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Helvetica Physica Acta
Vol. 47, 1974. Birkhäuser Verlag Basel

BCS-Model in Perturbation Theory

by Irja Nieminen1)
ETH, Hönggerberg, Zürich, Switzerland

(8. X. 74)

Abstract. The BCS-model for superconductivity is investigated in the perturbation theory.
The partial sum over ladder graphs in the quantum statistical perturbation expansion for the
reduced density matrix (RDM) is examined for the case n 2 (two particles created and two annihilated)

We show that this partial sum can be simplified to a sum of three geometrical series. These
converge absolutely at high enough temperatures for any coupling strength. At low temperatures the
expansion diverges for attractive potentials, when the total momentum of the particle pair approaches
zero, however weak the coupling may be. If the coupling is weak enough the expansion also converges
at low temperatures when the total momentum of the pair differs sufficiently from zero. We also
get Thouless' [1] result that from this theory one can define a critical temperature which for the BCS-
potential leads to the familiar equation for the critical temperature in the BCS-theory.

Introduction

To investigate the BCS-model in perturbation theory we examine the quantum
statistical perturbation expansion of the following RDM [2]

F2««*(kj, r„ f) «*(k2, r2, J av(k3, t3, |) av(K, u, f)>V (LI)

Here ^- • -^y denotes the thermodynamic expectation value in the grand canonical
ensemble for a particle system enclosed in a box V.

at(kt, Tt, t) exp[TjHv - pNv)] «*(k„ f) exp[-T,(Hy - pNv)], (1.2)

where a*(kj,f) is either a creation (a*) or an annihilation (a) operator in a volume V
for a particle with 'spin up' and momentum k( (j means 'spin down'), Hv is the total
Hamiltonian, Nv the particle number operator and p the chemical potential.

In the perturbation expansion of (1.1) we include only ladder graphs of the type
shown in Figure 1.1. We shall be able to simplify this partial expansion to a geometrical
series. The convergence conditions for this series are then examined. We use for the two-
body potential a Yukawa-like potential. It is found that the series converges absolutely
at high enough temperatures for any coupling strength. Then we investigate the
expansion at very low temperatures. We carry out calculations under the assumptions
that the particle density is low and that the incoming and outgoing particle energies
are not too far from the Fermi surface. It is found that the expansion diverges for
attractive potentials, when the total momentum of the incoming pair kj + k2 the

») Permanent address: Department of Theoretical Physics, University of Helsinki.
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Figure 1.1

total momentum of the outgoing pair k3 + k4) approaches zero. This phenomenon is

independent of the energies of the incoming and outgoing particles. Thus the divergence
also occurs in a neighborhood above the Fermi surface. When |kj + k2| is larger than a
certain k0, the expansion also converges at low temperatures, if the coupling is weak
enough (k0 depends on the coupling constant).

The use of perturbation theory in superconductivity has earlier been investigated
by Thouless [1]. He did not find the simple geometrical series which we have below.
Instead he found that the sum of our partial expansion satisfies a simple integral equation.

From this integral equation he deduces a long list of properties for its solution.
His main results is that the condition of convergence of the expansion can be used to
define a critical temperature. This turns out to be identical with the critical temperature
in the BCS-model [3, 4]. We also find this result from our expansion.

In Section 2 we simplify also the perturbation expansion of the pressure in the
ladder approximation to a simple geometrical series. In Section 3 we make use of the
results obtained in Section 1 to calculate in ladder approximation the correlation function

just above the critical temperature.

1. The Ladder Expansion for the RDM with n 2

The BCS-model is obtained as follows. Consider a state consisting of electron pairs
interacting through an attractive two-body potential near the Fermi surface. The
electrons in a pair have opposite momenta with equal magnitudes. A physical state
consisting of such pairs can be shown to have a lower energy than the state without
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interaction. This state is then interpreted to correspond to the superconductive state.
This would suggest to investigate the RDM for n 2 in the ladder approximation.
The RDM for n 2 is given by (1.1) with ß > tx 7? t2 ^ t3 > t4 ^ 0 and kj + k2
k3 + k4. The interaction part of the Hamiltonian is

1 -^UV=y 2_ f7(Pl-p4)S(pl+P2,P3+p4)«f(Pl,t)«f(P24)aK(P4,t)'ïK(P34).
Pl "4 (1.1)

The ladder approximation of (1.1) includes only graphs of the type shown in Figure 1.1.
We use the same Feynman diagrams as in [2] (the particle lines have definite signs).
We shall be able to simplify this partial expansion to a sum of three geometrical series.

