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On a Generalized Moment Problem

by V. A. Yatsun
Institute for Theoretical Physics, Academy of Sciences of the Ukranian SSR, Kiev

(16. VII. 74)

Abstract. The generalized moment problem, (1.1) which arises from analysis of the Froissart-
Gribov formula for partial amplitudes is considered. The necessary and sufficient conditions of
solvability of problem (1.1) by reducing it to the power problem (3.1) are obtained.

1. Introduction

Let us consider the following generalized moment problem1) : for a given sequence
of real numbers {/„}o it is necessary to find such a function of bounded variation
p(x),x e [x0, °o),x0 > 1, that for n 0, 1,2,

to

/„= JQJx)dp(x), (1.1)

where QJx) is the Legendre function of the second kind, and

CO

j Q0(x)\dp(x)\=A<x). (1.2)

*0

Problem (1.1) will be termed definite if there exists a function p(x) (a single function
with an accuracy up to a constant term) which satisfies equation (1.1) and condition
(1.2).

Problem (1.1) arises from the analysis of the constraints on partial scattering
amplitudes which result from the general axioms of quantum field theory [2]. Equation
(1.1) may be treated as the Froissart-Gribov representation for the partial amplitudes
/„ [3]. One of the approaches to the analysis of the properties of this representation is
based on using the results of moment theory [4].

In the present paper we obtain the necessary and sufficient conditions of
solvability of the problem (1.1), for which the inequality (1.2) is valid. Problem (1.1) is
solved by reducing it to the power moment problem (3.1).

In what follows we assume

ip(xo)=0. (1.3)

Condition (1.3) may be satisfied by fixing the value of the arbitrary constant contained
in p(x).

') We use the term 'generalized moment problem' following [1].
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2. A Criterion of Solvability of the Power Moment Problem

Let {aJô be a sequence of real numbers. In this section we obtain a criterion of
solvability of the power moment problem

i

o

\undcp(u), « 0,1,2,... (2.1)

in the class of functions cp(u) with bounded variation on [0,1], which will be useful in
our further discussion.

Let

A*an=X(-iylk)an+l (2.2)

iork, n 0, 1,2

Lemma 1 [5]. In order to solve problem (2.1) in the class of functions of bounded
variation, it is necessary and sufficient that there exist such a number M < œ that

2u)iJ"~*a*i<Af (2-3)

for all n 0, 1,2, and M be independent of n.

Lemma 2 ([6], page 33). Let an analytic function hU) be regular in a circle \t\ < 1

and lmhU) 0, V£: lmt 0. In order that hU) admits the representation

2* i \ 1

1 + t C At t\ l
*»-T=7j + <T=ïjï*,ï)Mt)' m

0
v '

where y(r) is the function of bounded variation on [0,27t], it is necessary and sufficient
that

2lt

sup [ |ReA(re''fl)|^0< œ. (2.5)
r o

Let Z be a complex plane with a cut (—oo,—1]. The transformation

t=(Vi + z-i)(Vi + z +1)-\ Vï=i
with inverse z At(l — t)~2 maps conformally the region Z on to the circle \t\ < 1.

Lemma 3. Let f(z) he a regular analytical function in Z and Im/(^) =0, V2:
Imz 0. In order that/(2) admits the representation

f(z) VTTz\p^L, (2.6)
J 1+uz
0
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where cp(u) is the function of bounded variation on [0,1], it is necessary and sufficient
that the function h(t) =f[At(l - t)~2] satisfies the condition (2.5).

Proof. Necessity. Vet f0(z,u) Vl+z(l+uz)~1 and h0(t,u) =f0[At(l-t) 2,u].
At ue [0, 1] h0(t,u) is regular in the circle |/| < 1 and Reh0(t,u) > 0. Hence ([6], page
30)

2*
r l-r2

Reh0(t,u)= —-dy0(r,u),J 1 - 2r cos (9 - t) + r2
o

where t reie and y0(T,u) is a non-decreasing function at each fixed u e [0,1]. Thus we
obtain

2n 2n 1 1 2*

[ (Reh(reie) \d9 < f d9 f Re h0(rew, u) \ dcp(u) | 2tt f \dcp(u) | f dy0(r, u)
O 0 0 0 0

1

< 27T max [yo(2-TT,u) — y0(0, «)] f |^9(«)| < °°

and consequently the condition (2.5) is satisfied.
Sufficiency. By virtue of Lemma 2 it follows from (2.5) that

f(z) VÏTI f 11 + z sin2 T-
j dy(r),

where y(r) is the function of bounded variation. In the region \z\ < 1 the expansion

f(z) VT+z 2 H)*«.«" (2-7)

is valid. Here

2n

;in2n
2

The sequence {aJo satisfies the condition of Lemma 1, since

an
I" sin2" - dy(r), n 0,1,2

J 2,
0

" / \ 2*

2U )\#-*<*\*j \dY(r)\<*.

