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The Scattering Matrix for Some
Non-Polynomial Interactions II

by Sergio Albeverio and Raphael Hoegh-Krohn

Institute of Mathematics, University of Oslo, Blindern, Oslo, Norway

Abstract. We continue the study of the infinite volume limit of quantum field theoretical
models in z#-dimensional space-time with interaction densities which are bounded functions of an
ultraviolet cut-off boson field. The truncated off-shell scattering amplitudes are (in contrast to the
on-shell ones) the limits of the correspondent space cut-off quantities. They are analytic in the
energy variables outside the union of certain real hyperplanes and have the crossing symmetry.

Remarks are given on the restriction of the off-shell scattering amplitudes to the physical mass’
shell.

1. Introduction

As in two preceding papers [1], [2], we study quantum field theoretical models in
n > 4-dimensional space-time’) with non-polynomial boson self-interaction. The infinite
volume models are obtained as limits of the corresponding ones with a space cut-off in
the interaction. The Hamiltonian of the space cut-off interaction is

Hi=Ho+X | olp,d)dz,
1x]<1
where H, is the free energy of the free time zero boson field ¢(¥) of mass m > 0, and
@:(%) = [ x:(¥ — ¥) () 45, with % € R"™, and y,{%) € CF(R"™), x,(%) > 0, x,(%) = xo(—%).

v(a) is a real valued function of the form v(a) = [ ¢'**dv(s), where dy(s) is a bounded
measure of bounded support on the real line. A is a coupling constant. For A real, H, is
a self-adjoint operator, bounded from below, with the same domain as H in the Fock
space & of the free boson field ¢(%).

In [2] we proved the existence and uniqueness of the infinite volume vacuum £
forall |A| < Ag,Ag > 0. Moreover we constructed the imaginary and real time Wightman
functions and proved the relative cluster properties. We obtained thus the physical
Hilbert space # with a strongly continuous unitary representation of the space and
time translation group and hence, in particular, the Hamiltonian H > 0 of the infinite
volume models. We also proved analyticity in A of the imaginary time Wightman
functions and of the infinite volume limit of the energy density.

In [1] we started the study of the scattering in these models. For the space cut-off
interactions we constructed the S-matrix in terms of asymptotic fields and proved that
it is analytic in the coupling constant A and equal to the sum of the linked cluster

1) The results of [2] are valid for all » > 1.
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expansion, which in turn corresponds to the usual expression of the S-matrix in terms
of Feynman graphs. This S-matrix for the space cut-off interaction was also given ([1])
in terms of so-called scattering functions, for which the existence of the infinite volume
limit was proved?).

We remarked moreover that the limits for / — o of the off-shell scattering
amplitudes exist. In this paper we continue the study of these infinite volume off-shell
- scattering amplitudes and prove results on their analytic dependence on the energy
variables, on the position of the corresponding cuts and on the crossing symmetry.
More specifically, in Section 2 we introduce the Fourier transforms of the infinite
volume scattering functions constructed in [1]. We prove that they have a simple
expression in terms of Fourier-Laplace transforms of the correlation functions of [2],
the so-called spectral density functions, which are analytic in the coupling constant
and exhibit explicitly a large analyticity domain in the complex energy variables,
restricted only by the spectrum of the Hamiltonian H.

In Section 3 the analyticity results in the energy variables are applied to the
infinite volume truncated off-shell scattering amplitudes, which are proven to be
analytic outside the union of certain real hyperplanes. From this we have then the
crossing-symmetry of the off-shell scattering amplitudes?).

In contrast to the off-shell scattering matrix the on-shell S-matrix is not the limit
of the corresponding quantity for the space cut-off interaction, but will be obtained by
restricting the off-shell scattering amplitude to the physical mass shell, given by the
eigenvalues m(p) of H in the subspace of fixed momentum P = j. This is discussed in
Section 3.3.

Throughout this paper we shall always use the same notations and definitions as

n[1].

