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Vol. 47, 1974 Birkhauser Verlag Basel

BCS-Model in Perturbation Theory

by Irja Nieminen?)
ETH, Hoénggerberg, Ziirich, Switzerland

(8. X. 74)

Abstract. The BCS-model for superconductivity is investigated in the perturbation theory.
The partial sum over ladder graphs in the quantum statistical perturbation expansion for the re-
duced density matrix (RDM) is examined for the case n = 2 (two particles created and two annihi-
lated). We show that this partial sum can be simplified tu a sum of three geometrical series. These
converge absolutely at high enough temperatures for any coupling strength. At low temperatures the
expansion diverges for attractive potentials, when the total momentum of the particle pair approaches
zero, however weak the coupling may be. If the coupling is weak enough the expansion also converges
at low temperatures when the total momentum of the pair differs sufficiently from zero. We also
get Thouless’ [1] result that from this theory one can define a critical temperature which for the BCS-
potential leads to the familiar equation for the critical temperature in the BCS-theory.

Introduction

To investigate the BCS-model in perturbation theory we examine the quantum
statistical perturbation expansion of the following RDM [2]

Vz((“;k'(kls 7L 1) ag ks, 73, |) ay(ks, 73, ~l«) ay(Ky, 74 D) Dy (I.1)

Here {:--), denotes the thermodynamic expectation value in the grand canonical
ensemble for a particle system enclosed in a box V.

a (ky, 7, 1) = explr,(Hy — ulNy)] ay (k;, 1) exp[—7;(Hy — ulNy)], (1.2)

where a¥ (k;,?) is either a creation (a*) or an annihilation (2) operator in a volume ¥
for a particle with ‘spin up’ and momentum Kk, (| means ‘spin down’), Hy is the total
Hamiltonian, N}, the particle number operator and u the chemical potential.

In the perturbation expansion of (I.1) we include only ladder graphs of the type
shown in Figure 1.1. We shall be able to simplify this partial expansion to a geometrical
series. The convergence conditions for this series are then examined. We use for the two-
body potential a Yukawa-like potential. It is found that the series converges absolutely
at high enough temperatures for any coupling strength. Then we investigate the ex-
pansion at very low temperatures. We carry out calculations under the assumptions
that the particle density is low and that the incoming and outgoing partlcle energies
are not too far from the Fermi surface. It is found that the expansmn diverges for
attractive potentials, when the total momentum of the incoming pair k; + Kk, (= the

1) Permanent address: Department of Theoretical Physics, University of Helsinki.
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Figure 1.1

total momentum of the outgoing pair k; + k,) approaches zero. This phenomenon is
independent of the energies of the incoming and outgoing particles. Thus the divergence
also occurs in a neighborhood above the Fermi surface. When |k; + k| is larger than a
certain k,, the expansion also converges at low temperatures, if the coupling is weak
enough (%, depends on the coupling constant).

The use of perturbation theory in superconductivity has earlier been investigated
by Thouless [1]. He did not find the simple geometrical series which we have below.
Instead he found that the sum of our partial expansion satisfies a simple integral equa-
tion. From this integral equation he deduces a long list of properties for its solution.
His main results is that the condition of convergence of the expansion can be used to
define a critical temperature. This turns out to be identical with the critical temperature
in the BCS-model [3, 4]. We also find this result from our expansion.

In Section 2 we simplify also the perturbation expansion of the pressure in the
ladder approximation to a simple geometrical series. In Section 3 we make use of the
results obtained in Section 1 to calculate in ladder approximation the correlation func-
tion just above the critical temperature.

1. The Ladder Expansion for the RDM with n =2

The BCS-model is obtained as follows. Consider a state consisting of electron pairs
interacting through an attractive two-body potential near the Fermi surface. The
electrons in a pair have opposite momenta with equal magnitudes. A physical state
consisting of such pairs can be shown to have a lower energy than the state without
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interaction. This state is then interpreted to correspond to the superconductive state.
This would suggest to investigate the RDM for #» =2 in the ladder approximation.
The RDM for # =2 is given by (L.1) with B>+, > 7, 27327, 20 and k, +k, =
k; + k,. The interaction part of the Hamiltonian is

Uy = 'Il; Z Uy —P4) 3(P1 +P2.P3 +P4) af(P1. 1) @ (P2, ) v (Ps, 1) @y (D3, |)-
Pis..-sPg (11)

The ladder approximation of (I.1) includes only graphs of the type shown in Figure 1.1.
We use the same Feynman diagrams as in [2] (the particle lines have definite signs).
We shall be able to simplify this partial expansion to a sum of three geometrical series.
From the convergence condition of these series we shall obtain a definition for the critical
temperature which agrees with the critical temperature in the BCS-model. This result
was also obtained in Thouless’ work [1]. The convergence properties of our expansion
are then investigated as described in the introduction.

