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On a Generalized Moment Problem

by V. A. Yatsun
Institute for Theoretical Physics, Academy of Sciences of the Ukranian SSR, Kiev

(16. VIL. 74)

Abstract. The generalized moment problem, (1.1) which arises from analysis of the Froissart—
Gribov formula for partial amplitudes is considered. The necessary and sufficient conditions of
solvability of problem (1.1) by reducing it to the power problem (3.1) are obtained.

1. Introduction

Let us consider the following generalized moment problem?) : for a given sequence
of real numbers {f,}& it is necessary to find such a function of bounded variation
(x),x € [%9,0),%0 > 1, that forn =0, 1, 2, ...

fo= [ Qum am), (L1)

where (Q,(x) is the Legendre function of the second kind, and
[ Qo) = 4 < 0. (1.2)
X0 '

Problem (1.1) will be termed definite if there exists a function (x) (a single function
with an accuracy up to a constant term) which satisfies equation (1.1) and condition
(1.2).

Problem (1.1) arises from the analysis of the constraints on partial scattering
amplitudes which result from the general axioms of quantum field theory [2]. Equation
(1.1) may be treated as the Froissart—-Gribov representation for the partial amplitudes
Ja [3]. One of the approaches to the analysis of the properties of this representation is
based on using the results of moment theory [4].

In the present paper we obtain the necessary and sufficient conditions of solv-
ability of the problem (1.1), for which the inequality (1.2) is valid. Problem (1.1) is
solved by reducing it to the power moment problem (3.1).

In what follows we assume

th(x) = 0. (1.3)

Condition (1.3) may be satisfied by fixing the value of the arbitrary constant contained
in {(x).

1) We use the term ‘generalized moment problem’ following [1].
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2. A Criterion of Solvability of the Power Moment Problem

Let {a,}¥ be a sequence of real numbers. In this section we obtain a criterion of
solvability of the power moment problem

1 :
a,,=fund<p(u), n=0,1,2,... 2.1)
J |

in the class of functions ¢(#) with bounded variation on [0, 1], which will be useful in
our further discussion.
Let

da,=3 (—1>f(f)a,.+i (2.2

i=0

fork,n=0,1,2,....

Lemma 1 [5). In order to solve problem (2.1) in the class of functions of bounded
variation, it is necessary and sufficient that there exist such a number M < « that

n

Z (:) [4A"*a,| < M | (2.3)

k=0

foralln=0,1, 2, ... and M be independent of ».

Lemma 2 ([6], page 33). Let an analytic function A(¢) be regular in a circle |¢| < 1
‘and ImA(f) =0, V¢: Imé = 0. In order that A4(f) admits the representation

2n -1
By = {1+ o sinzz} dy(7), (2.4)

T1-¢) 1—52 2
0

where () is the function of bounded variation on [0,27], it is necessary and sufficient
that

2n :
sup j |Re h{r ¢1%)|d6 < oo. 7 29
r . 0 '

Let Z be a complex plane with a cut (—co,—1]. The transformation
t=(V1+z—-1)(V1+z+1)-1, vV1=1

with inverse z = 4¢(1 — ¢)=2 maps conformally the region Z on to the circle |¢| < 1.

Lemma 3. Let f(z) be a regular analytical function in Z and Imf(z) =0, Vz:
Imz=0. In order that f(z) admits the representation

f&)=vVIi+tz f

0

dep(u)
1+ uz’

(2.6)
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where ¢(u) is the function of bounded variation on [0,1], it is necessary and sufficient
that the function A(f) = f[4£(1 — £)~2] satisfies the condition (2.5).

Proof. Necessity. Let fo(z,4) = V1 + 2(1 +u2)™" and ho(t,u) = fo[44(1 — £)72,u].
At u € [0, 1]ho(f,u) is regular in the circle |{| <1 and Re#ky(f,4) > 0. Hence ([6], page
30)

2n

Re hy(t, u) zf

0

1—72

1—2rcos(f—7)+ 72

dyo(r, %),

where ¢ = 7e'? and y,(7, ) is a non-decreasing function at each fixed u € [0,1]. Thus we
obtain

2n 2x 1 i 2% '
j |Re h(re%)|d6 < f a0 j Re ho(re®®, u)| do(u)| = 27 f |dep(us)| f dyol(T, u)
0 0 0 0 0 )