2. The infinite Volume Scattering Functions in Momentum Space

2.1. The scattering functions and correlation functions

In Section 6 of [1] we introduced the infinite volume scattering functions
o*(xySy,. .., %8, as limits of the corresponding finite-volume scattering functions. By
Theorem 6.1 of [1] the infinite volume scattering functions are given by

oMty Xy 51, - b Ty S) = (—N)* (2, explis, @,(%1)] exp[—(t, — ¢,) H] ..
X exp[—i(t, — be_s) H] explis, p,(%,)] £), (2.1)

where x; = (¢,%;) (i =1,...,k), ¢, being a time variable and #; a space variable, running
over R""!, where # — 1 is the number of space dimensions. The s, run over the support
of the measure dv(s) defined in Section 1. H is the physical Hamiltonian for the infinite

2y The scattering functions are the analytic continuation of the correlation functions discussed
in [2], which arise quite naturally in the Markovian euclidean version of the models and have
the interpretation of classical correlation functions for a gas of variably charged particles in
R". Similar correlation functions were introduced for related euclidean models in [3], where
also a relation of these and euclidean Bogoliubov off-shell scattering elements is given. Ideas
on the relation between the vacuum functional and the euclidean (space-time cut-off) S-matrix
are contained in several Kiev publications: [4].

%) This is the corresponding property of the one which is called crossing symmetry in relativistic
covariant theories: see, e.g., [5].
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volume theory, and £ is the unique eigenvector in the physical Hilbert space corre-
sponding to the simple lowest eigenvalue zero of H. It follows from (2.1) that, for real
coupling constant A, o* is uniformly bounded and analytic for Im(f,, —¢) <O,
t=1, ..., k—1. By Theorem 6.2 of [1] ¢* is related to the infinite volume correlation
functions by

X%y S, .o, X i) = ()% pM(Ey 51, - - o B Sh), (2.2)

where ¥ = (1%, %), with x = (x,,%).

From (2.1) we see that o,(f,; #;s,,..., 6 %S, is a uniformly bounded continuous
function of all its variables. As in (5.5) of [1] we define the infinite volume time-ordered
scattering functions by

BB, Sipwe ¢ xS == 02085 5 v BB (2.3)

for ¢, <... < ¢, and the requirement that §*(x,s,,...,%;$) 1s symmetric under permu-
tations of its variables. §* is then again a uniformly bounded function, which is con-
tinuous in %, ..., %, and s, ..., s, and piecewise continuous in #,, ..., . Like ¢* it is
also translation invariant in space and time.

We define the infinite volume scattering functions in momentum space by

LrED151, - DeSK) = f JGXP[ Ep,xj] k(1 8q, .. X Si) %4 . . . A%, (2.4)

where the Fourier transform (2.4) is understood in the sense of tempered distributions.
Let 7 be any permutation of 1, ..., .. Then we define

L1151y PrSi) = f fexp[ ZPJ ;] k(21 81+« » Sk Si) B%1. . . A%

TS S nley) (2.5)

It is obvious that
FHP1S1, - PuS) = ; e (DS < wns D) (2.6)

where the summation runs over all the permutations. It follows from (2.5) and the
symmetry of §*(xs,,...,%,s,) with respect to permutations of the indices that

yi(ﬁl S1o+ - PiSk) = 5"5(}51:(1)3::(1)» <+ 0 Pty Su(k))r (2.7)

where

FLo(P151, - Pesi) = f fexp[ szxj] (%151, .+ o X S) A%y ... d%,  (2.8)

and we have used that §* and ¢* are equal for ¢, < ... <. Introduce now the variables

(Tpgi):le—xi,i:l k—]and “1:51 j)l, “2:32 pl““jbz, e, (Otk_1,gk_1)=
P+ ...+ pr_s. Then we have

FLED1S1s - PxS) =0(Pp1+ - .- + D) f fexp[ (2 ocjrj+ﬁjfj)]

ti?()

X My Sy % 8) ATy« ATy dEy - A€y, (2.9)
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We now introduce the functions:

- -
N0y, By s g Brt Sto -+ Sk)

f Jexp[ (z a171+ﬁjgj)] (% Spy - 2 S) dry o . Ay dEs ... dE,_y,

t[>0
(2.10)
where (7€) =x,,, —x,i=1, ..., b—1. (2.9) then gives .#§ in terms of n¥, so that
FLo(P151 - Prsi) = 6(py DT a1ﬁ1:'--:°‘k-1ﬁk—1§ Sp- - Sp) (2.11)

where
(“1,31) = p1, (052:52) =p1+P2- - (%-1:5!:—1) =P+ ...+ D

Since the integration over 7; in (2.10) is only over the positive real axis, we see that »*
is analytic in Imea; >0, j=1,...,2—1 as a tempered distribution in Bl, .
Since by (2.1) o*(x, sy, ..., %, S,) 1s analytic and uniformly bounded for Im 7, > 0, we may
continue the integration over 7, from the right-hand real half line onto the imaginary
upper half line, and the integrals will be equal by the exponential decrease of the
integrand. Performing this analytic continuation for all the 7;-integrations 7 =1, ...,
k—1, weget by (2.2) that fora; >0,7=1,..., k-1