According to this Lemma, there exists a function of bounded variation cp(u) such that

i
aH= j u'dcp(u). (2.8)

o

Substituting (2.8) into the series (2.7) and summing, we arrive at the representation
(2.6).
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Theorem 1. In order for problem (2.1) to have a solution in the class of function of
bounded variation, it is necessary and sufficient that the function

h(t) i~ 2 «»[-4/(1 - A2]" (2.9)

B-0

be regular in the circle \t\ < 1 and satisfy condition (2.5).
Indeed, the conditions of the theorem, according to Lemma 3, are necessary and

sufficient for the function

(Vl+z-1
f(z) hJy' \vTT^ + i

to be regular in Z and for the representation (2.6), in which cp(u) is the function of bounded

variation, to be valid. By expanding the integrand in (2.6) in a power series of z and
comparing it with the expansion (2.9) we can see that the theorem is valid.

Remark 1. The solution of problem (2.1) is unique, since the sequence {wB}o is
fundamental in the space C[0,1]. The solution is defined with the use of function (2.7) as
follows ([6], page 35):

cp(u) - cp(v) - - lim f s'1 Im/1 - - + iy ds (2.10)
tt y-*+0 J y S J

for 0 < v <u < 1.

3. Some Auxiliary Moment Problems

Let {/„}ô be a sequence of real numbers and let

P(n + A) r"
A—ffH= j Wdcp(u) (3.1)
P(n + 1) J

for n 0,1, 2,.... Here T(x) is the gamma function, 0 < u0 < 1 and cp(u) is the function
of bounded variation on [0, u0].

Lemma 4. If problem (3.1) is definite, then the problem

"0

/„= j u"df(u) (3.2)
o

is also definite in the class of functions of bounded variation and

»o

<p(u)=-:^=jll-^\dcP(v). (3.3)
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Proof. {/„}ô satisfies the condition of Lemma 1. Really, since

nn + i) 1 f s"

o

forw 0, 1,2,

1 »0
C ils: C

j»-*/t ^ j" ^t== J (¦«)* - ««)"-*^(«):

Hence

k=o\ '
o

By virtue of Lemma 1 we conclude that problem (3.2) is definite. Substituting (3.3)
into (3.2), we find that for n 0, 1, 2,

"0 IIIf f v*dv
fn=-r\ dcp(u) (3.5)

V"- J J v«(« — »J
o o

and here, at n 0, the value of the internal integral at the point u 0 should be
regarded as the limit at u -> 0. If in (3.5) we replace v -*¦ s v/u and use equation (3.4),
then we obtain the equality (3.1). Thus the function (3.3) solves problem (3.2).

Lemma 5. Let problem (1.1) be definite. In the class of the functions of bounded
variation the moment problem

"0

/„= | Wdx(u), n 0,l,2,... (3.6)

where u0 x0 — Vx2, — 1 < 1 has a unique solution

1/2(U+B-1) X-VX2-1

X(u)=- | dP(x) J (l-2vx + v2)~1'2dv, (3.7)

x0 u

in which it is assumed (1)_1/2 1.

Proof. Using the integral representation for QJx) ([7], formula 8.822.2), from (1.1)
we obtain

OO CO

f„= j dp(x) j (x + Vx2-1 cht)-"-1 dt.

The replacement t -> u (x + Vx2 — lcht)-1 yields

X-Vx~ÏTî

f. j dP(x) J u"(l - 2ux + u2)~ll2du. (3.8)
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According to the definition (2.2).

x-Vxî^ï

A"-kWA) - / #(*) J
(l-2«% + w2)1/2

'

so that

2 (*) M"-*(«S*A)| < J |#(«)| | (1 - 2ux + u^-^du A.
k=0 \ ' *o 0

By virtue of (1.2) and Lemma 1 we conclude that problem (3.6) has a solution. In order
to find it we transform the expression (3.8). For »^lwe have

X—v'x2 -1 x-Vx*-l x—/x2-l

J «"(1 - 2m* + m2)-1/2^m n j u"'1 du j (1 - 2vx + v2)'1'2dv
0 Ouand, consequently,