All essential features of our problem are retained, and a lot of inessential compli-
cations are avoided, if we put in (I.1) 7, = 7, = 73 = 74, = 7. In fact, it is just this simpli-
fied function which enters the Thouless thermodynamic potential. From the cyclic
invariance of the trace it follows that one can put 7, = 0 in (I.1) without restriction.
Thus (I.1) with equal 7’s becomes equal to

V2 ap(k,, 0, 1) ap(k;,0,]) ay(ks, 0, ) ay(ky, 0, 1) Dy (1.2)

We recall that the k;(: =1,...,4) satisfy k; +k, =k; + k, =k. Take k,, k; and k
as independent variables among these quantities. Denote the ladder approximation of
(1.2) by Vé(k; +k,,k; +k,) L, ., (k, 7), where we included also the variable 7 to remind
us that (1.2) equals (I.1) for equal 7's. We get according to [2] and Fig. 1.1

Liyi; (K, 7) = f7(K3) f7 (K — K3) Vi, + fH(Ky) f1k — k) f7 (k) f~(k — Ky)

m—1

© 1
xS D > s > | [ U
=1 different Piseors Pm-1 J=0
graphs with
fixed m
m—1
x 1 fp)f*k —pi) Im, (1.3)
i=1
where py = k,, p, =Kk;,
Fo) : ) 1 (L4
= s p — ; .
1 + exp[B(p —p?)] 1 + exp[B(P* — p)]
[} o Tmy -1 B B Tmy B
I, = J dcrlJ-da'z"' f A0y, f ACmy 41" J‘ dop, f AOpyp1 " J‘ Aoy,
0 0 0 Omy OTmy-1 0 Omy -1
Fmy Om-—1

x [ dopgse [ donexploy(Ey — Eo)l explay(Es — Ey)] -+
] 0

X eXP[Op_1(Em_y — Em_3)] explon(Eq — En—i)], (1.5)
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Eo=ki+ (k—k;)?, Eg=kj+ (k—kj)* (1.6)
and
E;=pi+(k-p;)> (j=12,...,m—1). (1.7)

The last equations imply that we consider the unperturbed system to consist of free
electrons with a certain effective mass. We use units in which this mass is put equal
to 1/2 and % = 1. The signs in the propagator product and the integration limits in
I,, depend on the graph. We have to sum in (1.3) for fixed » over all possible choices for
integers in

O0<Smy <my,<my<---<m < m. (1.8)
To do this we make use of the formula

f~(p) = exp[B(n —p?)] f*(D)

and write
':_1:{ ffe) ffk—p) = tlj frp) fTk—p;) % (_)E[i exp[B(2un — E))] (1.9)

only

Then we can in a simple manner sum over different choices (1.8) to obtain

Liyus (k, ) = f7(ka) f7(K — Ka) Vy o, + /¥ (Ra) [ (K — Kg) f7(k5) f- (K — Ky

S > [[Ue-pa TT P00 k-pi K, (1L10)
where

B
Kn= [ doyexploy(E, — Eo)]
0

m—1
xﬁ[ | oy +expiBen — E,)] f dom]exp[am( = E)] (111

j=1 Ly

with E,, = E,. To calculate K,, for general m one needs identity (A.1) from Appendix A.
The obtained result can be brought into a more convenient form with the aid of identity
(A.2). Thus we finally have

_ exp[B(2u — Eg)] - 1 1”‘—1 exp(B(2p — E)] - 1

E;—E, i Ey—E;
N exp[B(E; — Eo)] — exp[B(2u — Eo)] ﬂ exp[B(2u—E)] — 1
E,—E, E,—E;