> ->
(o Brs e+ o Gt Pre13 St 0 1)

: k-1,
= f jexp[ z o; Tj] exp[ Z B; E]p"(xl Siie s s X i)
T, >0
Xdry...dr_ d€, ... A&y, (2.12)
where

(Ti:gi)=xi+1—xi; i%l,...,k—l.

Since &* by (2.6), (2.7) and (2.11) is given in terms of »*, (2.12) gives the time-
ordered scattering function in terms of the correlation function p*(x;s,,...,%,s;). The
Koy 31, ey Oy Ek 1,51 ...8) will be called the spectral density functions.

2.2. Amalyticity in the coupling constant and the energy variables of the spectral density
Junctions

In [2] we introduced the correlation functions p*(x,s,,...,%,5). By Lemma 4.1 of
[2] we have that the correlation functions p*(x;s;, ..., %, $,) are analytic in the coupling
constant A, for complex A such that [A| < Ay, where A, > 0%). Moreover they satisty, for
complex A with |A| < Ay, the estimates:

|p¥(xy sy, .. 2 s) | < CTH|A (1 -]A—I-)“ (2.13)

0

4)  One has \q = C1¢=25-1, where C is defined in Section 4 of [2] and B is defined by (4.10) of [2].
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The p*(x;sq,...,%,8,) are continuous in all the variables and translation invariant in
space and time.

Using (2.13) and the exponential decrease, in the r-variables, of the integrand, we
now get from (2.12) that nk(alﬁl,...,ak_lﬁk_l;sl,...,sk) is, for oy >0,7=1,..., k=1,
analytic in A for |A| < Ay, as a tempered distribution in f;, ..., B._;. Moreover we get,
from (2.12) and (2.13), that »* is analytic in the energy variables o, ..., o_; for
Reo; > 0 and A complex with |A] < A,. By the same argument as above we also obtain
that it is analytic in A for |Al <Ay and Ree;>0,7=1,..., k— L

Let now A be real and —A, < A < A,. By (2.10) we then have that »* is analytic in
Ime; >0, j=1,...,k—1, as a tempered distribution in g, ..., B, since by (2.1)
o*(xySy,...,%5,) 1s a uniformly bounded continuous function of all its variables, when
A is real.

From the linked cluster expansion for p* as given by Lemma 3.1 of [1] and the fact
that the measure dv(s) satisfies the relation dv(s) = dv(—s), we have, for real A:

Py Sy, - e si) = pH(x1, =S, o, X —Sy). (2.14)

This implies, by (2.12):
(o Br oo os kg Pt 1.8 = —n*(aty, _51: oo 01, —Prots =1, - w? =), (2.15)

where 7* is the complex conjugate of »*.

By the analyticity of n* in Imea;>0,7=1, ..., £ — 1, we obtain from (2.15) that
n*(ety ﬁ?l’,...,ock_l é:(_l;sl...sk) is also analytic for Ima; < 0 and by its analyticity for
Rea; > 0 we have that it is the continuation of the same function.

Let us now define the integrated spectral density functions

8 i+ vons St Fr 13 S + o0 S0)
= f ) f 7oy El' ey Oy Ek—l 381 Sk)fl(él) - fk(gk) dlél .- -dgk- (2.16)

The following theorem follows from what is said above

Theorem 2.1

Let fi, ..., fx—; be in &(R"'), then the integrated spectral density functions
N (otyfi, o 1 fi1:S1, .- 8 for Areal and —A, < A < A, are analytic functions in the
energy variables «, ..., a,_; in the product of the cut planes C —[—,0], 1.e. the

complex planes cut along the negative real axis.