00 x—Vx2— 1 x—Vx2—1

f„ njdP(x) j" u'-^du j (l-2vx + v2)-ll2dv.
*0 0 »

In the latter expression we can change the order of the first two integrations, and so

„„ l/2(«+u-l) x-Vxî^I
fH nju"-1du J <ty(*) f (l-2^ + w2)-1/2iw

0 Xo «

"0 «o

— n\ u"~1x(u)du= u"dx(u).
o o

In the case « 0, (3.8) gives

00 X—Vx2—1 K0

/o J dp(x) J" (l-2ux + u2)-1'2 du -Y(0) J rfy(w).
x0 0 0

Thus, function (3.7) really solves problem (3.6). Lemma 5 is proved.

Lemma 6. Let the sequence {/n}o be such that for all n 0, 1, 2,... there exist the
values

2„+1 • p.+ +|j
/*¦ "77- S (-1)" rt xn /¦«'¦ (3-9)

W!V77 -<C ^r-l-l)v=0 '

In order for problem (1.1) to be definite, it is necessary and sufficient that there exist a
function of bounded variation p(x) for which

00

pn= j x-n~1dp(x), « 0,1,2,... (3.10)
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and

00

j x-1\d>p(x)\ B<oo. (3.11)

*o

The proof is based on the relation

2»+i *, r(n + v + A)

vs2<-1),J/vTrr ft"'w (3-12)K-»"1 _ __Vtt«!
v-0

which is valid for x ^ x0. If problem (1.1) has a solution, then for/„ we obtain the
representation (3.8). From this representation we find

00

l/.l < < j Qo(x) \dP(x) | Aul (3-13)

Thus, the series (3.9), constructed from the moments (1.1), converges for all n 0,1,2,
and using (3.12) we find the representation (3.10) for p„. The integral in (3.10) exists,
since QJx) ~ 0(x~n~1) for x > 1. Condition (3.11) follows from (1.2). Conversely, if the
sequence {pn)o is a system of moments (3.10), then by virtue of condition (3.11)

00

lft.1 < *on j" x~1\dp(x) | Bx-0" (3.14)

*0

and so the values

In \ In 1

v-, 1X.+D AAAAA^-,
^r(ï+./¦=?!)£ ^+^'»+" + *> *~

are meaningful for « 0, 1, 2,.... Using the relation

In \ In 1

Vtt P^ + Dx--1 Vrï+/1+1 2+^ 2çl(* : L. X _J :—i '. x-2» (3.16)
2-+1 /«+\/»+i\^ r(p + i)r(n + p + i)

v

x ^ #0, we can see that the representation (1.1) holds for the values (3.15), and the
relations (3.15) are an inversion of the equalities (3.9). So, the function p(x) solves the
problem (1.1). This solution is unique, and, by virtue of (3.11), it satisfies the condition
(1.2).
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Remark 2. Lemma 6 was discovered by F. Yndurain [4] while considering problem
(1.1) in the class of non-decreasing functions. This lemma gives a criterion of solvability
of problem (1.1), as expressed in terms of the conditions on the numerical sequence
(3.9). In the next section simpler conditions of solvability of the problem (1.1) will be
obtained.

4. Solution of the Problem (1.1)

Theorem 2. In order that problem (1.1) be definite, it is necessary and
sufficient that the sequence {/„}o admit the representation (3.1) in which u0 x0 —

Vx2, — 1 and cp(u) is the function of bounded variation on [0,u0].

Proof. Necessity. Suppose that problem (1.1) has a solution p(x) and it satisfies
condition (1.2). Then, by virtue of Lemmas 5 and 6, for the numbers/„, n 0, 1,2,
we get the representation (3.8) and the estimate (3.13). Thus in the region |z| < 1 we
can define the function

^ P(n + 4)
fjz) VTAz S A—AL fj-uö1 z)". (4.1)

^—i 1 (n + 1)
n=0 x '

Using the representation (3.8), we find

r (\ + ir1 uz\~3'2
fi(z) r(i)VTA-z\dp(x) \ \x_Zx + u2y'2du (4'2)

xo o

and here (1 + Urjuà)'3'2 1 at u O.fjz) is regular in the region Z. Let z AtiJ — t)~2
and

hJt)=fi[At(l-t)-2]. (4.3)

hjt) is regular in a unit circle. It is proved in the Appendix that hjt) satisfies condition
(2.5). By virtue of Theorem 1 there exists a function of bounded variation cpjv),
0 ^ v < 1 such that there holds the representation

*> + *)

r(n + 1)
Ut"fn jv»d<pjv),

i.e., the representation (3.1), in which cp(u) cpju^u) is the function of bounded
variation on [0,u0].