Jj=1

+ {exp[B(Eq — 2u)] — 1}{1 — exp[—B(E,; — 2u) ]}

exp[B(2p — E,)] ﬁ exp[B(2p — E,)] — 1
~ (Eo—E,) (E;—E,) E,—E, '

(1.12)

J#EY
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Note that the sum of the two first terms in (1.12) approaches

= 2u—E)] -1
B ]-——1[ eXP[BI(ZOf"— Ej.))] (1'13)

when E§ — E,. In the present problem it is convenient to replace U(p ;—Pj+1) by a
separable potential

Aok v, (1.14)

This type of potential was also used by Thouless [1]. In (1.10) we go to the limit V' — oo
by replacing

1 1
— Z —
|4 (2m)3
P
With the aid of (1.12), (1.14) and (1.15) we get (1.10) in the form

Liyi, (K, 7) = (2m)% 8(k, — K3) f(K3) f~(k — k3) + L (K) + L2 (k) + LY, (K),
(1.16)

[d-“’p (1.15)

where

exp[B(2u — Eq)] — 1
E;—E,

Lk (K) = f (ko) £ (K — ky) f~(k3) f~(k — Kg) v vy

C v, |2/ () f+(k —p){exp[B2u — E)] — 1\" "
" Z 27T)3(m—1) (fd?: Eo _ E ) . (117)

The expression for LE), (k) is analogous with (1.17).
Lok, (k) = f*(ky) /¥ (k — Ko) f~(Ks) f~ (K — Ks) vi,vks{eXP[B(Eé-— 2w)] -1}

—1)

(—A)™
x {1 — exp[—B(E “2#]}2 e

o)) Sk —py)
xjd P By —Ey (Bs—Ey)

x( [Janp eSO p){eXP[B(%—E)J—l})’"‘_ w1

E,—E
Here E =p” + (k —p)?and E; =p} + (k —p,)? Thus we have been able to simplify the

ladder expansion of (1.2) to a sum of three geometrical series. The simultaneous con-
vergence of these series depends on the behaviour of the function

|vp|2 /() fH(k — p) {exp[B(2p — E)] — 1}
x—F )

F(x,k:B) = [ dp (1.19)
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One would expect by inspection that F has a maximum for ¥ = 2u. It can indeed be
proved for the BCS-potential that F(x,%;B), with B fixed, has an extremum for x =
2u, k = 0. The proof is identical with that given for Theorem B.1 in Appendix B. If we
consider x = 2u, £ = 0 as the maximum point for | F(x, 2;B)|, then we get the following
sufficient condition for both (1.17) and (1.18) to converge

|A| P , 1gh[3B(P* — )] 1.20
2(27‘_) j P! pl p — <1l ( )

This is identical with Thouless’ condition (18) which was obtained by a different
approach. Now one can define a critical temperature by the equation

|’\| 3 2 gh’B'Bcr - _
T f plvg] < 1y, (1.21)

If the potential is specified to the BCS-potential, then this equation becomes identical
with the BCS-equation for the critical temperature [1, 3, 4].

We shall now proceed to investigate the convergence properties of (1.17) and (1.18)
at high and low temperatures, respectively. We use the Yukawa-like potential

1

_ 1.22
|P| + 19 ( )

'Up=

with screening length 1/m,. The actual Yukawa potential is non-separable. The calcula-
tions given below with the above separable potential can also be carried through with
the exact Yukawa potential. The calculations are more elaborate but the qualitative
results are the same as obtained with the above potential. This justifies calling (1.14)
with (1.22) a Yukawa-like potential.

At high temperatures the case is simple. We assume here without proof that the
maximum for |F(x,k;B)| occurs when x = 2u. Then [|A|/(27)%]|F(x,k; B)| <1 can
always be satisfied for high enough temperatures, since

fHp) f+(k —p){exp[B(2u — E)] — 1} < tgh[3B(2u — E)]
2u—FE 2u—E

0< < 3B.

