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Vol. 48,1975. Birkhäuser Verlag Basel

A Rigorous Model Sustaining van Hove's Phenomenon

by Philippe Martin and Gérard G. Emch1)

Laboratoire de Physique Théorique, Ecole Polytechnique Fédérale, Lausanne, Switzerland

(9. X. 74)

Abstract. An exactly solvable model is considered for which we prove the validity of van Hove's
perturbative scheme for computing the rate of approach to equilibrium.

Introduction

Some twenty years ago van Hove [1] noticed that for a large class of quantum
mechanical, many-body systems showing a dissipative behaviour, the macroscopic
size ./V manifests itself through a characteristic property of the Hamiltonian H, namely:
H can be written as H0 + XV in such a manner that, when computed in a basis for
which HQ is diagonal, the matrix elements <0| V2\8'y show a 'diagonal singularity' of
order N not present in the matrix elements of V.

To show how this property could plausibly be held responsible for the approach
to equilibrium, he used it to support his proposal of a perturbative scheme leading to
a Pauli-type master equation which avoided invoking any ad hoc repeated random
phase ansatz.

Instead of this ansatz van Hove called upon two limiting procedures: i) the
infinite-volume limit, in which the Spectrum of the unperturbed Hamiltonian H0
becomes continuous; and ii) the weak coupling limit X ->0, in which the time t is
rescaled in such a manner that x X21 remains finite.

The purpose of our paper is to present a simple exactly solvable model, which is

yet realistic enough to exhibit precisely the various phenomena anticipated by van Hove.
For this model van Hove's prescriptions will, in each step, be actually given a precise
mathematical meaning; in particular the above two limiting procedures will be
completely brought under control, and van Hove's perturbative scheme will be shown to
converge ; this dissipative behaviour predicted by van Hove will thus be proven to be
a strict consequence of the microscopic dynamics in the limits considered.

The model which we consider is precisely described in Section 1. It consists of
quantum particles moving, according to the laws of Hamiltonian mechanics, in a three-
dimensional lattice Z3 on which scattering impurities are distributed in such a manner
that their effect is that of a static stochastic field on TA. The existence and lattice-
translation invariance of the resulting time-evolution for this infinitely extended
system are proven in that section, thus giving us control over the first of the two limiting
procedures called forth in van Hove's scheme.

») Permanent address: Departments of Physics and Astronomy, and of Mathematics, The
University of Rochester, Rochester, N.Y. 14627, USA.



60 Philippe Martin and Gérard G. Emch H. P. A.

In Section 2 we bring under control the perturbative scheme proposed by van Hove
to take into account the long-time cumulative effect of a weak perturbation. The
resulting dynamics, expressed in the appropriate time-scale, is shown to be then given
by a dissipative semi-group, the generator of which is computed explicitly.

The extension of the results of Section 2 to the time evolution of the extensive
observables is described in Section 3, resulting in a Pauli-type master equation of the
form predicted by van Hove.

In Section 4 we briefly discuss some physical implications and generalizations of
our results.

1. Definition of the Model

Let Z3 denote the three-dimensional lattice {n (nx,ny,nz)\nl e Z} and B denote its
dual space {0 (8x,8y,9z)\9i e [-n,n]}.

The Hilbert space

3t 7A2(Z3) if:Z3^C\ 2 \fn\2<«>)

will be the one-particle space of our model. We introduce the momentum
representation :

(1
\3/2

1 n^lA

with 9n 9xnx + 9yny + 8znz, and the inverse transformation

The model is defined by a 'random' Hamiltonian H= H0 + XV acting on the Fock
space %(M?) (which can be taken to be symmetric or antisymmetric depending on
whether the model consists of bosons or of fermions, a choice which we do not need
to make here). The free Hamiltonian H0 is defined in the momentum representation by

H0 jd9co(9)a*(9)a(9)

with dispersion law m(d) 92.

The interaction

1 \3/2
V | — j d8Jd9'v(8-9')a*(9)a(9')

xj

is an operator-valued random variable which describes the scattering of the particles
by a classical, lattice-translations invariant, Gaussian stochastic field v.

The aim of this section is to give a mathematically meaningful description of the
time-evolution for this model.
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We first notice that, since H is quadratic in the field operators, the time evolution
will be quasi-free and will thus be determined by its restriction to the one-particle
space AC.

The (one-particle) free Hamiltonian is then defined by

(H0f)(9) co(9)f(9)

and is bounded, since

IIAoll sup ca(9) 3n2.

In order to be able to define precisely the dynamics of the infinitely extended
system, we consider for every finite subset M in Z3 the cut-off interaction VM defined by

(VMf)n=XMnVnfn

where xì* is the characteristic function of M, i.e.