Sufficiency. Suppose that the sequence {/„}ô admits the representation (3.1).
We can easily see that it satisfies the conditions of Lemma 6. According to Lemma 4,
for/„ we have the representation (3.2) and the estimate

"0

\fn\<u"oj \dcp(u)\
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so that the series (3.9) converges and

"0

P" TTP(n + l)) 9K ' J \l + t;2/ V«*(«-w)
0 O

x '
Moreover, in this expression the value of the internal integral at u 0 should be
regarded as the limit for u -> 0. From (4.4) we obtain

4 7> + f) "°* i \n -+¦ ï; c

vv r(« + i) j

and, consequently, the series

fjz) VT+z 2 7Cn(-Xoz)" (4-5)
11=0

converges uniformly in the circle \z\ < 1. Substituting (4.4) into (4.5), we get

(4.6)/2(2) -=: \ di

0

f / 2n0z\"3'2 di;
jjCjA Ml I
r" ' J I

'

1 + W V«(« - v)
0

where it is assumed that

(l + rrr 1.

v-0

fjz) is regular in Z and Im/2(z) 0, Vz : Imz 0. It is proved in the Appendix that the
function hjt) =f2[At(l —1)~2] satisfies condition (2.5). Thus,/2(z) satisfies the conditions
of Lemma 3. The latter implies that there exists a function of bounded variation,
cpju), 0 < u < 1 such that a representation of the type (2.6) holds for fjz). In this
representation we set u =x0x~1 and

X

p(x)=- j sdcpjxos-1) (4.7)

*0

obtaining

/ f dp(x)
fJz) VÏ+l n/ _x r. (4-8)

J #(1 +#0* z)
xo

The right-hand side of (4.8) can be expanded in a power series of z. By comparing it with
the expansion (4.5) we see that the numbers pn, n 0,l,2,... admit the representation
(3.10). Then

co 1

j x-1\dp(x)\ j\dcP2(u)\ < co,



640 V. A. Yatsun H. P. A.

i.e. condition (3.11) is met. Thus, {/„Jg3 satisfies the conditions of Lemma 6. The latter
asserts that p(x) is a unique solution of (1.1) and condition (1.2) is valid for this function.
Theorem 2 is proved. By combining Theorem 2 with Lemma 1 we obtain the criterion
of solvability of problem (1.1) in a different form.

Theorem 3. In order for problem (1.1) to be definite, it is necessary and sufficient
that there exist a constant N, independent of n, such that

k=o \ ' i-0 \ '
<A (4.9)

for all n 0, 1,2,....
Theorem 4. The solutions of problems (1.1) and (3.1) are related by

l/2(u+K-l)

ep(u) 9(u0 — u) <Po(w> x) dp(x),
x0

"0

p(x) 9(x- x0) j po(x, u) dcp(u),

X-VX2-1

where

9(b -u) rUs V112 ls~
9,o(M,*)=--_j^--lj +*rctgj--

(4.10)

(4.11)

ds

V(b - s) (b'1 - s)

0(u-b) r
M*'"' ir^A2 J S_1 {{U ~S)(S~ b) (6_1 " S^~mdS

(4.12)

(4.13)

where b — x— Vx2 — 1 and

L y>0
6(y)

0, y^O.

Proof. Suppose that {fj"§ has the representation (1.1). Let us show that the function
(4.10) solves problem (3.1). It is sufficient to show that

»o
m

\ r^-= \ fo(z,x)dp(x),
J 1 — uz J
0 x0

where

/o(2 X):

b

(i
V(b-

- uz)'3'2

u) (b'1 - u)
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We have

"0 »0 l/2(H+u-l)

JrrS -^(0)-Ii(ïèz) J *"•"*«*
0 O

X ' 0

t r rf / i A
- J 9>o(°> as) rf^r(^c) - I dp(x) j 9o(«, x) — —— I du

x0 x0 0 \ /

xn V oo \ / 1

-J^Jtzdcp0(u, x)

uz

and here a; is fixed in the internal integral. It is still to be shown that

b

dcp0(u, x)fdcp0(u,x)

JlA^-^.x).
This equality can be directly verified by using expression (4.12). The second relation of
the theorem is checked in a similar manner.
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Appendix

In this section we prove the properties of the functions hx (t) and hjt) used in proving
Theorem 2.