From the convergence condition of these series we shall obtain a definition for the critical
temperature which agrees with the critical temperature in the BCS-model. This result
was also obtained in Thouless' work [11. The convergence properties of our expansion
are then investigated as described in the introduction.

All essential features of our problem are retained, and a lot of inessential complications

are avoided, if we put in (1.1) tj t2 t3 t4 t. In fact, it is just this simplified

function which enters the Thouless thermodynamic potential. From the cyclic
invariance of the trace it follows that one can put t4 0 in (1.1) without restriction.
Thus (1.1) with equal t's becomes equal to

V\a*,(kx, 0, f) «*(k2,0, J av(k3,0, J av(kt, 0, f)»v. (1.2)

We recall that the kji =1,...,A) satisfy kj +k2 =k3+k4 k. Take k2, k3 and k
as independent variables among these quantities. Denote the ladder approximation of
(1.2) by FS(kj + k2,k3 + k4) Lk2kJk, t), where we included also the variable t to remind
us that (1.2) equals (1.1) for equal t's. We get according to [2] and Fig. 1.1

Lk2k,(k>T) =/-(k3)/-(k - k3)FSk2k3 +/+(k2)/+(k - kjf-(kjf-(k - k3)

m—l

k-1)1- 2 v^1 2 n^-p^)X

m-l different p, pm-i 1=0
graphs with

fixed m

m-l
xYlfHPÙfHk-PÙim, (1.3)

1=1

where p0 k2,pm k

/+(P) f~(P) (VA)J W l + exp[ß(p-p2)Y
J W l+exp[ß(p2-p)y

ffl 0"mi~l ß ß Om2

Im= J dax j da2--- j dam, J dami+1 ¦ ¦ ¦ j dam2 J dam2+l--- j damt
0 0 0 "mi °m2-l 0 ffmt-1

"""* fm-,
x j damt+i--- j damexp[aJEx- E0)]exp[aJE2- EJ]- ¦ ¦

O 0

x exp[am_j(£m_j - Em_J] exp[am(E^ - Em_J], (1.5)
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E0 k2 + (k-k2)2, £0 k!+(k-k3)2 (1.6)

and

2?,=p2 + (k-p,)2 1,2,...,m-l). (1.7)

The last equations imply that we consider the unperturbed system to consist of free
electrons with a certain effective mass. We use units in which this mass is put equal
to 1/2 and Ä= 1. The signs in the propagator product and the integration limits in
Im depend on the graph. We have to sum in (1.3) for fixed m over all possible choices for
integers in

0 ^ «i <m2 < m3 < • • • < mk ^ m. (1.8)

To do this we make use of the formula

f~(p)=exp[ß(p-p2)]f+(p)
and write

m—l m—1

(1.10)

n fHPùfHk-Pt) n /+(Pi)/+(k -Pi) x n exp^ -ej] (1.9)
i-l i-l (-)-lines

only

Then we can in a simple manner sum over different choices (1.8) to obtain

£k2k3(k, r) /"(k3)/-(k - k3) FSk2k3 +/+(^2)/+(k - k2)/-(k3)/"(k - k3)

1 m—l m—1

x I (-1)"* TTnTVi 2 u U{Vi - P;+0 Jl /+(P<)/+(k - Pi) K„
m=1

Pi Pm-l 1=0

where
ß

Km= \ dax exp[aj(£j - E0)]
o

m-l r ß <•}

X YJ j daJ+x + exp[ß(2p - EJ] j" da]+x

j-i \-'i o

exp[a,+j(£,+1-£7)] (1.11)

with Em E'0. To calculate Km for general m one needs identity (A.l) from Appendix A.
The obtained result can be brought into a more convenient form with the aid of identity
(A.2). Thus we finally have

K
exp[ß(2p - E0)] - 1 j^j- exp[ß(2p - EJ] - 1

Pq — Pq
._x

P-O — P]

[

exp^Ep - Ep)] - exp[ß(2p - E0)] ^4 exp[ß(2p - EJ] - 1

E'o — E0 L^L E0 - Ej

+ {exp[ß(Eo- - 2,*)] - 1}{1 - exp[-j3(£0 - 2/*)]}

m-l
Y ^xp[ß(2p-EJ] ^=r exp[ß(2p-EJ]-l
Z1(Eo-EJ(E0-EjAj E..-E,

i*t
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Note that the sum of the two first terms in (1.12) approaches

