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Helvetica Physica Acta
Vol. 48, 1975. Birkhäuser Verlag Basel

On the Asymptotic Behaviour of Atomic Spectra near the
Continuum

by Walter Hunziker

Institut für theoretische Physik, ETH Hönggerberg, 8049 Zürich, Switzerland

(22. XL 74)

Abstract. IfE is the beginning of the continuous energy spectrum of an atom in any multiplet
system, it is shown that this system contains groups of eigenvalues close to E„ =27 — n~2, compared
with £¦„+! — E„, as« 1, 2,... -> ».

1. Introduction

We consider the Hamiltonian

N „2Pi ^ etek

*—i 2m, *—i \x, — xk\

of a system of N charged particles, with centre of mass (CM) removed. The following is
known about the spectrum a(H) of H in any subspace of total angular momentum L
or of given symmetry under permutations of identical particles :

a) a(H) consists ofa continuum [27, œ ] and, in the complement of this continuum, only
of eigenvalues with finite multiplicities which can accumulate only at I. I is the
lowest threshold for break-up of the system into independent parts [1,2].

b) If 27 is the threshold for break-up into two sub-systems C_, C2 with total charges
qu q2 such that qxq2 < 0, then the number of eigenvalues below 27 is infinite. This
is always the case for atoms [2].

Following a suggestion of Simon [2], we want to study the asymptotic behaviour of the
eigenvalues in case b). We introduce coordinates adapted to the decomposition (C_, C2)
of the set of particles (1 N):

x e R3 position of the CM of C2 with respect to the CM of C_,

yt e RC3»t~3» internal coordinates for the system Ct, which are taken as linear
combinations of the cartesian coordinates Xi xN. nt stands for
the number of particles in C<.

If Ct has total mass Mt, we choose units such that h=l, qiq2 —2, Mj1 + M'1 2.
Then H takes the form

H p2+V(x,yuy2) + hi + h2,
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where p momentum conjugate to x, V'— sum of all interactions linking Cx and C2
and h, Hamiltonian of Ct with CM removed. Now let

ht(p, ei9t

for the ground state <p( of Ct. For simplicity, we ignore possible degeneracies, and if Ct
is a single particle we have, of course, ht 0, s, 0, <p, 1. The operator

p2-2\x\-1 + hi+h2

has eigenvalues

En ex + e2 — n-2 I — n~2, n= 1,2...

of multiplicity n2 with eigenfunctions

^n ri„(x)9x(yi)92(y2),

where n„ satisfies

(p2-2\x\-1)rìn -n-2rìn.

We shall assume that r\n, 9,, 92, axe normalized to 1 in their respective F2-spaces.
Since V(x,yx,y2) ~ —2\x\~1 for bounded yt and \x\ -*¦ 00 one expects En, ijin to

become 'approximate' eigenvalues and eigenfunctions of H as n -> 00. More precisely,
the question is how rapidly \\(H — E„)ij/n\\ -> 0 as n -*¦ 00. This question can be answered
now that pointwise exponential bounds are available for the bound state wave functions
9t [3]-

2. Basic Inequalities

For real E and a > 0 let

A_ spectral subspace of # where (H — E)2 ^a2. (1)

Suppose that M is a subspace of D(H) such that for all \j/ e M, \\i//\\ 1,

\\(H-E)M<B. (2)

If i\i' is the component of \j) orthogonal to JV_ we then have £ ^ \\(H — E)ijr'\\ > a ||i/V'||,

hence

W\\ dist(iii,NJ<ea-1. (3)

Setting a e it follows that the projection of M onto Nt is injective, hence

dim W, 3* dim M. (4)

If E + e < 27, we conclude that H possesses eigenvalues of total multiplicity > dim M in
the interval [E — e, E + e].

In order to deal with symmetries in the case of identical particles, we consider a
projection P (projecting onto a subspace of given symmetry under permutations)
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commuting with H. Let M be as before and assume in addition to (2) that

m\\ > *¦ (5)

for some X > 0 and all if/ e M, \\ip\\ 1. Then dimFM dimM and

\\(H-E)Pi/,\\^e^sX-1\\PiJr\\.

Therefore, if E + sX'1 < 27, HP possesses eigenvalues of total multiplicity ^ dimM
within the bounds E ± el-1 and WPi/IW'1 Pifi has distance less than e(aX)~1 from PNa.

3. Estimate of || (H - E„)i//n\\

\\(H-EJipK\\ \\(V + 2\x\-1)^n\\

< 2 \e,ek\\\Ulkil,n\\
ieCi
keC2

with

Uik \ |x-z1+z2|-1-|x|-1|

< l*!-1^]. -z2\ Ix-Zi + zJ'1,

where zjyj, z2(y2) are the positions of particles /, k relative to the CM of C_, C2,
respectively. Therefore

with

WiM\2<\dx\x\-2f(x)\r,Jx)\2

fix) j"dzxdz2pjzjp2(zj\zx - z212 \x-zx + z2\~2,

where pt is the probability density for zt in the state 9t. From the exponential bounds
[3] for 9t(yJ it follows that pjz) ^ const-exp(—a\z\) for some a > 0. Therefore,
f(x) < const |x|"2 and

\\(H-En)ifinW < const (ij„ \xAnn)112, (6)

with a constant independent of« and w„. The matrix elements of |x|-4 in the conventional
basis r\„tm(x) R„i(\x\) Ylm(xj\x\) (1 0, 1, n- 1; m /, -/) are known [4]:

(tlnim, M"4w) on, ômm,(2n\l - i) 1(1 + i)(l + 1)(/ + f)Y1(3n2 - 1(1 + 1)] (7)

for / > 0. We now restrict w„ to the subspace spanned by the basis vectors w„,m with

/+l>n(2*-3)/5 (a<4) (8)

the corresponding \j/n then span a subspace Mn with

dimM„ n2 - ([na'-3)/5] - l)2
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where [a] smallest integer ^ a. It follows from (6), (7) and (8) that for a < 4

||(tf-.E_)*_||< Or« (9)

for all i//„ e M„, ||i/rj| 1, with C not depending on n, i//n or a. From the inequalities of
Section 2 we therefore obtain :

Theorem: There exists a constant C such that for 3 < a < 4 H possesses at least

n2 - ([n<2"-3>/5] - l)2

eigenvalues (including multiplicities) in the intervals

/„ [F„ - Or«, E„ + Cn-%

if n is sufficiently large so that n~2 > Cn~". For a„ Cn~ß, 3 < ß <<x, and all i//„ e M„,
iwi i.

di8t(^„iV__) <«"<-»>,

where Na and Mn are defined by (1) and (8).

Remarks: The conditions 3 < ß < a merely serve to make the results significant.
For example, the condition 3 < a implies that In+X is disjoint from /„ for n sufficiently
large.

Is it necessary to increase / with n For \x\ ^ n2 the radial Coulomb wave functions
^ni(W) behave like n~3/2f,(\x\) with/, independent of« [5]. Therefore

\\(H-EJipn\\ 0(n-3'2)

for fixed / and n -> oo, and this decrease is too slow since 27 — F„ n~2. But even the
first-order perturbation (i//n, (V +2\x\~1)il>n) of F„ is of the same order as En+1 — En,

namely 0(n~3). This shows the difficulty of proving a similar theorem in a subspace
of fixed orbital angular momentum L.

Inclusion of short-range forces: The estimate (6) remains valid if V also contains
two-body potentials WtJx-, - xk) which are locally F2 and vanish at least like \xt — xk\~2
for |X( — xk\ -> oo.

4. Identical Particles

If the system contains identical particles, the theorem remains true in any sector of
given symmetry, with C replaced by Ck'1, provided that (5) holds with X independent
of n for n sufficiently large.

To prove (5) one only has to show that the overlap-integrals vanish as n -> oo,
i.e. that

lim sup (x/i„, ni//J 0, (10)

u <*¦„»=i

where ni//„ is obtained from i//n by a permutation n of identical particles which sends the
partition (Cu C2) of (1 TV) into a different partition (CJ C'J. For a discussion of
symmetries under permutations see [2].
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The overlap-integral (i//n, ni//J is of the form

I jdx dyx dy2 tjjx) <pjyx) <p2(j_) tiJx') (pjy'j <jo2(j_),

where x', yJ y2 axe coordinates adapted to the decomposition (C'x, C2). We distinguish
the regions

(1) \yJ>R or \y,\>R

(2) \y2\>R or \yJ>R

(3) \yt\ZR and \yj\<R (1=1,2),

and denote the contribution of region (i) to /by It. By the Schwarz inequality,

\h\<l( / dyJcpJyjA ->0
Mj>iI>ä '

for R -> co, and similarly for I2. For region (3) we shall prove below that

|x|<aF: and |jc'| <a.R (11)

for some constant a depending only on the masses. Therefore

|/3|< J dx\njx)\2 ^ aR\ dx\x\Ann(x)\2
\x\ZaR

aRrT2

since (nn, |x|_1n„) n~2 [4]. By choosing first R and then n sufficiently large, we can
make Ix I3 arbitrarily small. Therefore, (10) is satisfied.

To prove (11), finally, we remark that (C'x, C2) is obtained from (CX,C2) by exchanging

groups gt <= d of an equal number of identical particles. Let m be the total mass of
gt. Then m < Mi or m < M2 since otherwise Cx and C2 would be identical, which is
impossible because qiq2 < 0. Let z-, be the position of the CM of gt with respect to the
CM of Cj. Then the CM of C[, C2 have the following coordinates relative to the CM
ofd:

Cj: mMi1(—zx + x + z2)

C2: x + mM2\—z2 — x + zj.
Taking the difference we get

x' x(l — a) + <x(zi — z2)

with a m(M\1 + Mj1), 0 < a < 2. Now |yt\ < R implies \zt | ^ bR for some b depending

on the choice of the internal coordinates yt. Therefore

\x'\ a \x\ \l - tx\ + 2<xbR.
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By the same argument,

|*| < |*'| |1 -a| +2<x.bR

4- |*|(1 -a)2 + 2a|l -a.\bR + 2atbR,

or, since (1 — a)2 < 1,

|*| < [1 - (1 - a)2]-1^ -a| + l)2aibR

and similarly for *'. This proves (11).
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Notes added in proof

1. The spectrum of H in subspaces of given angular momentum, parity and symmetry under
permutations of identical particles is discussed in E. Balslev, Annals of Physics 73, 49 (1972).

2. To derive (6) it suffices to have pointwise exponential bounds for the one-particle densities
Pu Such bounds have already been proved by J. M. Combes and L. Thomas, Commun, math. Phys.
34, 251 (1973).

3. The derivation of exponential bounds in subspaces of given symmetry presents some technical
difficulties. These are discussed in W. Hunziker, O'Connors Theorem with Statistics, preprint 1975.

4. J. M. Combes and, independently, H. Tamura have obtained related results on the asymptotic
behaviourofeigenvalues near the continuum (private communications by J. M. Combes and L. Thomas).
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