Moreover for complex A, the integrated spectral density functions are analytic in
the coupling constant A and the energy variables «, ..., ®,_; in the product of the disk
|A| < Ag and the right-hand half planes Reo; >0,7=1,..., 2 —1. B

By formula (6.4) of [1] we have that for ¢, < ... <f,and —Ag <A < Aq:
AR AN

= (—A)* (L2, exp[is, @,(%,)] exp[—(t; — t,) H] . . . exp[—(ty — ti_s) H]explisp,(%i)] 2).
(2.17)
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Introducing now P= {Py,P,,...,P,_;} as the self-adjoint infinitesimal generator for
the unitary group of space translations, we see that (2.17) may be written

pk(tl .'_’21 81, % & tkik Sk)
= (—=A)*(L, exp[is, p,(0)] exp[—i{; P] exp[—7, H] exp[is, ,(0)] . ..
x exp[~iy_" P]exp[—r,_, H] explis, ¢,(0)] 2). (2.18)
Inserting this expression for p* into (2.12) we get the following expression for the
spectral density function for «; >0,7=1, ..., £ —1:
ety Bry - - s g Brer 1o - - s S1)
2m)n=1 Nk S(P—B 8(P — Pe_
B 0 explis, 91001 22— expfis, 0.
(271')" 1 H + oy H + O 1
x explis, p.(0)] 9) , (2.19)

where we have used that H and P commute, and the identity (2.19) is in the sense of
tempered distributions,

Theorem 2.2
For =g <A< Agand «y, ..., o_; complex and outside the negative real half axis,
the spectral density functions are given by
N*(ot1 By -+ s %kt Prers St - - -, S)
(@myr2 N . SP—B) .
= Q, .(0 explis, @, (0)]...
@m) 13 exp[2s; ,(0)] Him xp[7s; @.(0)]
3(P —Bir)
X ————— exp[is, ,(0)] 2 ).
H + ak_l p[ ktps( )]

The jumps of the spectral density functions across the cuts along the negative real axis
for «; are obtained from the formula above by substituting 27¢8(H + «;) for 1/(H + «;).
The equality above is to be understood in the sense of tempered distributions. Hence
for the integrated spectral density functions we have

17"("‘1]’3» e o i Sy § Spmn 1 v5:5p)

((2m)"1 Xk fi(P)

=7 7| ;
(217),,__11: ( ’exp[zsl (PE(O)]H—}—

explis, p,(0)] ..

oy

D i g1
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Proof: Integrating (2.19) with respect to f,(8,) ... fe_1(Bx_,) and utilizing that both

sides are then analytic functions for Reo; >0,2=1, ..., 2 — 1, because of H > 0, we get
the corresponding identity for all «,, ..., «,_, in the cut planes, and from this formula
it also follows that »* is joint analytic for all «;, ..., ®_; in the cut planes, since the

spectrum of H is contained in the positive real axis. H

Theorem 2.3

Consider now the scattering functions in momentum space F*(p;sy,...,PxS) as
functions on the hyperplane >¥_, p, = 0. Thenforreal A, —Aq < A < Ag, F*(p1 51, .. PuSk)

is complex analytic in the energy variables #9, ..., ¢ in the complex % — 1 dimensional
space >¥_; p7 =0 outside the union of the real hyperplanes of the form
Im 3 $7=0,
iel

where [ is any subset of {1,...,k}.

Proof: The theorem is proven by expressing &* in terms of n*~! by the formulae
(2.6), (2.7) and (2.11) and using Theorem 2.1, which gives the analyticity of n*~! in
Olyy vnvy Og_q- .

3. The Infinite Volume Off Shell Scattering Matrix
3.1. Analyticity in the energy variables for the off shell scattering matrix

We now introduce the truncated spectral density functions

7];‘"(“1 El’ cey O g Bk—l;slr —_— Sk)
_ (@mt . 5(P — ) | 8(P - B,)
- Er)’“—lz (.Q, exp[s; @,(0)] —m F exp[is, ¢,(0)] m
F... 8;{%5:_1) F explis, @,(0)] Q), (3.1)

where F is the projection on the orthogonal complement of £2 in the physical Hilbert
space # . Let F, be the projection onto £2, then by utilizing that FF + F,=1, we see
that if we define the truncated time-ordered scattering functions in momentum space
FE(p1S1,-- DSy by the formulae (2.6) and (2.11) with nf instead of %*, then
PE(p1S1, .-, PeSi) 1s actually the Fourier transform of the time-ordered truncated
scattering functions §%(x,s,,..., %, S;), where §% is the function obtained by truncating
the time-ordered scattering functions (2.3) in the sense of (3.13) of [1].