,fie*W,-gJ]-, (113)
j=i k-o Ej

when E'o -> E0. In the present problem it is convenient to replace U(pj — pJ+J by a
separable potential

K%+,- iLU)

This type of potential was also used by Thouless [1]. In (1.10) we go to the limit V -> œ

by replacing

- V -+ | d3p (1.15)v£ (2tt)3J

With the aid of (1.12), (1.14) and (1.15) we get (1.10) in the form

£k2k3(k, r) (2tt)3 S(k2 - k3)/-(k3)/"(k - k3) + Lk%(k) + Ik2>k3(k) + L(k3>k3(k),

(1.16)

where

exp[j8(2a - £„)] - 1

3&,(k) =/+(k2)/+(k - k2)/-(k3)/-(k - k3) „* „k
F1^v f -A

- (-A)- / f |t>JV+(p)/+(k -p){exp[i8(2M - £)] - ifl-1x2(i^^iJ° ^Ti j • (L17)
m=l x '

The expression for ZÇ*k (k) is analogous with (1.17).

£&,« =/+(k2)/+(k - k2)/"(k3)/-(k - k3) vl2vki{exp[ß(Erj - 2p)] - 1}

^ (-A)m (tn - 1)
x (1 - exp[-ß(E0 - 2p)]} J '3<m-i,

m=l

r K\2tiPi)f-i*-Pi)
J Fl (E0-EJ(E'o-EJ

\d3p

i)

hP|2/+(p)/+(k -p){exp[ß(2p - EV] - V)\ m~2

Ex-E
(1.18)

Here£=p2 + (k—p)2and£j =p\ + (k — Pj)2. Thus we have been able to simplify the
ladder expansion of (1.2) to a sum of three geometrical series. The simultaneous
convergence of these series depends on the behaviour of the function

r kl2/+(P)/+(k -P) {exp[B(2p - £)] - 1}
F(x,k;ß)= f d3pA!AAAA—Pn ^ p id i. (1.19)

J x — E
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One would expect by inspection that F has a maximum for x 2p. It can indeed be
proved for the BCS-potential that F(x,k;ß), with ß fixed, has an extremum for x
2p, k 0. The proof is identical with that given for Theorem B.l in Appendix B. If we
consider x 2p, k 0 as the maximum point for \F(x,k;ß)\, then we get the following
sufficient condition for both (1.17) and (1.18) to converge

2(2t7)3J n pl p2-p
< 1. (1.20)

This is identical with Thouless' condition (18) which was obtained by a different
approach. Now one can define a critical temperature by the equation

jr^ 7d tghmj^-pj
2(2tt)3) n pl p2-p

1. (1.21)

If the potential is specified to the BCS-potential, then this equation becomes identical
with the BCS-equation for the critical temperature [1, 3, 4].

We shall now proceed to investigate the convergence properties of (1.17) and (1.18)
at high and low temperatures, respectively. We use the Yukawa-like potential

(1.22)
P + i*n0

with screening length l/m0. The actual Yukawa potential is non-separable. The calculations

given below with the above separable potential can also be carried through with
the exact Yukawa potential. The calculations are more elaborate but the qualitative
results are the same as obtained with the above potential. This justifies calling (1.14)
with (1.22) a Yukawa-like potential.

At high temperatures the case is simple. We assume here without proof that the
maximum for \F(x,k;ß)\ occurs when x 2p. Then [\X\/(2Tr)3]\F(x,k; ß)\ <1 can
always be satisfied for high enough temperatures, since

/+(p)/+(k-p){expQ8(2/x-E)]_l} tgh[\ß(2p - E)]
u < < < +p.

2p-E 2p-E

Thus our expansion converges absolutely at high enough temperatures for any coupling
strength. Consequently we have at high temperatures

£W> r~ <123)

1 + 555*«.*:»
and analogous expressions for L<2) and L°». Note that the geometrical series for L(3>

is of the form [(d/dF) Ln»]Ei)=E The right-hand side of (1.23) can be used to continue
L(1) analytically to values (X/(2-rT)3)F(Ej),k;ß) > 1 in regions where the geometrical
series no longer converges. This happens at low temperatures when E'0 -> 2p and k -> 0.
Similar analytic continuations can be made for L(2) and L<3). There is a singularity at
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the point (A/(27r)3) F(E'o,k;ß) —V Thus our expansion diverges for

¦F(Ei,k;ß)^-l. (1.24)
(Sir)