<2m max [yo(2m, %) — yo(0,#)] | |dp(w)] <
ue[0,1] \ b

and consequently the condition (2.5) is satisfied.
Sufficiency. By virtue of Lemma 2 it follows from (2.5) that

2n -1
ot
=v1 +zf (1 +zsin2§) dy(t),
0
where () is the function of bounded variation. In the region |z| < 1 the expansion
f@=V1+z3> (-1)"a,z" . @ (2.7)
n=0
is valid. Here
2n T
a, = in?* —dy(r), n=0,1,2 ...
= [ s

The sequence {a,}¥ satisfies the condition of Lemma 1, since

> (k) = < [ iyl <=

k=0

According to this Lemma, there exists a function of bounded variation ¢(#%) such that
1

an= [ wdpu) \. (28
0

Substituting (2.8) into the series (2.7) and summing, we arrive at the representation
(2.6).
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Theorem 1. In order for problem (2.1) to have a solution in the class of function of
bounded variation, it is necessary and sufficient that the function

14 &

M) = 1— Z a,[—4t(1 — §)~2]" (2.9)
n=0

be regular in the circle [f| < 1 and satisfy condition (2.5).
Indeed, the conditions of the theorem, according to Lemma 3, are necessary and
sufficient for the function

5 1+2-1
=4V

toberegularin Z and for the representation (2.6), in which g(%) is the function of bound-
ed variation, to be valid. By expanding the integrand in (2.6) in a power series of z and
comparing it with the expansion (2.9) we can see that the theorem is valid.

Remark 1. The solution of problem (2.1) is unique, since the sequence {,}§ is
fundamental in the space C[0,1]. The solution is defined with the use of function (2.7) as
follows ([6], page 35):

1 ; 1
¢(u) — p(v) =— — lim fs‘l Imf(— —+zy) ds (2.10)
T Yy2+0 S
forO<v<u<l.

3. Some Auxiliary Moment Problems

Let {/,}3 be a sequence of real numbers and let

Fn+3 , 7

—_— f = nd 3.1

Tt 1) fn Of " dep(u) (3.1)
forn=0,1,2,.... Here I'(x) is the gamma function, 0 < #, < 1 and ¢(«) is the function

of bounded variation on [0, #,].

Lemma 4. 1f problem (3.1) is definite, then the problem

ug

fu= [ wrdgpw) 3.2)

0

1s also definite in the class of functions of bounded variation and

v

A | 2 ( (1 u)d (3.3)
u e — — s -
L \/;u ()
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Proof. { f,}3 satisfies the condition of Lemma 1. Really, since

1
F(n+1)_ 1 5" 3.4
I’(n+%)_\/a?a[\/1—sds (34
forn=0,1,2,...,
= __1_ 1 dS ¢ k — n—k
4 f= o f = j (us)* (1 — ws)™* dep(u).
Hence

n . » uo :
Y 1 Cia AR ) f sl < .

k=0

By virtue of Lemma 1 we conclude that problem (3.2) is definite. Substituting (3.3)
into (3.2), we find that for n =0, 1, 2,

1 ¢ . " dv
Ju= e of dQO(M)J Tate—a" (3.5)

and here, at » =0, the value of the internal integral at the point % = 0 should be re-
garded as the limit at » — 0. If in (3.5) we replace v — s = v/u and use equation (3.4),
then we obtain the equality (3.1). Thus the function (3.3) solves problem (3.2).

Lemma 5. Let problem (1.1) be definite. In the class of the functions of bounded
variation the moment problem

Ug

f,,=f wrdy(u), n=0,1,2,... | (3.6)

0

where %y, = x, — V23 — 1 < 1 has a unique solution

1/2(utu-1) x—/x2—1
xe)== [ a@) [ (Q-2m+e)a, 87
Xp u

in which it is assumed (1)71/2 = 1.

Proof. Using the integral representation for Q,(x) ([7], formula 8.822.2), from (1.1)
we obtain

Ja= f dis(x) f (x + V&2 — Lcht)™" L dt.