VM_An

1 if ne M
0 otherwise;

and v : 1? -> M is arbitrary. We notice that this operator is also bounded, since

[|VM\\ sup \vj < oo (M is finite!).
neM

Consequently HM H0 + XVM is well-defined on J2?2(Z3) as a bounded, self-

adjoint operator. Let {{/^|reR} be the continuous, one-parameter unitary group
generated by HM :

U,M exp(-iHMt).
We now give a precise meaning to our assertion that the impurities are randomly
distributed on Z3: we consider from now on {vjne Z3} as a stochastic field .which is
assumed to be static, translation-invariant and Gaussian. This field is thus described
by the covariance function y:Z3xZ3 + R,

<.v„vmy yn,m,

where we impose on y to satisfy the following conditions:

») 7n,m g \n—m |

u) Usili» 2 k.|<«
neZ3

(1
\3/2

— y etengn > 0 for all 9 in B.

We then consider {vjn e M} as an element of R|M| (where \M\ denotes the number of
points in M), and we define on R|M| the Gaussian measure pM by

<tOM o

<»« Om gn-m for all n, m in M.
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The first of the two limiting procedures considered by van Hove will be controlled,
for the model discussed here, by the following proposition, the proof of which will be
the aim of this section.

Proposition 1: For every t in U there exists a function Vt:B^-C, essentially
bounded by 1, such that for every 9 and p in £C2(Z3) :

lim <(9, U2, U? P)yM jd99*(9) Vt(9) P(9).

Before entering into the proof of this proposition, a general methodological
remark is in order. The aim of the present paper is to fill the mathematical gaps left in
van Hove's proposal and thereby to show that each of its intermediate steps can be
given a precise mathematical justification, rather than to give an alternate derivation
of his results for the model considered here. We will therefore follow the traditional
route of perturbation theory and prove that the convergence of the perturbation
expansion can be controlled. This will be achieved by repeated use of the denominated
convergence theorem. As far as the above proposition is concerned, the translation
invariance of the model will only be used towards the end of the proof, once the
existence of the infinite volume limit (with the cut-off removed!) will already have been
established. By proceeding in this way we will also prepare naturally the grounds for
the material to be presented later in Section 2. In the present paper, we will not touch
upon the question of whether the stochastic differential equation aspect of our model
could, or could not, be better taken into account by using, in a non-perturbative
manner, the methods of functional integration theory.

We first show that the time-evolution, averaged over the Gaussian measure pM,
exists for each finite cut-off M.

Lemma 1.1: For every 9 and p in .S?2(Z3), every t in U, and every finite subset M
in!3:

<j(9,u°tuyp)yM= 2 <v?,(CtfW)>M
n 0

where

(U?Y? (-iX)n jdtn...j dtiV,Mn...Vli

and

vff US,,VM u?,.

Proof: By the dominated convergence theorem, the lemma follows from the
following premises which are easily established :

i) with vM sup \vj
net*

(fixp(XtvM)yM J dpMexp(XtvM)

exists since g is strictly positive;
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ii) the Dyson perturbation expansion

u°,uf= 2 flW
n 0

converges in the norm topology; and we actually have

1

n\
iii) ||(C/f)<«>|| < -(XtvMr, q.e.d.

For the proof of the proposition we will need two technical lemmata which we
now establish.

Lemma 1.2: For every 9 and p in i?2(Z3) with |jç>|| 1, every t in R+, every finite
sequence 0 ^ rt ^ ^ /„ < f, and every finite subset M in Z3 -.{(9, V*.. .F^i»>M 0
unless n is even, in which case :

\((9, V*.. .F/»r>)>«|<^||s||_ 2 R \utl-tì_lk, - *.--,)IK(*i -fc0)H**J
k2n. ¦ .k0e M j -2

where

/ 1 \3 f
rf0exp(-/[cu(0)f + jfc0])."*»-(è)7

Proof: From the very definition of the operator Vjft we have

{(9, vx... v« p)y« 2 < kS»kn- ¦ ¦ »A".
fc„. ..k0eM

ut„-,nAk« - k--i) ¦ ¦ ¦ "t2-t,(k2 - kx) utl(k, - k0)pko

with

9,,k (U?9\ ($.9Ò where 0(0) (1) e~ikB;

clearly then

W,. _|<lk»,|l 11*11 IMI 11*11 1.

On the other hand, the properties of the Gaussian measure pM imply immediately
that (vku. vkJ>M vanishes unless n is even, in which case we have

<vk2n...vkj>M 2 Yigkt-*j

where the sum 2 runs over the (2« — 1 possible pairings of the 2n indices {k2n... kj,
and where the product f_ runs, for each pairing, over the n pairs of indices occurring
in that pairing. We thus get the majorization

2«'

for which the lemma follows immediately, q.e.d.



64 Philippe Martin and Gérard G. Emch H. P. A.

This lemma will be used in conjunction with the following result:

Lemma 1.3: For every t in R+ there exists a finite constant C, such that for all
Tj tj- tj_x,j 2,. 2«, with 0 < tx sg s£ t2„ ^ t, one has \\uTJ\\x < Ct.