We define the off shell finite volume truncated scattering amplitudes Sk T (p, ..., Pn;
q4,..-,9,) by the formula in theorem 6.4 of [1], without the restrictions p9 = u(,),

93 = ©(g;)-
Introduce the notation
SJ::TR(A’B) =S;:Tn(p1”Pn’QI’:qm) (32)

with 4 = {p1,....pa} and B={gy.....gu}.
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With this notation the formula in Theorem 6.4 of [1] takes the form

|4]+|B| 1 Z
SLT(A, B) = s f f(,s )l Ail+ 1By . (ds,)14r+1BA %, (A)
r=1 1" AU Y4,
B1U---UB:
x Xe(B) &I r(E D= 3 Qs 2 Bi— 2 9'1:31»---:5r)
ied; JjeBy ied; icA,
X jq du(s;) + 3141.1081,1 8(22;1 — 1), (3.3)

where the sum runs over all disjoint partitions of 4 and B into » subsets, and |4 | stands
for the number of pointsin the set A. ,(4) = IT,. . %.(f,) and § ., = 1if |4| =1 and
zero if not.

By Theorem 6.1 of [1] we know that the finite volume scattering functions
of (%1 Sy, ..., %S,) converges pointwise as uniformly bounded functions to the infinite
volume scattering functions of(x;s,,...,%;s,) for A real and —A; < A < A,. Hence the
corresponding time-ordered scattering functions also converge pointwise as uniformly
bounded functions and of course also the corresponding truncated functions converge
pointwise as uniformly bounded functions. Therefore their Fourier transforms con-
verge as tempered distributions, and their limits are given by the truncated time-ordered
scattering functions in momentum space L%(p;sy,...,PxSy). We formulate this result
in the following theorem.

Theorem 3.1

The finite volume truncated off shell scattering amplitudes S/-7(4, B) given in
(3.3) converge in the sense of tempered distributions to the infinite volume truncated
off shell scattering amplitudes ST(4, B) given by the following formula, for A real and
—Ao <A< Ay:

|A|+IBI

ST(4, B) = Z f f isy)Ail¥1Bil (g y 4 1+1B 1% (A) ¥.(B)

r=1 .4 Alu ‘U4,
B=B1U---UB,

X FES A, =3 By,sy, .. S A, — 3 B,,s,)

XH Ap(s) + 841,18 181,10 8(B1 — 41),

where A = {p;,...,p,} and B ={q,,...,¢,} and |A4| is the number of points in the set 4.
The sum runs over all disjoint partitions 4 = 4, U ...U 4,and B= B, U ...U B,, such
that A,UB;# 2 for i=1,...,7. §,(4) = HI,EA Xs(p), and > A;=2,c4,p and
84,1 =10f |4| =1 and zero if not.

The truncated scattering function L5(p;s;,...,px8) is given in terms of the
truncated spectral density functions n%(a; By, ..., cg_1Br—1; S1 .-- S) by

FHD151 - PeS) =2, N5 (Prcay Prcty + Prcays -+ o Py + - - -

+ Prk—1)s Sac1ys - - +» Sr) O(P1 + - -+ P4),

where the sum runs over all permutations 7 of {1,..., %}, and n% is given by (3.1).
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We remark that the truncated scattering amplitudes ST ,.(p1,.- . P q1,- - - @m) aT€
symmetric in p,, ..., p,andin gy, ..., ¢

Theorem 3.2

For A real and —A, <A<, the truncated off shell scattering amplitudes
Sam(P1,--Pniq1s-- - qm), considered as functions on the hyperplane >7_; 6, — > 1 ¢,=0,
are analytic functions in the complex energy variables Y, ..., $9; 49, ..., g% in the

n +m — 1 dimensional complex space which is the hyperplane >, p?9—>7",¢% =0,
in a domain which is the complement of the union of the real hyperplanes of the form

m( 3 #0- 3 ¢8)=0.

iel jed

where [ is any non-empty subset of {1,...,#} and J is any non-empty subset of {1, ..., m}.