*0
The replacement ¢ — u = (x + V2% — 1cht)~! yields

) x—vx2-1

| L= J' difs(x) J- w1 — 2ux + u?)~ 12 du. (3.8)

X0 (4]
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According to the definition (2.2).

x—Jx2-1 1

1 _ u—lu n—k
An—k -k x f ,
oS = ¥ ) 1—2ux+u yRi2

so that

n x—+/x2—-1

k=0 0

>\ IA“-k(ua*f)lsfldzlx(x)l [ a-2ursw)irau=a.
k . 2

By virtue of (1.2) and Lemma 1 we conclude that problem (3.6) has a solution. In order

to find it we transform the expression (3.8). For # > 1 we have

x—vx2-1 x—a/x2-1 x—v/x2-1

[ wa-2msw)yPau=n [ wta [ (1-2m40) 0

0 0 u

and, consequently,

© x—x2—1 x—vx2—1
J f wtdu f (1 — 2vx + v?)~1/2 gy,
X9 0 u

In the latter expression we can change the order of the first two integrations, and so

ug 1/2(u+u-1) %21
fa=mn f wldu. I difs(x) f (1 —2vx +v?3)~124dy
0 X0 u .
Uy ug
=—n f w1y (u) du = f uw" dy(u).
0 0

In the case n =0, (3.8) gives
© x—/x2-1 ug
fo= | ) | (1 — 2ux +u2)"2du = —(0) = | dy(w).

0 0

Thus, function (3.7) really solves problem (3.6). Lemma 5 is proved.
Lemma 6. Let the sequence {f,}& be such that forallz =0,1, 2, ...

values

D el , +v+%)
=1’t"\/_z(—) fn+2v |

+1)

there exist the

(3.9)

In order for problem (1.1) to be definite, it is necessary and sufficient that there exist a

function of bounded variation (x) for which

P = .[ x—n_ld"ll(x)’ n=0: 1: 2) o
X0

(3.10)
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and

fw |dp()| = B < . (3.11)

X0

The proof is based on the relation

x—n- 1

mt L+ v +3)
vz Z =1) T(v+1)

v=0

On+2v(%) o (3.12)

which is valid for x > x,. If problem (1.1) has a solution, then for f, we obtain the repre-
sentation (3.8). From this representation we find

©

[l < 0 [ Qo) (x| = Aug. (3.13)

X0

Thus, the series (3.9), constructed from the moments (1.1), converges forallz =0, 1, 2,
and using (3.12) we find the representation (3.10) for u,. The integral in (3.10) exists,
since Q,(x) ~ O(x~!) for x > 1. Condition (3.11) follows from (1.2). Conversely, if the
sequence {u,}§ is a system of moments (3.10), then by virtue of condition (3.11)

ol <557 | 272 dp()| = Bco" (3.14)

X0

and so the values

n n 1
© 1"(—+,u.+1)1"(§+p.+—)

vV In+1 2 2
In= i T, ( )n 1 2 Te+0lmipsn o= B0
I'(4+1)P(—+—) #=0 £ # .
2 2 2
are meaningful for n =0, 1, 2, .... Using the relation

n n 1
- I'|- 1) |- -
Va T+ 1)xrt F(2+""+ )P(2+"+2

On(®) = o
2 P(§+1)I’(Z—+%) - Pp+1)I'(n+p+3)

)x—zu (3.16)

% 2 %y, We can see that the representation (1.1) holds for the values (3.15), and the re-
lations (3.15) are an inversion of the equalities (3.9). So, the function (x) solves the

problem (1.1). This solution is unique, and, by virtue of (3.11), it satisfies the condition
(1.2).
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Remark 2. Lemma 6 was discovered by F. Yndurain [4] while considering problem
(1.1) in the class of non-decreasing functions. This lemma gives a criterion of solvability
of problem (1.1), as expressed in terms of the conditions on the numerical sequence
(3.9). In the next section simpler conditions of solvability of the problem (1.1) will be
obtained.

4. Solution of the Problem (1.1)

Theorem 2. In order that problem (1.1) be definite, it is necessary and
sufficient that the sequence {f,}& admit the representation (3.1) in which uy =%, —
Vx§ — 1 and g(u) is the function of bounded variation on [0, #%,].

Proof. Necessity. Suppose that problem (1.1) has a solution ¢(x) and it satisfies
condition (1.2). Then, by virtue of Lemmas 5 and 6, for the numbers f,, n =0, 1,2, ...
we get the representation (3.8) and the estimate (3.13). Thus in the region |z| <1 we
can define the function

© Iv %_
Al =vI+z > F—gz—}l-; AN (&)

Using the representation (3.8), we find

x—/x2-1

o 1 61 -3/2
L@ =TAVT+2 [ dp() j ((1 x -2 fz‘z)m du 4.2)

o

and here (1 + ug'uz)™32 =1 at u = 0. f,(2) is regular in the region Z. Let z = 44(1 — #) 2
and '

B (f) = fi[46(1 — 2. (4.3)

h,(t) isregular in a unit circle. It is proved in the Appendix that %, (¢) satisfies condition
(2.5). By virtue of Theorem 1 there exists a function of bounded variation ¢,(v),
0 < v < 1 such that there holds the representation

'n+3) .. .
T )™ fn—éf v de, (v),

i.e., the representation (3.1), in which @(#) = ¢, (#5'%) is the function of bounded vari-
ation on [0, %,].