Proof: Upon integrating by part twice, one checks that in one dimension, we have
for k # 0,

X

— l*rf0exp(-i-[02T-|-/fc0])
27t J

—7t

-^-\-2nexp(-nr21) + j" </0(l -2/02t)exp(-/[02x + k8])
nk2

so that there exists finite constants a, ß ^ 0, independent of t, such that

11 f— ^0exp(-/[02T + /c0])
27t J

—Ä

for /c 0 we have

^-(ctx + ßx2);

111f
J271

and thus

</0exp(-/02T) <1

I«f
J

u?0expH[02T + A:0]) < 1 + C(a.x + ßx2).

The lemma then follows from the fact that the right-hand side of this expression is an
increasing function of x. We have indeed :

Ct [l + C(<xt + ßt2)]3 q.e.d.

Proof ofProposition 1: By Lemma 1.3, all the «,(•) appearing in Lemma 1.2 are
in TA1 ; hence the convolution product

2/1

2 n K-,^-^_i)IK(A:1-k„)|!<R„|
k-ln-.-k^M }-2

is convergent and bounded by Cf\\p\\i for p e SA1 (Z3) as M-> Z3. Upon inserting
this into Lemma 1.2, we get

\<(9, va,... v»pyy«\ < ^.lldlï cf-iw.
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which is uniform in M. Consequently the following two limits exist and are equal

lim <(<?>,(tTO")«/')>M HA)2" f *__...[ dti lim <(9,V,l...Vtl-p)yM.
M-»Z3 J J M-»Z3

Moreover

\<(9,(u?)?n)*l>)>M\ < IMIIW^(y kllit2cì

where the right-hand side is the general term of a series which converges for all t in U,
this majorization being uniform in M. We can therefore use the dominated convergence
theorem to conclude the existence of the limit

lim <0, US, C/,M P)yM B,(cp, i», for r> e ^1 (Z3) ;
M-» Z3

this sesquilinear form in q>, p is thus obtained as the limit of the sesquilinear forms :

Bf(cp,P) (Jcp,UStUfP)yM

which are bounded by ||<p|| \\p\\ uniformly in M. Consequently BJ9, p) is also bounded
by IMI IMI and there exists an operator V, on £t?2(Z3), bounded by 1, and such that

lim <(9,US,Uì1P)yM (9,V,P).
M->Z3

For every translation a in Z3, let L_ be the unitary operator defined by (Uaf)n =/„+„,
and write M + a fox the set {m + a\m e M}. We clearly have, in view of the lattice
translation invariance of our measure p :

Btf+\cp,P) B?(Ua9,UaP)

from which follows

Bt(9,P) Bt(Ua9,Uap)

and thus V, commutes with L_ for every a in Z3. Consequently (Vtf)(9) V,(9)f(9)
for every/in if2(Z3); since

esssup|fV,(0)| ||Kt||<l

this concludes the proof of Proposition 1. q.e.d.

2. Van Hove's Long-Time, Weak-Coupling Limit

The purpose of this section is to control van Hove's perturbative scheme in the
so-called X21 limit for the model considered in Section 1. Specifically, we will present
now a complete proof of the following result:

Proposition 2: There exists t0 > 0 such that for each fixed x in [0,t0], and every cp

andi/VinJ^Z3):

lim lim <Ì9,UStU'?p)yM=\d89*(9)SJ9)p(9).
t-> M M-, Ir» iXÏ,=X
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where

St(0) exp(-[F(0) + ^(0)]T)

with

F(0) njd9' W(9', 9) ô(co(8') - co(8))

A(8) P dd' W(9', 9) (co(9) - o)(0'))_1

^(Ö',0) (^j g(9-9').

In order to bringthe form of the contractive semi-group {.Sr|T e R+} into immediate
contact with van Hove's notation, we notice the following property of the kernel
W(9',8).

Lemma 2.1: For every operator A on if2(Z3) such that (Af)(9) A(9)f(9) for
every/in jS?2(Z3), the operator VAV, averaged over the Gaussian measure, is given by
the kernel :

lim < VM A VMyM(0,0') ô(6 - 9') f d8" A(9") W(9", 9).

Proof:

lim < VM A VMyM (9,9') f d9" A(9") (v(9,9") v(9", 0')>
r~*3 •>M-r Z

with

<v(9,9'')v(8\9')y U-\ J J exP('[(ö-e> + (ö"-ö')>n])<"nO
S I __ -n, -*t 1nel.3 ieZ'
/ 1 \9/2
I - J exp(i{e -e>)n) 2

3

exP('(0' -ö")*)8k
s I „ 7,3neZ3

1 \3/2

\2nj ö(9-9'^(0-n q.e.d.

We should remark that, together with the fact that < Vy 0, this lemma precisely
expresses that our model satisfies van Hove's celebrated 'diagonal singularity'
condition.