To investigate our expansion at low temperatures we calculate (1.19) explicitly.
We shall be able to give only an approximate calculation for which we estimate the
errors. We first bring (1.19) in a more convenient form by introducing in place of the
polar variables^, 9 new variables £, -q according to i p—p2, ij p— (k— p)2.
Then we get

bv i A ^ [ lA i exp[ß(tj + r,)]-l
F(x,k;ß)=~jd^ dr)^_^ + ml){x_^ + ^ + ri)[l + eßi][l+eßny

(1-25)

—CO 1

where (1.22) was used and

V - Ç + ml) (x - 2p + i% + r,) [1 + eei] [1 + ee"] '

»,

r)i c\-k2-2kVp-c\, -rn % - k2 + 2kVpT-|. (1.26)

The integration domain in (1.25) is bounded by a parabola as shown in Figure B.l. For
large ß (very low temperature) we expect to get a good approximation to (1.25) by the
replacement

exp[ß(E + r>)] - 1

[1+.V+V] "m @{r,) ~ {~^(_r?)' (L27)

where ®(|) 1 for £ > 0 and ©(f) 0 for £ < 0. We do this and discuss the error in
Appendix B. Thus we approximate (1.25) by

Fix k) - f dt Id *®efo>-*(-Q9H> n ag){'' 2k J ÇJ 1?(Ji_Ç + m§)(*_2/* + Ç + i,)'
-co I),

This function is estimated in Appendix C under the assumptions 0 < k < 2Vp,
O^x^Ap and Ap 4,8 < m%. Since the divergence occurs for k -> 0, the first restriction
covers the interesting region. The second restriction implies for (1.17) that we assume
the incoming and outgoing particles to be not too far from the Fermi surface. In (1.18)
the pj-integral contains/~(pj)/~(k — Pj). When we there use the approximation

f-(pjf-(k-pjx0(p-p2)0(p-[k-pj2) (1.29)

in accordance with (1.27), we have in the domain of integration 0 < £j ^ 2p. Thus the
second restriction covers our need to handle (1.18). The third restriction ±p-4,8 4,m\
requires a low particle density. According to Appendix C F(x,k;ß) is given to a good
approximation by

772

F(x,k) — +S (1.30)
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at low temperatures and low particle densities. S is given by (C.5) and (C.6). We have
in (1.17) x E'Q. Then we get for (C.6) s i|k3 - k4| 3s 0. In (1.18) we have x Ex.
Then s (p\ — A^jCos(k,pj) + \k2)112 ^ 0. Thus s is always real and consequently S
is real. It can be shown by elementary methods that S satisfies

m\ m2o\k J

for any s in the interval 0 < s ^ oo and k has a fixed value satisfying 0 < k < oo. Further
it can be shown that, when 0 < k < 2Vp, S has maximum in the interval

Vp - ik < s < Vf- + ik- (1.32)

Consider now (1.17). From (1.31) it follows that, when |A|/w0 is small enough and k > kQ

(k0 depends on |A|/m0), the expansion converges also at low temperatures. But this
geometrical series converges also for k -> 0, if E'0 differs appreciably from 2p and |X\/m0
is small enough. This follows from

2tt
i*-o —V^Eolog
|££*2h mO

AEo+Vv ^. (1.33)

n/u J. \/,, _ \b2
S^2" -2 "A- 'PlnrVf A 4

4,1 l0SVfJL-Vp-ik2

Now we shall show that (1.17) diverges, i.e. (1.24) can be satisfied, when k -> 0 and
E'0->2p. We first note that according to the left-hand inequality (1.31) we have
for low enough particle density F(EÔ,k) > TT2j2m0. Thus at low temperatures (1.24)
can be satisfied only for an attractive potential (A < 0). We have from (C.5)

(1.34)

When k decreases from 2y"p to 0, this function increases monotonically from 0 to oo.

Consequently (1.24) can be satisfied for small enough k, however small a value we
have for |A|/w0. From (1.34) it follows that Z.(1) diverges like a power series of
(—XVp/ATT2mo) log(A-ti/plk), when E'0 2p and k -> 0.S(E0,k) is continuous everywhere
exceptât the point E0 2p, k 0. From this and (1.33) it follows that for a given |A|/m0
there exists a neighborhood of E'Q 2p such that our expansion diverges when E'0 is in
this neighborhood and k -*- 0.