Sufficiency. Suppose that the sequence {f,}§ admits the representation (3.1).
We can easily see that it satisfies the conditions of Lemma 6. According to Lemma 4,
for f, we have the representation (3.2) and the estimate

ug

£l <5 [ 1dp(w)],

0o
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so that the series (3.9) converges and
u

2Tn+3) [ 2 \" dv
“‘"=;F(T+1)qu’(”)”1+v2) Vulu—1) (4.4)

0

Moreover, in this expression the value of the internal integral at % = 0 should be re-
garded as the limit for # — 0. From (4.4) we obtain

4 I'n+3)
il < = T Jw@(un

and, consequently, the series
=VI+Z 3 pin(~02)" (4.5)
n=0

converges uniformly in the circle |z| < 1. Substituting (4.4) into (4.5), we get

2ux,2\"* dv
fd‘”“f( 1+v) Vaw—w 9

where it is assumed that

14 Quxpz\ 2

1+ 92
f2(2) isregular in Z and Imf,(z) = 0, Vz: Imz = 0. It is proved in the Appendix that the
function A, (¢) = f,[4¢(1 — ¢)~?] satisfies condition (2.5). Thus, f,(2) satisfies the conditions

of Lemma 3. The latter implies that there exists a function of bounded variation,

@2(#), 0 < u <1 such that a representation of the type (2.6) holds for f,(z). In this
representation we set # = xx ! and

= 1.

v=0

b0 =— [ sdpalros™ | (4.7)
obtaining
fale) = f + Xox12) e

The right-hand side of (4.8) can be expanded in a power series of z. By comparing it with
the expansion (4.5) we see that the numbers u,, # =0, 1, 2, ... admit the representation
(3.10). Then

[s+]

f a7 dp(x)| = J‘I |dp, ()| < o,

X0
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i.e. condition (3.11) is met. Thus, {f,}¥ satisfies the conditions of Lemma 6. The latter
asserts that ys(x) is a unique solution of (1.1) and condition (1.2) is valid for this function.
Theorem 2 is proved. By combining Theorem 2 with Lemma 1 we obtain the criterion
of solvability of problem (1.1) in a different form.

Theorem 3. In order for problem (1.1) to be definite, it is necessary and sufficient
that there exist a constant N, independent of #, such that

L ) n—k . n—=~k F(k+1,+%) et
k—zo(k) ;(-1) ( : )mu"( Ol <N (4.9)

foralln=0,1,2,....
Theorem 4. The solutions of problems (1.1) and (3.1) are related by

1/2(u+u-1)

p) =0 —u) | go(u, ) dih(x), (4.10)

o) =0 —x0) [ holx, u)dep(w), @.11)
x—/x2-1

where
) "{ R [s 1} ds 12
o\#,X) = — —_—— arc —_— _ (4.
v vV j (u ) ®l m (b—s) (b7 —5s)
Yolx, u) = 98/42—16/)2 f sTH{(uw—s)(s—b) (bt —s)} V2ds (4.13)
72y : |

b

where b =x — v/x?> — 1 and

9(y)={1’ y>0

0, y<0.

Proof. Suppose that { f,}¥ has the representation (1.1). Let us show that the function
(4.10) solves problem (3.1). It is sufficient to show that

[ 2 _ [ pemyagen

1 —wuz

where
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We have
N do(u) on 4 1 1/2(u+u-1)
_ pu)
! 1—uz —(0) — f o (1 — uz) f @o(#, %) dis(x)
=_f%(0’x)d¢(x)—f f%(ux & ( 1 )du
*o *0 1 —wuz
M o4, %) | b 3 )
) J.d‘»b("){q; Eﬁ‘“’;) B -‘-‘PO(u’x)E;(l —MZ)du}
{ - d o\,

and here x is fixed in the internal integral. It is still to be shown that

f depo(#, %) = il

1 —wuz
0

This equality can be directly verified by using expression (4.12). The second relation of

the theorem is checked in a similar manner.
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Appendix

In this section we prove the properties of the functions %, (£) and 4,(f) used in proving

Theorem 2.