The proof of Proposition 2 will be presented as a consequence of the following
two lemmata :

Lemma 2.2: There exists a finite constant C > 0 such that for every t and X in R,

every n in Z+ and every 9 and p in 77£2rl?) with |M| ||i//|| 1 :

lim I (9, (un?ni </0> I ^ (2"~,1)!! C(X2 tf.
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Lemma 2.3: For every x in R+, every n in Z+, every 9 and p in 7£2tl?) :

lim lim <(ç>, (Uf)«">i/0>M - — I d9 9*(9) (-t[F(0) + iA(9)])n ç(9).
1- co m-> z3 n! J

To prove Lemma 2.2 we will need three technical sublemmata which, for sake of
completeness, we state and establish here separately, although the content of the first
two might probably be found elsewhere in the literature.

Sublemma 2.4: For every pair A, B of finite Hermitian matrices satisfying
A ^ B > 0, we have :

Det^^DetA>0.
Proof: Let A be a positive matrix on R" and {f,\i 1,2,..., n) be an orthonormal

basis in R"; further, let C be the Hermitian, positive matrix defined by

Cft Xtft with Xt (ft,Afi).
Since A and C are Hermitian and/:x -> lgx, x e (0,00), is concave, we have [2]

Tr {f(A) -f(C) -(A-C) f'(C)} < 0

and thus

Tr lgA ^ 2 (/<- Ig Cfd - 2<JiM- C) fj (f„ f'(C) fj.
i=l 1=1

Since C-1 exists, (f„(A - C)f) 0 and (fJgCf) lg(f,Af,), we have:

Trlg^l< 2 lg(/i,4/i).
1

Moreover, the equality sign holds if {fj is the orthonormal basis which diagonalizes A.
Consequently,

Trlg^ inf 2 h(ftAfi).
W 1 1

With A and B satisfying the assumptions of the lemma we thus have :

Trlg^ inf i (fi,Afi)>inf __ (fhBfJ TrigB.
(ft) 1 1 {fi) i « 1

On the other hand, if {fj is an orthonormal basis diagonalizing A, i e. Af atft, we
have

Det^= nûj expl 2 lgfli) expTrlg^
i=l \i-l /

and thus, since exp(-) is a monotonically increasing function,

Det A exp Tr lg A ^ exp Tr lg B Det B q.e.d.
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Sublemma 2.5: There exists a finite constant Ct > 0 such that for every pair
{Q, L) constituted of a positive quadratic form Q on W and a linear form L on R",
and for every cube D {x (xx,.. .,x„)\x, e [-a,a]} in R".

|... j dxx... dxu exp (-i[Q(x) + L(x)]) <(DetÔ)-1/2Cï.

Proof: Let Q be an orthogonal transformation of R" which diagonalizes Q and
write yk (Qx\. We have then

j... J dxx... dx. exp (-i [Q(x) + L(x)])
D

f... f dyy... dy„exp l-i f (Xky\ + akyk) I
J

o7m \ k-l IniD)

with Xk > 0 for k 1,2,..., n.
Let now A be the linear transformation on R" defined by the change of variables

yk -*¦ Zk Xk/2yk. The right-hand side of the above expression becomes then:

(Det/1)-1 f... f dzi...dznexp(-i 2 (z2kA-bkzk))
J

AOiD)
\ k=l I

(DetQ)-1'2j... j dui...dunexp(-i
__

(u2 + ckuk)j

(DetQ)'1'2 U I j dukcxp(-i(u2 + ckuk])\.

The lemma then follows immediately from the additional remark that

e

duexp(—i(u2 + cu))

depends continuously on a and ß and is thus bounded by a finite constant Ct > 0,
independent of a, ß and c since

lim lim
a-, —co ß-* co

p

j dyexp(-iy2)

exists, as is easily seen by repeated integration by parts, q.e.d.

Sublemma 2.6: For any permutation {92„,92n_l,...,9'x} of the variables
{(öm+i - 92J,(92n - 92n_J,.. .,(82 - 9J} with 93eB= [-n,n]3, and for any sequence
0 ^ tx ^ t2n ^ t < co, there exists a choice {ss\l 1, 2, n} ,with sJt th — th_x,
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such that for all <p and p in i?2(Z3) with \\cp\\ \\p\\ 1 :

69

| d92n+i jd92n...j d9i9*(e2n+i)Wi)

•exp (« co(92n+i)t2B- 2 co(9k)(tk-tk_i)-co(8i)ti

Il <v(9'2l)v(9'2t_i)y ^ n Ksjj)

with h(s) CJs + I)'3'2 and 0 < C2 < œ.

Proof: By an argument similar to that which we used in the proof of Lemma 2.1,
we have:

<jv(9')v(9")y U-Y ô(8' + 9")g(8").

