %
is a particle whose Hamiltonian is

1
H =—7p'p,
2mpp’

the operator 4 M has value zero, and for which there exists a frame in which it has spin

.

Proceeding as for the spin 0 case, AM = 0 implies that H‘® may be represented by

1/4
LZ(R3,d3 " )@12,

L @I+ my”
in which the inhomogeneous Lorentz transformations are represented by V@
(VO@S (p) = D), f*(A*@)', p* — my')

(VO@)1) (P = DO, (R-B); p’)
(VO (a)f) (p") = exp (— é a”pv)f‘(p‘)-

To be able to apply the last condition characterizing the free particle of spin %
we have to make a change of basis. For this purpose let F be the unitary operator defined

by
(EF)'(P) = F(p)', 1)

for

- P
P =0 («:62/(:2) +m2)”2) |
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In this new basis, V' is defined by
(VO@N () = DO, f (A @) p* — myu)
VOONHPY) = DO ROV, )
. i
VO @)= exp( ~ a‘pv) 1",
where &; is a rotation (i.e. Wigner rotation) defined by
A@BY, = L (s AG) s L(A™ @), p* — myn')P,
It is possible to choose a basis {&; ,,} in /% in which [18]

p@= > Dw@)

§=1/2,3/2, ..,

for D® being an irreducible representation of the rotation group; thus

p@r= > D@,

§=1/2,3/2,...

which shows that the inhomogeneous Lorentz group acts reducibly on

2| @3 g3 m'* ]2
LI R ’dp((ﬁ2/c2)+m2)”2 @ %

The last condition characterizing the free particle of spin 4 then implies that it is
associated with the Hilbert space,

1/4

(@[ + )"

LZ(Ra,dSP )@ CZ’

in which the representation V ©:1/2),
(VD@L (P = DD @), f (A7) p” — rmyu)
(VRO () = DU @), fREY,p)
(V©12(a")f)(p') = exp (— % a”pv) f1@9

of G, is irreducible.
Again, this is, except for notation, a description of the free particle of spin %
corresponding to the usual one [19], thus justifying our name.

Remark
It follows from the preceding that in the general case, when the particle is in inter-
action and the free particle conditions cannot be applied, there is a certain probability
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that we have states of spin 3, 3, .... The natural interpretation of this is to say that these
states denote the particle + pairs of particle/anti-particle.
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