Thus our expansion converges absolutely at high enough temperatures for any coupling
strength. Consequently we have at high temperatures

1
L(izk:;(k) = (1'23)

(Eo, &; B)

(27)

and analogous expressions for L and L®. Note that the geometrical series for L
is of the form [(9/0F) L)g,_p . The right-hand side of (1. 23) can be used to continue
L® analytically to values ()\/ (2m)3) F(Eg,k; B) =2 1 in regions where the geometrical
series no longer converges. This happens at low temperatures when E{ — 2 and 2 — 0.
Similar analytic continuations can be made for L® and L. There is a singularity at
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the point (A/(27)3) F(Eg, k; B) = —1. Thus our expansion diverges for

A
oo FE R <1 (124

To investigate our expansion at low temperatures we calculate (1.19) explicitly.
We shall be able to give only an approximate calculation for which we estimate the
errors. We first bring (1.19) in a more convenient form by introducing in place of the
polar variables p, 0 new variables ¢, n according to é =p —p?, p=p— (k—p)
Then we get

"

o h X =
Flokif)= o f dE f ini exPIAE + )] , (1.25)

—&+md) (v — 2+ &+ ) [1+ 7] [1 + 7]
where (1.22) was used and
m=E—k—2kVp—E, nm=E&— kK +2kVu—E. (1.26)
The integration domain in (1.25) is bounded by a parabola as shown in Figure B.1. For

large B (very low temperature) we expect to get a good approximation to (1.25) by the
replacement

exp[B(E+7)]—1
1+ %1 + &

— 6(€) 8(y) — O(-8) O(—), (1.27)

where @(£) =1 for £ >0 and O(§) =0 for ¢ < 0. We do this and discuss the error in
Appendix B. Thus we approximate (1.25) by

(n) — O(=E) O(—)
xk——fdgf §+m0 (x—2u+&+m) (1.28)

This function is estimated in Appendix C under the assumptions 0<% < 24/p,
0 < x < 4pand 4p <€ 8 € md. Since the divergence occurs for 2 — 0, the first restriction
covers the interesting region. The second restriction implies for (1.17) that we assume
the incoming and outgoing particles to be not too far from the Fermi surface. In (1.18)
the p,-integral contains f~(p,)f~(k —p,). When we there use the approximation

f@:)f~(k —py) O — p3) O(p — [k —p,]?) (1.29)

in accordance with (1.27), we have in the domain of integration 0 < E,; < 2u. Thus the
second restriction covers our need to handle (1.18). The third restriction 4u < 8 < m
requires a low particle density. According to Appendix C F(x,%;f) is given to a good
approximation by

2

Fi )= +5 (1.30)

Mo
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at low temperatures and low particle densities. S is given by (C.5) and (C.6). We have
in (1.17) x = Eq. Then we get for (C.6) s =4|k; —k,| > 0. In (1.18) we have x = E,.
Then s = (p2 — kp,cos(k,p,) + 1£?)1/2 > 0. Thus s is always real and consequently S
is real. It can be shown by elementary methods that S satisfies

10
'”‘2/“ S < ( 4 vp) (1.31)
my mo
for any s in the interval 0 < s < o and & has a fixed value sa.tlsfymg 0 < 2 < . Further
it can be shown that, when O < k < 24/p, S has maximum in the interval
Vip—tk<s</p+ik (1.32)

Consider now (1.17). From (1.31) it follows that, when |A|/m, is small enough and & > %,
(ko depends on |A|/m,), the expansion converges also at low temperatures. But this
geometrical series converges also for 2 — 0, if E differs appreciably from 2y and |A|/m,
1s small enough. This follows from

2 ViES + 2
St =—Zv%Ealog‘ v% Rl B ¢ (1.33)
Eg+2u Mo %Eo“‘\/}" mg

Now we shall show that (1.17) diverges, i.e. (1.24) can be satisfied, when %2 — 0 and
Ey — 2u. We first note that according to the left-hand inequality (1.31) we have
for low enough particle density F(Eg, k) > 7?/2m,. Thus at low temperatures (1.24)
can be satisfied only for an attractive potential (A < 0). We have from (C.5)

o

Vit Vp— ik
Siprcay = — Vu—1R%lo ‘ 1.34
|E0—2ﬂ m% FL 4 g v“ _ \/“L _ lkz ( )

When £ decreases from 24/u to 0, this function increases monotonically from 0 to c.
Consequently (1.24) can be satisfied for small enough %, however small a value we
have for |A|/my. From (1.34) it follows that L™ diverges like a power series of
(—Av/p/4m?m3)log(4+/ k), when Eg=2u and k& — 0.S(E, k) is continuous everywhere
except at the point Eg=2u, £=0. From this and (1.33) it follows that for a given |A|/m,
there exists a neighborhood of Ej=2u such that our expansion diverges when Eg is in
this neighborhood and k2 — 0.
Consider now (1.18). With the aid of (1.29) we get