Consider now (1.18). With the aid of (1.29) we get

432)k,(k) =~{exp[ß(E0 - 2p)] - 1}{1 - exp[-j8(£0 - 2,*)]}

^» (-A)m(m-l) r d3p.y]_j_j 1 ifi [F(Ex,k)]m-2,Z, (2tt)3c-'-1» J (p2 + m2o)(Eo-EJ(Ei-EJl
"-1 •>' (1.35)

where the integration domain Dx is given by

O^p.^VhC 0^(k-pj2^p. (1.36)
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Now we make the assumption that the incoming and outgoing particles are above or at
the Fermi surface, i.e.

E0>2p, E'o>2p. (1.37)

Then (E0 — EJ (E'0 — EJ does not change sign in the domain of integration, and we
can write

f d3p, ^ (~X)m(m-l) -,1,0) ~ il V ALA L [F(E[m-k), *)]"
(p\ + ml)(Eo-EJ(E'0-EjZ< (2tt)3^~»

n. m-l

1m-2
(p2x + ml)(Eo-EJ(E'0-EJ^ (»"-» L* ^1 '"'

D,

where according to (1.32) and (1.36)

E[m'k) 2p - eim-k> with e<M-*)>0 (1.39)

and

lim *<-•*> 0. (1.39a)
m-*oo
fc->0

Now we can apply to L<3) the above discussion for L(1). We conclude that L<3) diverges
for an attractive potential when k -> 0. This divergence is independent of the values
of E0 and Ej,. Here it should be noted that from (1.36) and (1.37) it follows that

lim {exp[ß(E0 - 2p)] - 1}
E0->2«
E6->2«

x{l-exp[-J8(£0-2/x)]} J
d3px

(Pi + ml) (Eo - EJ (Ei - EJ
D,

is finite for any k under consideration.
We summarize our results. The perturbation expansion in ladder approximation

for (1.2) is given by Ln) + L<2) + L(3), where L(1) is given by (1.17), Li2) by an analogous
expression with replacement Ej,-^-E0 and L(3) by (1.18). This expansion converges
absolutely at high enough temperatures for any coupling strength. If k |kj + k2|
differs appreciably from zero and |A|/w0 is small enough, the expansion converges also
at low temperatures. When E'0 + 2p for Ln) andE0 + 2piox Li2), the two first expansions
may converge also for k -> 0. L(1) diverges for an attractive potential when Ej, -> 2p
and k -> 0. The same is true for Li2» when E0 ->- 2p and k -> 0. L(3) diverges always when
k -+ 0 independently of E0 and £0. Thus the total expansion diverges at low temperatures

for an attractive potential when k -*¦ 0. These results were obtained under the
assumption that the ingoing and outgoing particles are not too far from the Fermi
surface. Further we had to make the assumption that the particle density is low in order
to carry our explicit calculations at low temperatures. We believe that the above results
hold without this assumption.
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2. The Pressure

Irja Nieminen H. P. A.

In this section we shall simplify the perturbation expansion for the pressure in the
ladder approximation to a geometrical series. The pressure is given by

pv - Ry
ßV

lOgZy (2.1)

where Rv is the thermodynamic potential and Zv the grand partition function.
According to [2] and analogously with the foregoing section

log
Zy 1

o=i Mr 2^2 W^r-iPhr-i^-pbim, w
V m=l ^-* ' ^~*

different
graphs with

fixed m

k.Pl Pm I-1

where we have used potential (1.14) and Im is given by an analogous expression with
(1.5). Zy is the grand partition function for the non-interacting system. We refer in
(2.2) to a figure similar to Figure 1.1, in which parallel particle lines are denoted by
Pj and k — p^. Now it turns out that one can sum over different graphs with fixed m
in a simple manner if the calculation is properly symmetrized. In place of each graph
we take the average over m(= the number of vertices) identical graphs, in which we take

Figure 2.1

each vertex in turn as the distinguished vertex ax. This trick we have borrowed from
Thouless [1]. Let us first consider the simple case m 3. Then there are only two
different graphs shown in Figure 2.1. When we sum over these graphs, we take both three
times and divide then by 3. These graphs can be illustrated by particle line sequences

(+ + -). ¦ + +), (+-+); (--+), (+—), (- + -), (2.3)
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where the first particle line always corresponds to the distinguished vertex ax. We
use also here (1.9). The time-integral sum in (2.2) is then for m 3

ß ß ß d a.

exp[ß(2p - EJ] j dax j da2 j icr3 + exp[j8(2u. - EJ] j dax I da2 J da3

0 ffi ff2 0 0 a2

ß ß a,

+ exp[ß(2p - EJ] J" da, J" da2 j da3 + exp[ß(2p - EJ] exp[ß(2p - EJ]
0 ff! 0

ß tr, ff2 ß ß fi
x I dax f rfo-2 j ia3 + exp[ß(2p - EJ] exp[ß(2p - EJ] J ^o-j J da2 I da3