Consequently, each one of the n terms occurring in the product Tiï=i <^(ö_i)^(ö_/_1)>
contributes a <5-function. These <5-functions lead to n independent linear relations
between 9U 92, 02n+1; 9t 02n+1 being always one of these relations, a fact which
expresses the lattice translation invariance of the model. We can therefore keep, in
addition to 9X, n independent integration variables {8Jl,...,9Jn} chosen amongst
{02,..., 02n}, and perform the integrations over the n remaining variables with the help
of the <5-functions. Once this is done, the left-hand side of the expression to be majorized
in our lemma takes the form

\ d9i 9*(9X) P(9J exp (*_<__) (t2n -tx + a))

¦jdOj^.-j d9inexp\-i (t 2 K%uau + f 9X9Jkak^j

¦/(oi,0^,,...,0j„)

where

i) a, akl, ak are linear combinations of the variables Sj t} — t5_i ;

ii) the quadratic form Q 2ki=i Qjk0j,aki is obtained from 21=2 co(9k)sk, where the
n — 1 dependent variables {0J(|/ « + l,...,2n — 1} are expressed as linear functions

of the n integration variables {9Jl\l= 1,2,...,«} and 9i is set equal to 0. Thus
ßis positive;

iii) f(8x,0j1,...,9ji) is a product of n functions g(-), which we can thus write as:

v3n/2

\2n) 2 «"-i • - -«¦—«»P (* [ S öyjai + 0i « j)

where the otl9 a are linear combinations of the mfc's.
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We have thus that the expression to be majorized is equal to

I J \3»/2 n

— J ddxcp*(81)P(8x)cxp(ico(8i)(t2„-ti + a))

2 gm,.-.gm„jd8ji...jd9Jnexp(-i[Q + L] (9h,..., 9h)\
ml mn B B

this expression being, in turn, majorized by (see in particular Sublemma 2.5 above)

1 \3n/2

— ||g||ÏC3"(Detô)-3/2.

Since, moreover, Q ^ F with T= __,"_! 9jlsJ[ we have by Sublemma 2.4 above that our
expression is majorized by:

1 \3»'2- usure?- n s-//2.
2nJ i_i •"

On the other hand, our expression is trivially majorized by :

\\g\\l(2n)3"'2.

The conjunction of these two majorizations produces the desired result. Clearly C2 is
independent of

{OL, ¦ ¦ -, O'i) and {tx,...,t2n}. q.e.d.

ProofofLemma 2.2:

lim KO, (tW><A)>Ml X2»

M->Z3
jdt2n...j dti J d92n+i ...jd9i 9*(02n+l) HOi)

0««i< • •• ^t2n^t B

¦('[exp i oi(92n+i) t2n - 2 co(9k) (tk - tk_i) - co(8J h ])

• <v(82n+i - 82n) v(82n - 82n_i)... v(82 - 8Jjy

Since the measure p is Gaussian, <t>( • v( • )> is the sum of (2« — 1) terms of the form

IÎ <.v(8'2t)v(8J_i)y
i i

where {02n,-..,0i} is a permutation of the variables {(02n+i — 82J,(82n — 82n_x),...,
(82 — 8J}. We can therefore use our Sublemma 2.6 to majorize the above expression by :

(2«-l)!!l2- jdt2n...j dti UKsjJ.
0« «!^ •• • <»2»«<
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The lemma then follows immediately from the fact that there exists a finite constant
C>0 such that:

t (COj" dssmh(s) ^tmj dsh(s) < tm j dsh(s) Ctn q.e.d.
O 0 0

We now prove Lemma 2.3 in two steps. We first show that for n fixed the desired
result is already obtained from one amongst the (2n - 1)!! permutations which enter
in the computation of (v(92n+x — 62J... v(92 — 9jy. The second step will then consist
ofproving that the other permutations actually do not contribute in the limit considered.

Sublemma 2.7:

lim (-iX)2" J dr...... J dti j d92tt+i ...jd9x <p*(02„+i) WÒ
Xï, x 0^t,^...^t2„^t B B

•expliU(02„+1)r2„- 2 co(dk)(tk-tk_i)-(o(8i)tx j

• 1Î <i<02i+i - 02i)v(92i - £»_,__)>
(AlT f dd9*(8)(r(8) + iA(9))"P(9).

i=i n\ J
B

Proof: From the by now well-known identity

<v(82l+i - 92,)v(92i - 92i_jy ò(82ì+x - e2l__) »T(02„02,+1)

we conclude that the expression to be computed is equal to

t «2»

| dd 9*(9) p(8) \ dt2n j dt2n_x fe(t2n - t2n_J
B 0 0

(2n-l (2»-2

" J dt2n_2 J dt2„_3fe(t2„_2 — t2n_3)-.
0 0

«3 '2
¦ j dt2j dti fe(t2 - h) ^ (9, FM(t) iP)

with

fe(s) -X2 j dd' exp (-/ [co(9') - o>(0)] s) W(6', 0).
B

Since F(n) (t) verifies

t u

FÇT»(t) jduj dvfju - v)FÇ?-1Xv)
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the sublemma is proved by recursion, starting with

lim -f<»(0= lim - du\ dvfju-v) f fe(s)ds -X2(r(9) + iA(9)).
t ->C0 t ' -»CO t J J •>

0 ° «

We should remark that the permutation considered in this sublemma corresponds
exactly to the transition scheme which van Hove, on the basis of his diagonal singularity
condition (see our Lemma 2.1), singled out as giving the «th order contribution of his
perturbation expansion. This permutation is that for which the integrand of the multiple
time-integral is a function only of the successive time differences {(f2n — r2„_i),
(t2n-2-t2„-3),..;(t2-ti)}.