Lk, (k) = ~{exp[B(Eq — 2u)] — 1}{1 — exp[—B(E, — 2u)]}

o9]

d3?1 m—2
’ Z 2#)3"" = Fir ) o By Ep- 1.35
- D1 1.

where the integration domain D; is given by

0<pi<vp O0<(k-—p)?<p. (1.36)
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Now we make the assumption that the incoming and outgoing particles are above or at
- the Fermi surface, i.e.

Ey>2u, E}>2p. (1.87)

Then (E, — E,) (Eq — E,) does not change sign in the domain of integration, and we
can write

3 [+9]

LAY me f 2 2 Ed i Z 2 3(m—1) [F(E&m'k)’ k)]m-2,

n,(1+m°)( o—E ) 7)
(1.38)

where according to (1.32) and (1.36)

EMmP=2u — e™® with ™0 >0 (1.39)
and

lim ™® = 0. (1.39a)

ey

Now we can apply to L® the above discussion for L®. We conclude that L® diverges
for an attractive potential when & — 0. This divergence is independent of the values
of E, and Eg. Here it should be noted that from (1.36) and (1.37) it follows that

Jim {exp[B(Eg — 2] — 1}
& py
3 (Eo— Ey) (Ey — Ey)

{1~ expl—f(Eq — 2} | =

is finite for any £ under consideration.

We summarize our results. The perturbation expansion in ladder approximation
for (1.2) isgivenby LD + L@ + L3 where L is given by (1.17), L™ by an analogous
expression with replacement Ej — E, and L™ by (1.18). This expansion converges
absolutely at high enough temperatures for any coupling strength. If 2= |k, + k,|
differs appreciably from zero and |A|/m, is small enough, the expansion converges also
atlow temperatures. When E j=2u for L™ and E 4+ 2u for L®, the two first expansions
may converge also for £ — 0. L diverges for an attractive potential when Eq — 2u
and 2 — 0. Thesame s true for L® when E, — 2pand k£ — 0. L® diverges always when
k — 0 independently of E, and E. Thus the total expansion diverges at low tempera-
tures for an attractive potentlal when & — 0. These results were obtained under the
assumption that the ingoing and outgoing particles are not too far from the Fermi sur-
face. Further we had to make the assumption that the particle density is low in order
to carry our explicit calculations at low temperatures. We believe that the above results
hold without this assumption.
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2. The Pressure

In this section we shall simplify the perturbation expansion for the pressure in the
ladder approximation to a geometrical series. The pressure is given by

1 1
=—_—R,=—1logZ,, 2.1
by==— Ry gy 8 4y (2.1)

where R, is the thermodynamic potential and Z, the grand partition function.
According to [2] and analogously with the foregoing section

VA e 1 - + +
log—g=> N > o > | lre)srk-ph @2
¥ om= different K,P1,-..s Pm J=1
graphs with

fixedm

where we have used potential (1.14) and I, is given by an analogous expression with
(1.5). Z9 is the grand partition function for the non-interacting system. We refer in
(2.2) to a figure similar to Figure 1.1, in which parallel particle lines are denoted by
P; and k — p;. Now it turns out that one can sum over different graphs with fixed m
in a simple manner if the calculation is properly symmetrized. In place of each graph
we take the average over m(= the number of vertices) identical graphs, in which we take

- Figure 2.1

each vertex in turn as the distinguished vertex o,. This trick we have borrowed from
Thouless [1]. Let us first consider the simple case 7 = 3. Then there are only two dif-
ferent graphs shown in Figure 2.1. When we sum over these graphs, we take both three
times and divide then by 3. These graphs can be illustrated by particle line sequences

++-) ++, -+ =4, -5 (=+-) (2-3)
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where the first particle line always corresponds to the distinguished vertex o,. We
use also here (1.9). The time-integral sum in (2.2) is then form =3