0 0 0 0 ffi ff]

» ffl 0

+ exp[ß(2p - EJ] exp[ß(2p - EJ] j" dax j da2 j da3 exPl>i(£i - Eî)]
0 0 tr, I

x exp[o-2(£2 - EJ] exp[o-3(£3 - EJ]

ß i exp[ß(2p - EJ] fj ^mzMzl, (2.4)
v-l Lj=t E* - EJ

where we have made use of identity (A.3). This result can immediately be generalized
for any m. Thus we get (2.2) in the form

Z °° (—A^m 1 m

^frZAn-T» 2 UKV+Mr*-***- (2.5)

m_1 k.Pl Pm J=1

where

exp[ß(2p-EJ]-lm
n t—r exp pi zu. — c.!)] — i ,„ „,Km ß 2 exp[ß(2p - EJ] Y[ — „ J (2-6)

v-i A_± tv - hj

From (2.1) it now follows after transition F-s-œ

00 l \\m n

P°° K + 2 (2^^ J rf3*/rf3^l^.l2/-(Pi)/-(k-Pi)
m=l

where ^>° is the pressure for non-interacting particles in infinite volume. This is the
desired geometrical series. According to Section 1 this series converges absolutely at high
temperatures and diverges for an attractive potential at low temperatures (Cf. [1]).
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According to Thouless one should get the pressure for infinite volume by setting
X(dpJdX) equal to

-A
(fcr)5 jd3kjd3k2\d3k3vk2v*3Lk2ki(k),

where Lk k (k) is given by (1.16). When we calculate px in this way, we just arrive at
(2-7).

3. Correlation Function

We shall now investigate the geometrical series which one can derive for the
correlation function with the aid of the results in Secton 1. The correlation function
g(x, f ; x', I) is defined as the probability per unit volume of finding an electron at x
with spin up and simultaneously another electron at x' with spin down minus the
probability per unit volume of the two electrons appearing without interaction at x and
x', respectively. Analytically our definition reads

g(x, f ;x'4) -L 2 V(a*v(k - k2, t, \)a* (k2, r, \) av(k3, r, {) av(k - k3, t, f)»„
k,k2,k3

x exp[î'(k2 — k3) • (x —x')] — [the same thing with A 0]. (3.1)

With the aid of (1.16) we bring (3.1) into the form

g(x,];x',\)=gC1»(x-x')+gC2»(x-x')+gC3»(x-x'), (3.2)

where

g»>(x -x') JL j" d3k j d3k2 j d3k3 ^k3/+(k2)/+(k - k2)/"(k3)/-(k ¦ ¦ks)

exp[ß(2p - EkA] - 1 A -A "
x FlHK r hid exp[t(k2 - k3) ¦ (x -x' 1 > —-—-—

E _E FL^ 2 3> V n Z, p-rryC"-1»

* J *W />)r(k-"»"^ - E)1 - ")""'. (3.3)

rj2»(x -x') [gCi»(x -x')]* (3-4)
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and

S(3)(x - x') JL j* d3 k j d3 k2 J" d3 k3 vtvk3 fjkjfjk - kjf-(k3)f-(k - k3)

x {1 - exp[ß(2p - EkJ]}{exp[ß(Ek3 - 2p)] - 1}

rZs (-X)m (m - 1)
x exp[*(k2 - k,) • (x -x')] ^ ie>^3im-i,

\d3Pi\vVx\2-l
J (tk

m-2

/+(Pi)/+(k-Pl)

(2tt)3

EJ (Ekj - EJ

x (f d3pK\2
/+(P)/+(k Af^pt - ™ - l}j'2. (3.5)

We shall now make a rough estimate of (3.3) and (3.5) just above the critical temperature.