For the sake of brevity, we say that {(02„+i - 02«),(02n — 02n-i)>--->(vl2_ #i)}>
taken in that order, is the 'trivial' permutation of these In variables; any other permutation

will be said to be 'non-trivial'. By a slight refinement of the majorization worked
out for Lemma 2.2, we shall now prove that the contribution of every non-trivial
permutation vanishes in the limit t -> œ with X21 x fixed.

Sublemma 2.8: For each n in Z+ there exists a finite constant C„ > 0 such that for
every t and X in R, every cp and ip in if2(Z3) with ||<p|| \\ip\\ 1, and every non-trivial
permutation {9'2n,9Ai,.-.,8'i} of the variables {(02„_r - 02„),...,(02- 0i)} with
6j e B,j= 1,2,...,2n + l:

(-ÌX)2- jdt2n...j dtx j d02fI+1 ...jd9x9*(e2n+x)i/r(9i)
0<ti< ••• <t_,<t B B

•exp(/ \co(92n+1)t2n- 2 co(9k)(tk-tk^)-co(61)t1
\ L k 2

IT <v(92l)v(9J_i)y
i i

^Cnt-1'2(X2t)\

Proof: The quadratic form Q, which appears in Sublemma 2.6, reduces to
T= 2k=i 6jkSjk for the trivial permutation; thus the majorization of Q by Fis the best
possible if we want to consider simultaneously all the permutations {92n,...,9'x}. We
can, nevertheless, improve on this if we exclude from our considerations the trivial
permutation, the contribution of which has been evaluated separately in Sublemma2.7.
To this effect, we notice that for every non-trivial permutation {9'2„,92n_x,...,9'x} it is
possible to choose the n variables {9Jt\l= 1,2,...,«} amongst the (2n — 1) variables
{OJk 2,.. .,2n) in such a manner that, at least, one of the n — 1 remaining variables,
say 9Jn+1, is either equal to 9Jt, or is of the form Oj 9j — 9J2 — 9X. We can thus write

Q>Q'

where Q' is equal to either

02,(sj, + sJn+1) + 9%sj2 + --- + 9jnsJn
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or

QjSßi, + Sj.+1) + 9%(sj2 + sjB+l) - 26j29j, sJn+l + 9j3sj3 + ¦¦¦+ 9j,Sj,.

In both cases

DetQ'>(sJ1 + Sj„+l)sj2...SjH.

For the non-trivial permutations we can therefore improve Sublemma 2.6 to

|d02n+1...J d9x9*(92n+x)il/(9i)
B B

•exph[œ(02n+1)r2B- £ a*0k)(tk-tk_x)- <rtßx)tx IJ

n

< k*h+sJn+l) n K'iò-• n <v(9'2t)v(e'2i_i)y
i-i

The sublemma then follows upon noticing that, in the successive time integrations,
there will now be one integration of the form

j duh(u + s)< j duh(u) < es'1'2

accounting for the additional r~1/2 factor which occurs for every non-trivial permutation.

ProofofLemma 2.3: We have already seen that

lim <(</>, (t/f)<t2">>/0>M
M» Z3

(-iXf j dt2n... j dti / d92n+x...jd6x9*(e2n+x)i//(9i)

•exph-L(02B+1)r2n - 2 co(9k)(tk-tk_x)-co(9x)tiV\

¦ <v(92n+i - 92n) v(92n - 02n_1)... v(92 - 9x)y.

Since p is a Gaussian measure, <t>( • v( • )> is the sum of (2n - 1 terms of the form

fi <v(9^v(9it_i)y
i i

where {02„, 02n_i,..., 0{} is a permutation of the 2n variables {(02n+i — 02„), ¦ • .,(02 — #1)}.
Sublemma 2.8 shows that, in the limit t ->- oo with X2t x fixed, the contribution of the
(2n— 1)!!— 1 non-trivial permutations vanishes; hence only the trivial permutation
contributes to this limit, a contribution which is computed in Sublemma 2.7. q.e.d.
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ProofofProposition 2: From Lemma 1.1 we know that

lim lim <(9,US,U^i//)yM lim lim f <•>, (£/„*)?> *)>"¦
t-»co M-»Z3 I-»cc M-rl3 n 0

>.2t z k^t z

We have seen in Lemma 1.2 that <(<?>, (^aO*/0 i/0>M vanishes if« is odd, so that the
sum carries effectively only over the even n's. We have further seen in Proposition 1

that the sum and the limit as M -> Z3 can be interchanged. Since (2« — 1) !/« behaves
asymptotically for large n as 2", Lemma 2.2 shows that the sum and the limit / -> °o

with X2t x fixed can be interchanged; provided that |t| < x0 < (2C)_1. Finally
Lemma 2.3 gives the contribution of each summand as the general term of a convergent
series summing up to (cp, Sz i//). q.e.d.