[exp[ﬁ (Cu — Ey) f do, j do, f dos + exp[B2u — E,)] j do, }l do, f doy

g1 aa 0

B
+ exp[B(2u — E,)] J.d0‘1 J dO‘zJ dos + exp[B(2u — E,)] exp[B(2u — E,)]
0

L1

fdolf do, f dos + exp[B(2u — E,)] exp[B(2u — E;)] fd01 fdaz f do,
0

B a1
+ exp[B2u — E,)] exp[B2u — E3)] j do; f do, f da3} exp[c,(E; — E3)]
0

0 L8t

X explo,(E, — E,)] explos(E; — Ez)]

exp[B(2u — E;)] — 1
E,—E, ’

J

(2.4)

3 3
=B 3 explBEp—E) | |
J%v

where we have made use of identity (A.3). This result can 1mmed1ate1y be generalized
for any m. Thus we get (2.2) in the form

Z o (A 1 2f4( +
B SEL S [Tnprorann oo
m=1 K.Pp,....pm J=1
where
m - 2u—E;)]—1
K= S explion— £ | | SR 2N T 2.6
v=1 ; v Jj ’

iy
From (2.1) it now follows after transition V' — oo

m

= —A
pa=p2+ > %% [ @5 [ pilon,r-0or0c-0

X ( j & plu,|? fp) f*k —P)g«‘xi[i@f“ == B ] = 1}) , (2.7)

where p? is the pressure for non-interacting particles in infinite volume. This is the de-
sired geometrical series. According to Section 1 this series converges absolutely at high
temperatures and diverges for an attractive potential at low temperatures (Cf. [1]).
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According to Thouless one should get the pressure for infinite volume by setting
A(dp,]dA) equal to

PR f Pk [ @k [ & ksve, 08, L),

where L, . (K) is given by (1.16). When we calculate p, in this way, we just arrive at
(2.7).

3. Correlation Function

We shall now investigate the geometrical series which one can derive for the
correlation function with the aid of the results in Secton 1. The correlation function
(x,1; x’,|) is defined as the probability per unit volume of finding an electron at x
with spin up and simultaneously another electron at x” with spin down minus the
probability per unit volume of the two electrons appearing without interaction at x and
x’, respectively. Analytically our definition reads

(x, 1%, ]) = % Z V{apk —k;, 7, Nag Ky, 7, ) ap (K3, 7, |) ay(k — K3, 7, 1) Dy

K.k, k3
x exp[t(k, — Kk;) - (x —x)] — [the same thing with A = 0]. (3.1)
With the aid of (1.16) we bring (3.1) into the form
g, 45%, §) = gD(x —X) + DX —X') + gD (x X)), (3.2)

where

gx —x) =

(2:1') J‘d:’kfd:*kzjd:’k 'Uk Uk, f+(k2)f+k kz)f )f k k3)

L exPlBEu— E,)] - 1
Ey, - Ek,

0 _A m
explifk; — k) (x —x)] > (?7(,)_36—)

3 =1

+ +Hk — - — m—1
x( [ Pwp]zf(p)f (k —p){exp[B(2p — E)] 1}) | 53

Ek3—E

gP(x —x') =[gP(x —x)]* (3.4)
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and

g¥x —x') =

1
G | P[P [ @ havion, 1) e ) ) =K

¥ {1 —exp[B(2p — Ey,) Hexp[B(Ey, — 2u)] — 1}

| & A= 1)

el ) x X)) 3
) ffk—py)

(Ekz"”‘El) (Ekg'_El)

x f daﬁllvmlz

f*®)f "k —p) {explB(2p — B)] - )"
3 2

x (j & plv,| - ) . (3.5)
We shall now make a rough estimate of (3.3) and (3.5) just above the critical tempera-
ture. Since the temperature is low we can, at appropriate places, replace f*(p) by the
step function. However, in the integrals appearing in (m — 1)th and (# — 2)th power
we must not do this; our expansions have to converge. In (3.3) the contributions to
the k- and kj-integral are strongly dominated by the neighborhoods of k=0 and
|k;| = 4/u. Using potential (1.22) we get a rough estimate

Sl § PNV T e )
Z (27

gV —x)