Since the temperature is low we can, at appropriate places, replace/±(p) by the
step function. However, in the integrals appearing in (m — l)th and (m — 2)th power
we must not do this; our expansions have to converge. In (3.3) the contributions to
the k- and k3-integral are strongly dominated by the neighborhoods of k 0 and
|k3| *Jp. Using potential (1.22) we get a rough estimate

gci»lx -x x',»
1 V (~A)m I [d3V

(2tt)9 A, (2tt)3^1AJ F
[/+(p)]2{exp[/3(2^-2/>2)]-l}

(p2 + ml)(2p-2p2)

rJ3k [A(kJ]2{exp[ß(2p-2k2)-l}
x d3k2 exp[»k2-(x-x')]

J (k2 - im0) (2p - 2kl)

x f ^ expHk3.(x-x0] f ,3,0(vV_|k_k3|)
J k3 + im0 J

l"3l V« |k3,_v„
CO

xj k23dk30(Vp-k3). (3.6)
o

In (3.5) the contributions to k- andpj-integral are strongly dominated by the neighborhoods

of k 0 and |pt | y/p. Using this one can bring (3.5) in an analogous form with
(3.6). To make rough estimates of the various integrals in (3.6), we assume yV ^ mo
and pß^>l. The latter condition is justified, since we have experimentally pß„ £ IO5-

With these assumptions we get

f d.
[f+(p)]2{cxp[ß(2p - 2p2)] - 1}

^
2-rrp tgh[jß(p2 - p)]

J
(p2 + ml)(2p-2p2) ~

m20 J p2 - p
o

2-iry'p

ml
iog(2pß) (3.7)
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and
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27rlog(2/xj3)sin[V^|x-x'|]
k2-integral x ¦

—im0 |x—x'|

Since we are close to the critical temperature, we have in the geometrical series

\X\Vp\og(2pß)
— 1 —e with 0<e<^l.

Att2 ml

Using these estimates we end up with

2 1 LC3

g(x,f;x',!)« -

(3.8)

(3.9)

9(2tt)* XVplog(2pß)
Att2 ml

2X

- TTT +
|A| XVplog(2pß)

1 +
Arr21

sin2[Vp\x-— x'|]
jU.|X— x

(3.10)

This function goes to zero for |x — x'| ->- oo as it should, since at large distances the two
coupled electrons should become practically uncoupled. According to (3.10) this
happens as soon as the distance between the particles is considerably larger than the average

distance between the particles in the system. We note that the correlation function
is negative for repulsive potentials, indicating that the probability of finding two
electrons near each other is smaller than for the case of free particles. From (3.10) it appears
further that, under an attractive potential, when we approach the critical temperature,
the probability per unit volume of finding two electrons near each other becomes very
large on account of (3.9). Thus the correlation of electrons with opposite spin in the
normal state close to the critical temperature is similar to the correlation in the
superconductive state in the BCS-model.
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APPENDIX A

In this appendix we prove some identities. In the calculation of (1.11) we made use
of the identity

m—1 _ m—1 m—1 -,

H El-Ej 2 E'o-Ey 11 Ew-Ej-
(AA)
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This formula is proved by considering the integral

a+ico
dz —*r dz j^ i_

J T 1 J
-z + El

-lm J'"1
z + E0- Ej

Choose a so that it satisfies a < 0, a < Ej. — Ej ioxj 1, 2,..., m — 1. The path of
integration can be closed at infinity either in the direction of the positive real axis or in the
direction of the negative real axis. The latter yields zero. Hence the former must also
vanish. This leads to (A.l). From (A.l) it trivially follows

' m-l m-l -] m-l m-l

H E'o-Ej
~ H Eo-Ej\ 2 (E'o-EJ(Ey-E0) \\ Ev-E/E0 — E0

(A.2)

This identity can also be proved directly by considering an above type integral. In
Section 2 we used the identity

1

v=l 1=1 v J

which is also easily proved. Evidently other similar identities can be derived.

APPENDIX B

In this appendix we discuss the error made in the replacement (1.27). Let M be a

positive constant, such that e~M can be neglected compared with one. Our approximation
is good for the domain |£| > M/ß, \r]\> M/ß. The approximation fails in the shaded

domains A and B shown in Figure B.l. We shall estimate the error made in regions A
and B in the approximation (1.28). We choose ß so large that Mjß can be neglected
compared with p. Then the contribution to F(x,k,ß) from region A is given by

_ ff f dt d
exp[ß(i7 + v)]-l

A
2k(p + m2) J ^J V (x-2p+^+r,)[l+e^][l+e"A

-MIß '

where vx and ri2 are given by (1.26). By symmetry

IB IA. (B.2)

In the approximation (1.28) IA is replaced by

t 1 T a* ri ®i£,)@iv)-@i-z,)®i-v) ,R wjA m^<) J d^dr> X-2p + % + n
• (B-3)

-M/ß "'
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vn. Z-H-
TH--*-

-î
Vf,

SA

T7=-k -2kvp.