Our analysis can actually be used to sharpen the content of Proposition 2 as
follows : There exists two constants x0 > 0 and C > 0 such that for 0 ^ X21 < t0

lim <(<?, US, UÏ1 i//)yM - (9, exp (- [F + iA ] X21) i/i)
M-, Z3

<AC.

Indeed: i) we have seen in Sublemma 2.8 that the contribution of the non-trivial
permutations is of order t'1'2 ~ X for fixed x; ii) by slightly refining Sublemma 2.7, it
can easily be seen that the rate of convergence of the contribution to the semi-group
due to the trivial permutation is also of order t'1'2 ~ X.

3. Extensive One-Particle Observables

We presented in Section 2 a detailed mathematical study of the matrix elements
of the evolution operator in the one-particle space as the simplest illustration of
van Hove's phenomenon. One has, of course, to conduct a similar analysis for the time
evolution of particle observables. We shall sketch it here for one class of observables
ofparticular physical interest, namely the one-particle observables which are invariant
under lattice translations. These observables are of the form:

Ä= j d9A(9)a*(9)a(9).
B

We first define their time evolution, in the interaction picture, for cut-off interactions by

<A£tyM < u? U7J, a u? us,yM

with

At,= 2 (^)V°
n-0

and

(AÌ)<"> (-iXy \dtn...\ dtJVZ,[...,(VÌI,A]]].

We prove along the same lines as those of Section 1 that the infinite-volume limit
M^Z3 of ((cp, Ai4,, i//)yM exists for all cp and ij/ in Jf.



Vol. 48,1975 A Rigorous Model Sustaining van Hove's Phenomenon 75

The reader will convince himself that a straightforward extension of the rules
established in Section 2 to the commutators expansion of Afw, given above leads, term
by term, to

lim lim <Ì9, AfH, </0>M f d0 <p*(0) AJ9) i/,(9)
t-»co M->13 J

X2t-T

with

AM- S -AX"A)(9)^-i «!
R-0

where TA" is the «th iterate of the operator «Sf defined by

(ÇAA) (0) 2n j d9' ô(co(e') - œ(9)) W(9', 9) (A(9') - A(9)).

The rules which lead to this result are :

i) The »th order in the perturbation expansion vanishes for n odd; the multiple-
commutator occurring at the (2n)th order is a sum of 22" terms.

ii) Each of these 22" terms is the sum of (2n— 1)!! contributions of the possible
pairings. All these contributions, except one, vanish in the X21 limit.

iii) At each even order in the perturbation expansion, all the pairings giving a non-
vanishing contribution in the X2t limit are identified as those pairings which
correspond to the well-ordered sequence of time differences : {(t2n — ?2„_i),
(î2n-2 — ^2n-3)> • • -, (h — h)} (see the remark following Sublemma 2.7).

iv) At order 2« in the perturbation expansion, the non-vanishing contributions, in
the X21 limit, sum up to 7£n.

Therefore the observables which are functions of the momentum operator evolve, in
the X21 limit, according to a semi-group law whose generator is 7£. Equivalent^/, this
is to say that the time evolution, in the X21 limit, of the one-particle, lattice-translation
invariant observables, is described by the one-particle momentum distribution function
pt : B -*R+, defined by

<p,M> | d9pJ9)A(9) (p;ATy

and satisfying the Pauli-type master equation

d

dx

where

(if* p) (0) j d9(K(9,9') p(9') - K(8', 9) p(9))
B

with the symmetric kernel

K(9,9') In ô(to(9') - co(9)) W(9', 9)

in conformity with van Hove's prediction.
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4. Discussion of the Results

The main aim of our paper was to show, in detail (see in particular Section 2),
how van Hove's perturbation scheme for the computation of the time evolution in the
long time, weak coupling limit can be mathematically controlled for a specific model
of infinite extension, whose properties mimic those of a generic many-body system.
In particular we proved that van Hove's prescription to retain, at each order, only the
most divergent diagrams, which he identifies correctly, can be given a precise
mathematical justification. We also gave (for each order in the perturbation expansion) an
estimate of the rate at which the contribution of the other diagrams vanishes as t
becomes asymptotically large.

We should emphasize here that the non-vanishing of the cumulative effects (as
t -> oo) of the weak interaction is linked in an essential manner to the extensive properties

(i.e. lattice-translation invariance Z3) of the model. One can indeed verify that
neither these cumulative effects, nor the van Hove diagonal singularity occur unless
not only the lattice itself is infinite, but also the impurities are randomly distributed
with a finite density over the whole lattice (M -> Z3).

Specifically for finite M (or even if the limits occurring in Proposition 2 are taken
in the reverse order) one obtains

lim lilim <(9,UStUfi/i)yM (9,^)-
-.co

This actually is easily seen from an argument, familiar in scattering theory, where the
following relation is exploited :

t/tf
\\(US,Uf-l)9\\^x\ \\VMU°9\\ds.