Lemma 7. The functions A, (f) and £, (f) satisfy the condition (2.5).

Proof. According to (4.2) and (4.3), we have

1 4+ gl uz)=3/2

\/b Wb T —u)

It x/_jdap

(5.1)
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where z=4#(1 —#)~2, b=x — Vx> — 1. The internal integral is calculated by parts:

(1 + ugt uz)=3/2 1 J‘ b—u \'? au
——— {20+
V(b—u)( Ve-—w) (b -u ) 1 + bug'z 14+ugtau (b~ —u)3?

1/2
e - b1/2
14+ ug

du
X (b-l _ u)3’2 -

Thus

hi(t) = V() + B2 (0), ‘ (6.2)
where

KD = I3) f e T ). 53)

b
(b~ — u)"32du
WP () = 3) V1 fdtll f (1 + ugluz)'’? (v/b—u + ,\/‘m
(5.4)
If we denote
v -1
fiP(2) = AP (——’I_-T-—z-}-l)’

then from (5.3) we obtain that for f{"(z) there holds the representation (2.6) in which

(P(u 1 2uu, . ¢ o _L
v — (uu, V1 — (wug)? ° " wu,

and ¢(#) is a function of bounded variation, since

1 Fo2
[tapta = f s )] <

because of condition (1.2). f{"(z) is regular in Z. Thus, f{V(z) satisfies the conditions of
Lemma 3. '
This Lemma implies that 4{"’(¢) meets condition (2.5). Let us now show that

2n
sup f |2 (re'%)|df < wo. (5.5)
r 0 ¥
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From this it will follow that 4{?(f) meets condition (2.5). From (5.4) we obtain, by inte-
grating by parts, that forze Z
al,(z,x)

du,
dx

B2 =T3) vVI+z j (%) (5.6)

where I,(z,x) denotes the internal integral in (5.4). In the regibn- of bounded |z| one
can obtain the estimate?)

b
Cy b J’ du |
= / + . 5.7
|1+ buglz) A/ #*—1 [\/5 (b — )2 |1 + uug! 2|12 (5.7)

0

al,
dx

For arbitrary 0 < € < 4 we have

b’ . 1
(b — u)"”2 du (1- v)“l’2

J |1 +uu512|1’2x |1 + vbug!z|'/?
0

Lol g} =

1
< \/Zf v*1(1 — v)~Y27¢ (1 + vbugt2) V4 (1 + vbuglz)~ V4 dv.
0

Using equations (3.211) and (9.182.1) of [7], we find that the last integral is equal to the
- function |

Ble; 3 —€) (1 + bualz)“F[e, %;%;w] .

14 buglz

For sufficiently small e the hypergeometric function F(e,4;4%;y) is uniformly bounded
over the entire plane y, and so

I,(z,%) < C, V|1 + bug' 2|~ | (5.8)

With (5.8) taken into account, (5.7) yields

% < _bc_3__|1 o bu-lzl-—l—e (5'9)
dx |  Vax2-1 ° ' 7

Using the representation (5.6), 4{*(f) can now be estimated as follows

b
s |1+ buglz|~1~2dx = C, uo|1 + z| V2 I4(2),

ol <ciape [ ———
X9

2)  In what follows C, denote the constants.
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where

1 1
I5(z) f|l+t7| 1-Edt < fte (1 4 £2)~A+8/2 (] 4 ¢7)-U+e)/2 gy
0

0

z2—2z
= B(e,1)(1 +2) ‘F(e, + €; )
142

ForO0<e<$
1+
F(é,——2—€;1+€;y)

1s uniformly bounded, so that
< Cs|1 + 2|
Thus the estimate
|BP(@)] < Ce|1 + 2|22 (5.10)

holds for all z of an arbitrary bounded region. One can also obtain from (5.4) thatin the
region of sufficiently large |z|, |A{®(t)| < C,|z|~%. So, the function A{*(f) is uniformly
bounded in a closed unit circle, and therefore it satisfies condition (5.5).

Since both the functions A{"(¢), < = 1, 2, satisfy condition (2.5), it is also met by
hy(t), according to (5.2).

The fact that condition (2.5) is also satisfied for the function 4,(f) may be proved in
a similar way.

Lemma 7 is proved.
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