1
~ (2m)° joim-t3 (p> + md) (2u — 2p7)

m=1

[f (kZ)Jz{exp[ﬁ (2”’ 2‘3-%) ]'} .
8 kz' —
X Jd k, (s — o) ( ) exp[ik, - (x —x')]

exp[—iks- (x —X)]

iQ BEO(Wu—k—k

< [ e, FEERETDL [ sk k-t
Ik3]=+/u lk3l=vn

x f F2dkys O/ p — k). (3.6)
0

In (3.5) the contributions to k- and p,-integral are strongly dominated by the neighbor-
hoods of k = 0 and |p,| = 4/p. Using this one can bring (3.5) in an analogous form with
(3.6). To make rough estimates of the various integrals in (3.6), we assume /p < m§
and pB » 1. The latter condition is justified, since we have experimentally uf,, 2 10°.
With these assumptions we get

o]

") explB2u —2p7)] — 1} 2mp [ igh[3B(? — )]
fd3p [f*p)] 2{exP[ZB( M Pz)] b ffdp 72 [23_ p
(p* + md) (2u — 2p?) mg : b m
2TV og(2up) 87)
m

0

Q2
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and

2mlog(2up) sin[/p|x — x'[]

k,-integral & -
—img |x —x'|

(3.8)

Since we are close to the critical temperature, we have in the geometrical series

|A|4/ 1 log(2uB)

4m? m3

=1—¢ with 0<e<l. (3.9)

Using these estimates we end up with

L2 w
g, 1%, ) & 9 (27)* - A/ plog(2up)

2 4302
47 mo

—

2 1 sin[y/pufx — X'
Al AVeloguf) | ulx —x'|®

L. 4:‘J'T2 mé

(3.10)

This function goes to zero for |x —x’| — o as it should, since at large distances the two
coupled electrons should become practically uncoupled. According to (3.10) this hap-
pens as soon as the distance between the particles is considerably larger than the aver-
age distance between the particles in the system. We note that the correlation function
1s negative for repulsive potentials, indicating that the probability of finding two elec-
trons near each other is smaller than for the case of free particles. From (3.10) it appears
further that, under an attractive potential, when we approach the critical temperature,
the probability per unit volume of finding two electrons near each other becomes very
large on account of (3.9). Thus the correlation of electrons with opposite spin in the
normal state close to the critical temperature is similar to the correlation in the super-
conductive state in the BCS-model.
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APPENDIX A

In this appendix we prove some identities. In the calculation of (1.11) we made use
of the identity

m—1 1 sk | i )
EE(;_EfZE(;_EVBEV_Ej- (A.1)

J#*v
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This formula is proved by considering the integral

a+ico

dz m—1 1
J ?H —2+E;—E;’
j=1

a—io

Choose a so that it satisfiesa < 0,a < Eq— E;forj=1, 2, ..., m — 1. The path of inte-
gration can be closed at infinity either in the direction of the positive real axis or in the
direction of the negative real axis. The latter yields zero. Hence the former must also
vanish. This leads to (A.1). From (A.1) it trivially follows

1 m—1 1 m—1 1 m—1 1 m—1 1
E&Eo£1%—&_£1&—%_€§@&EM&—%JJE—E'

J%v

(A.2)

This identity can also be proved directly by considering an above type integral. In
Section 2 we used the identity

i ﬁ - jEj=o, (A.3)

v=1 Jj=1
J#v

which is also easily proved. Evidently other similar identities can be derived.

APPENDIX B

In this appendix we discuss the error made in the replacement (1.27). Let M be a
positive constant, such that e=™ can be neglected compared with one. Our approxima-
tionis good for the domain |£| > M/B, || > M/B. The approximation fails in the shaded
domains 4 and B shown in Figure B.1. We shall estimate the error made in regions 4
and B in the approximation (1.28). We choose B so large that M/B can be neglected
compared with . Then the contribution to F(x, %, 8) from region A is given by

M/B nz
™ exp[B(E+ )] —1
- ; B.
L4 2k(u + mj) ,[ a5 "»‘; dy (x — 2u + E+m) [1 + €#1[1 + €8] (B:d)
—~M/8

where 7, and ), are given by (1.26). By symmetry
I,=1,. (B.2)

In the approximation (1.28) I, is replaced by

M/B

o 8 6(n) —6(-8) ()
Ju D fdgfdn i e (B.3)
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Figure B.1

One would expect by inspection that 7, and J, have maximum absolute values for
x =2u. We can prove

Theorem B.1: Functions I ,(x,%;B) and J 4(x,k; ), with fixed B, have an extremum
value at x =2u, £ =0.