Since here VM (with M finite) is a finite-rank operator, the integral in the right-hand
side is convergent as X -> 0 for a dense set of <p's in AC [3]. Consequently U2, U™

converges strongly to /in the van Hove limit (t -> œ, x X21 fixed), so that no dissipative
effect could occur in this case. This is to be brought up together with the fact that, for
finite M, VM does not exhibit any 'diagonal singularity', as can be checked by going
through the proof of Lemma 2.1 for this case. The above remark is meant to sustain
van Hove's emphasis on the fact that the structural difference between scattering
theory and the theory of dissipative phenomena in statistical mechanics has for its
origin a difference in the extensive properties of the interaction.

As for the justification of the 0-representation to express these special properties
of the interaction, we cannot refrain from quoting van Hove verbatim : 'The special
significance of the 0-representation for the many-particle systems of quantum statistics
must be attributed to a fact, easily verified on all actual examples, to know: the simple
relation of this representation to the physical quantities of greatest interest in
irreversible processes.' Specifically the 0-representation is uniquely determined as the
spectral representation of the one-particle, lattice-translation invariant observables.
H0 then appears in the theory, not as a result of an arbitrary separation of HM into
H0 + XVM, but rather as the diagonal part of HM in this representation. In this sense,
a perturbative scheme for this problem appears in a natural manner..
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Similarly, the use of the interaction picture (see in particular Section 3) is justified
by the fact that one is interested in the time evolution of the expectation values for a
particular class of observables, in a particular class of states, which are operationally
defined in such a manner that they turn out to be invariant under the free evolution.

We might also remark that the infinite-volume limit having been taken, once and
for all, at an early stage of our analysis, we did not have to worry over the fact that
certain quantities vary slowly (or are smooth enough) over intervals large against the
separation of the energy levels of the unperturbed Hamiltonian: in the limit in which
our analysis is conducted H0 has a truly continuous spectrum.

Finally, we should comment on the occurrence of ô(co(9') — co(6)) in our results,
and in particular in the master equation obtained in Section 3. It implies that each

energy shell evolves independently of the others. In addition, the positivity of the
covariance function g(9) implies that the master equation, when restricted to an
energy shell, admits a unique stationary solution p(9) p(co(9)) which is a universal
âttractor. Physically, this means that, in the proper time-scale in which the time
evolution is governed by this master equation, pJ9) approaches the microcanonical
distribution. The occurrence of the microcanonical, rather than the canonical, distribution

is of course to be understood from the fact that in our model the impurities are
taken to be recoilless, so that, in the limits considered, the unperturbed energy is
conserved.

If instead an appropriate quantum Bose bath, at the natural temperature ß, were
to be introduced the canonical distribution would indeed result. Specifically, one
could take [4]

H0 jd9 (o(9) a*(9) a(0) + j d9 s(9) b*(9) 6(0)

with

tt>(0) 02, e(0) (m2 + 92)1'2 - c

and

V=jj d9d9'(v(9,9')a*(9)b(9 - 9')a(9') + h.c.)

with

\v(9,9')\ \v(9',9)\,

where the a* (resp. b*) are the creation and annihilation operators for a Fermi (resp.
Bose) field. In this model the Gaussian average is replaced by the thermal average
over the system formed by the è-particles, the latter being considered as the system of
interest. One can then show [4] by a slight extension of Davies' analysis [5] that the
kernel of the master equation becomes, for this model,

K(9,0') 27r|t>(0,9')\2(exp(ß[co(9) - co(9')] - 1)A
• [ô(co(9') - co(9) + e(0' - 0)) - <5(û>(0') - co(9) - s(9' - 9))]

which satisfies the detailed balancing condition

K(9,9') exp (-ßco(8')) K(9', 9) exp (-ßco(9)).
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This relation implies that the canonical rather than the microcanonical distribution is
the fixed point of the master equation, thus confirming our remark on the cause of the
approach to the microcanonical distribution in our model.

From the point ofview of the techniques used, we might point out that our analysis
could have been cast in the framework ofgeneralized master equations. In this language,
Sections 1 and 2 show rigorously that the memory effects vanish in the X2t limit and
that the Born approximation becomes exact in this limit. There are two differences
with the recent works [5, 6] of Davies. First, in our model the spectrum of H0 is
continuous, whereas Davies was concerned with the derivation of Pauli equations for a
discrete collection of atomic (or spin) energy levels. Second, and more importantly, the
relaxation of systems coupled with thermal baths is linked to a sufficiently fast decrease
in time of the correlation functions relative to the bath. These decay properties
originate in the nature of the energy spectrum e(6) of the bath. On the other hand, our
system being isolated, the needed decay properties are drawn here from the dispersion
law co(9) of the particles of interest themselves. In both cases, more work is needed to
accommodate a phonon-type dispersion law behaving like c|0| for small 0's.
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