Lemma 7. The functions hjt) and hjt) satisfy the condition (2.5).

Proof. According to (4.2) and (4.3), we have

K(t) r(A) VT+~z | dp(x)
f (1 + Un1 UZ)'3'2

—. (5.1)
V(b - ujb-1 - u)

v
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where z 4^(1 —1)~2, b x— Vx2 — 1. The internal integral is calculated by parts:

»... b

J V^-m)^"1-«) l + ôwô1* J \l+«50 v 0

- u \112 du

1zu] (b^-u)3'2

26

l + buz1z \VÏ
du

*
(b-1 - u)3'2

b

6—M

1 + «ö1 W2

1/2

¦b1'2

Thus

hjt)=hx1\t)+hx2\t),

where

26 vTTz
Vl-ô2 1 + buz12

00

h[2\t) -r(i)VTTz \dp(x)\
*0 n

— dp(x),

(5.2)

(5.3)

uib'1 - u)-3'2du

(1 + «J1 «2)1/2 (Vb-u + Vb Vl+uz1uz) '

If we denote

fi"(z)=h11>

(5.4)

vT+7-i

then from (5.3) we obtain that for/^z) there holds the representation (2.6) in which

i

cp(u)
2uu0

¦dp \ \uu0-\
uu0VI- (uu0)2

U

and <p(u) is a function of bounded variation, since

I 00

j \dcp(u)\ I

-y=p\dP(x)\ < CO

because of condition (1.2)./^'(z) is regular in Z. Thus./^^z) satisfies the conditions of
Lemma 3.

This Lemma implies that h(^(t) meets condition (2.5). Let us now show that

sup f \hx2)(re'e)\d9
r n

< 00. (5.5)
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From this it will follow that h^U) meets condition (2.5). From (5.4) we obtain, by
integrating by parts, that for z e Z

dljz,x)_ c ai,\z,xi*i«W r&)VT+z f p(x) —£--£i«,
x0

(5.6)

where -/^(z,*) denotes the internal integral in (5.4). In the region of bounded \z\ one
can obtain the estimate2)

dlx
dx

Ci

\1 + bul1z\ isj x2-l

B

Vl + \ du

(Ô-«)1/2|1+MM512|1/2
(5.7)

For arbitrary 0 < e < \ we have

C (b-u)-1/2du r- fl2{z'x)= m -i u/2 VH itJ |1 +uu0 z\112 J \1

(1-v) -1/2

+ vbuz1z\1'2
¦dv

i
<Vb j Ve-1 (1 - v)'1'2-' (1 + vbu^z)-1'* (1 + vbu^zA^dv.

o

Using equations (3.211) and (9.182.1) of [7], we find that the last integral is equal to the
function

B(eii-e)(l+buz1z)-'F ibh bun}(z—z)

1 + bu01Z

For sufficiently small € the hypergeometric function F(e,\;\;y) is uniformly bounded
over the entire plane y, and so

IJz.x) ^ C2Vb\l + buZtz\-t.

With (5.8) taken into account, (5.7) yields

dlx
dx

l)Cn

Vx2-1
|1 + bu01z\

(5.8)

(5.9)

Using the representation (5.6), h[2)(t) can now be estimated as follows

CO

\hx2\t)\^CJl+zy2 J -==\l + buo1z\-1-°dx CiUo\l+z\1'2IJz),

2) In what follows C, denote the constants.
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where

1 1

IJZ) f |1 + tz\-l-'dt *S j" f-1(l + tzA1+»12 (1 + tz)-il+*>'2dt
0 0

I 1+e z-z
B(e,l)(l+z)--F(e,-r-,l + e;—

For 0 < e < \

F\e,—^-,\ + e;y

is uniformly bounded, so that

IJz)^CJl+z\-\
Thus the estimate

lÂi^WI^QIl+zl1'2- (5.10)

holds for all z of an arbitrary bounded region. One can also obtain from (5.4) that in the
region of sufficiently large \z\, \h\2)[f)\ <C7|z|-1. So, the function h[2y(t) is uniformly
bounded in a closed unit circle, and therefore it satisfies condition (5.5).

Since both the functions h[°(t), i l, 2, satisfy condition (2.5), it is also met by
hjt), according to (5.2).

The fact that condition (2.5) is also satisfied for the function hjt) may be proved in
a similar way.

Lemma 7 is proved.
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