Proof: The proof is the same in both cases. We do it for I ,. From (B.1) it appears
that I ,(x,k) = I ,(x,—k). It is easily verified that I, as function of %, is continuous at
k£ = 0 and has there a continuous derivative. Hence

ol ,(x,R)
ok

=0. (B.4)

k=0

This equation holds for any x. Now we shall show that the partial derivative with re-
spect to x vanishes at x =2u, £ =0.

M/B E+2k/u

ol , _ 1 —r P J‘ exp[B(E+ )] — 1
0% | xezn ko | 2k(u + m2) f TE+m)2[1 + (1 + &)

~M/B  &-2kyu

_ 2my f 164D _

,u+m9 4:(:2
—M/B

which completes our proof.
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Next we shall find an upper bound for I, (and J,) at x =2y, 2= 0. In the same
fashion, as in (B.5), we find

M/8
2 teh M
k=0  p+mg 2E p+ md
—-M/B
One can prove
Theorem B.2: Assume we have a fixed « satisfying 0 < x < 24/p. Let
O<k<x and |x—2u|>22Kx+/p+ K?] (B.7)
or '
K<k<2y/p (B.8)
and x has any value. If we choose 8 sufficiently large that
log | & v (B.9)
—|log —| < Ky, 4
Bl ~B
then
27/
i) @ =Y E (B.10)
P+ my

This theorem holds also for J ,. We know from Theorem B.1 that 7, and J , have extre-
mum values at ¥ =2y, £=0 in the rectangle 0 < k <k, |x —2u| < 2[2k4/p + «*].
It looks plausible that this point is a maximum for | 4| and | ,|. We proceed as if this
were the case. Then we have from (B.2) and (B.6) for 0 < k£ < 24/ and B sufficiently
large

F(x,k:B) = F(x, k) + 4(B), ~(B.11)
where F is given by (1.28) and the correction term satisfies
4rM~/
14(8)| < ——- (B.12)
p+ my

APPENDIX C
1In this appendix we estimate F(x, k) given by (1.28), and then use (B.11) to obtain

an estimat_e for F(x,k;B) at low temperatures. As discussed in the main text we can
calculate F(x, k) only approximately under the assumptions

O0<k<2y/p, 0<x<4p and 4u<dé<Kmj. (C.1)

As we shall see below, under these assumptions our approximation will be good.
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According to Fig. B.1 we bring (1.28) into the form

F(x, k)-—{jdaf dn+fd€jdn——f:d§}2dn— fd&fdn}

&1 ny —0 n -3 ny
1
b L = 5
(p—&+md) (x—2u+E+ 1)

where 7, and %, are given by (1.26), £, = 2ky/pu — k? and &, = 2k+/p + k2. To evaluate
(C.2) we split in the third term the ¢-integral into two parts, one to go from —6 to —¢,
and the other one from —« to —§. The former integral plus the remaining integrals in

(C.2) can be evaluated to a good approximation by using only the first term in the
expansion

1 1 - — E)2
__“_2":__“ §+(y~ 6&) L C3)
p—&+m§g my m mg

(C.2)

In the integral in which £ varies from —o to —§, we get logarithms from the »-integra-
tion, which can be written as rapidly converging power series. We get a good approxi-

mation by using only the first terms in these series. Using these approximations we get
for (C.2)

Flahj=m a5 2VE ™o a4, (€4
Mo mo mo
S [t 31— tog| VS o pge  prog| VEZERES }
o Vi —3k—s| Vi+3h—s
(C.5)
= Vix— 1P (C.6)

and the two last terms are correction terms. The first of these is obtained by evaluating
the contribution from the first neglected term in the rapidly converging series (C.3).
4, contains a finite number of terms which all are much smaller than 2m4/u/m3.
Under assumptions (C.1) the three last terms in (C.4) can be neglected compared with
the two first ones. Now we combine our result with (B.11). On account of the third
assumption (C.1) 4wM+/pu/m € w*[my. Thus we have for low temperatures and low
particle density

2

Flx,k:B)~ F(u,k) = — +5 (C.7)

My

to a good approximation.
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