Proof. This theorem follows from the analyticity of the scattering functions in
momentum space, Theorem 2.3, and the immediate observation that the truncated
scattering functions in momentum space have the same domain of analyticity, as
follows from the fact that n* and 54 have the same domain of analyticity in the energy
variables, as seen from the definition (3.1) of the truncated spectral density functions n%.

Remark: The structure of the regions where the truncated off shell scattering
amplitudes are not analytic could be more closely specified if one could have more
detailed information on the spectrum of H in a fixed total momentum subspace. This
is clearly seen from the formula (3.1) for the truncated spectral density functions,
which shows how the maximal domain of analyticity depends on the spectrum of H.

3.2. The crossing symmetry for the off shell scattering amplitudes

The form of the off shell scattering matrix given in Theorem 3.1 together with the
analyticity in the energy variables for the off shell scattering matrix, as given in
Theorem 3.2, are sufficient to prove the correspondent in this model of what is usually
known as the crossing symmetry for the off shell scattering amplitudes®). Namely, the
property that the scattering amplitudes for different scattering channels are related to
one another in the sense that they are boundary values of one and the same analytic
function taken at different branch cuts.

Recalling that for any physical scattering process the energy variables are of
course all positive, we shall see that the crossing symmetry actually follows from the
fact that by Theorem 3.2 we may continue analytically the energy variables from the
cut along the positive real axis to the cut along the negative real axis. In fact we have
the following theorem:

Theorem 3.3

For A real and —Ag <A < A,, the truncated off shell scattering amplitudes
ST Py, osPniqys-. .. qy) are symmetric in py, ..., p, and in ¢,, ..., ¢,,. Moreover they

5)  See, e.g., Ref. [5].
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are symmetric with respect to interchanges of p’s with ¢’s in the sense that

S:,m(zbll ' 'Jpn;ql» rey q»:) =S:.—1,m+1(p1" . "PN—I;ql’ MRS q"v—Pn)'

Furthermore ST .(f1,....P4; ql, ...,qm) is analytic in the upper half planes for the energy
variables 9, ..., #%; 4%, ..., ¢9, so that ST ,.(p1,..-.Pn;q1,-.-.¢m) Mmay be analytically
continued in the upper $9 half-plane from the positive real 2 axis to the negative real
p5 axis. Hence all the truncated off shell scattering amplitudes S7 .(f1,.. . 2n; 91, -+ qm)
with # +m = N are boundary values of one and the same analytic function taken at
different branch cuts.

Proof: The identity in the theorem follows immediately from the formula for the
truncated off shell scattering amplitudes given in Theorem 3.1. The analyticity in the
energy variables follows from the analyticity in the energy variables given in Theorem
3.2. This proves the theorem. i

3.3. Remarks on the scattering matrix

The scattering matrix would be obtained from the off shell scattering matrix by
restricting the energy variables p9,7=1, ..., nand ¢?,7 =1, ..., m to the physical mass
shell, in a similar way as for the space cut-off scattering matrix in Theorem 6.4 of [1].
Of course the physical mass shell in these models would not be a hyperboloid since the
models have a momentum cut-off in the interaction, but it should be given by the
eigenvalues m(p) of H in the subspace of fixed momentum P = p. The corresponding
eigenvectors would be the asymptotic or physical one-particle states. By (3.1) we see
that the eigenvalues m(p) of H, if they exist, would correspond to poles on the negative
o-axis at m(p;) for the truncated spectral density functions. From (2.12) and the fact
that p*(x;s,,..., %) 1s analytic in A for |A| < Ay and has a zero of order 2 at A =0, we
find from (3.1) that

3P — B B —Bu) o o
L2, s0,(0)] ——— F 5, ®,(0)] ... ———— Fexplis, ¢, (0)] 2] (3.4
( exp[isp,(0)] H+ o exp(zs; @,(0)] - H+ oy, Plesk @ (0)] (3.4)
is an analytic function in A for [A| < Ay, and Reo; >0,7=1, ...,k — 1.

For A = 0 we know that (3.4) has poles only at o; = —pu( B ) and that the cuts along
the negative real a-axis actually start only at —2u(8,), so that the poles are isolated
from the cuts for A = 0. This, together with the analyticity in A of (3.4), seems promising,
but we have not yet been able to prove that the spectral density functions have isolated
poles.
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