Figure B.l

One would expect by inspection that IA and JA have maximum absolute values for
x 2p. We can prove

Theorem B.l: Functions IA(x,k;ß) and JA(x,k;ß), with fixed ß, have an extremum
value at x 2p, k 0.

Proof: The proof is the same in both cases. We do it for IA. From (B.l) it appears
that IA(x,k) IA(x,—k). It is easily verified that IA, as function of k, is continuous at
k 0 and has there a continuous derivative. Hence

dIA(x,k)
dk

0. (B.4)

This equation holds for any x. Now we shall show that the partial derivative with
respect to x vanishes at x — 2p, k 0.

lim
dx f x=2n k->0

k-0

M/ß t+2kju

2k(p + ml) J ^ J drj
exp[ß(? + r,)]-l

(S, + rj)2[l + eß^][l+e^
¦MIß Z-2kJu

MIß
2ttVp f .tghdßcj
—; 2

d% -rz— 0,
p + ml J

-MIß
±cA

(B.5)

which completes our proof.
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Next we shall find an upper bound for IA (and JA) at x 2p, k — 0. In the same
fashion, as in (B.5), we find

MIß

nw t mi ?*V> f tghW^TTMVp0<IA(x,k\A2ll=—— d\—-—<—¦—-¦ (B.6)
I fc_o p + ml J 2Ç p + m2o

-MIß

One can prove

Theorem B.2: Assume we have a fixed k satisfying 0 < k < 2Vp- Let

0<k<K and \x-2p\>2[2Kyfp+K2] (B.7)

or

K < k < 2y> (B-8)

and x has any value. If we choose j8 sufficiently large that

M
ß

then

M
l0ëJ 4 K-Vp, (B.9)

2-nVp
IaK—^A,- (b-10)

p + ml

This theorem holds also for JA. We know from Theorem B.l that IA andJA have extre-
mum values at x 2p, k 0 in the rectangle 0 < k < k, \x — 2p\ < 2[2kVp + k2]-

It looks plausible that this point is a maximum for \IA\ and \JA\. We proceed as if this
were the case. Then we have from (B.2) and (B.6) for 0 < k < 2Vp and ß sufficiently
large

F(x,k;ß) F(x,k)+A(ß), (B.ll)

where F is given by (1.28) and the correction term satisfies

\A(ß)\<4-^. (B.12)
p + ml

APPENDIX C

In this appendix we estimate F(x,k) given by (1.28), and then use (B.ll) to obtain
an estimate for F(x,k;ß) at low temperatures. As discussed in the main text we can
calculate F(x, k) only approximately under the assumptions

0<k<2-t/p, O^x^Ap and Ap 484ml. (C.l)

As we shall see below, under these assumptions our approximation will be good.
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According to Fig. B.l we bring (1.28) into the form

({l
H2 « "2 -tl "2 0 0)j dl\ j dr, + J* d\ J* dr, - j d% \ dr, - / di; j* dr,)

0 o it »i -to ii -4j »i '

x. î (C.2)
(p - i\ + ml) (x - 2p + % + r,)

where r,x and r,2 axe given by (1.26), gx 2kVp — k2 and £2 2kVp + k2. To evaluate
(C.2) we split in the third term the ^-integral into two parts, one to go from —S to —£2

and the other one from —oo to —8. The former integral plus the remaining integrals in
(C.2) can be evaluated to a good approximation by using only the first term in the
expansion

1
- l '-«.+ie^!-... (c«

p - Ç + ml ml m% m%

In the integral in which £ varies from —oo to —6, we get logarithms from the ^-integration,

which can be written as rapidly converging power series. We get a good approximation

by using only the first terms in these series. Using these approximations we get
for (C.2)

7T2 2-TT\/u TTX

F(x,k) ~ + S If- —S + Ax, (C.4)
m0 ml mo

s ~[[(s + w~pAog Vp + ik + s |

Vp- - ik -i(s-ik)2-p]log Vp-ik + s

Vp + ik-s
(C.5)

s=vpr^p2 (c.6)

and the two last terms are correction terms. The first of these is obtained by evaluating
the contribution from the first neglected term in the rapidly converging series (C.3).
J j contains a finite number of terms which all are much smaller than 2-nVp/mo-
Under assumptions (C.l) the three last terms in (C.4) can be neglected compared with
the two first ones. Now we combine our result with (B.ll). On account of the third
assumption (Cl) AttMy'p/m% 4 tt2/m0. Thus we have for low temperatures and low
particle density

TT2

F(x, k;ß)x F(x, k) — +S (C.7)
m0

to a good approximation.
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