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Transformation Properties of Observables

by H. Neumann

Institute for Theoretical Physics, University of Marburg, Germany
(27. 111. 72)

Abstract. 1t is well known that the position observable considered as a projection-valued
measure (decision observable) is uniquely determined by its transformation properties within an
irreducible representation (m 7 0) of the Poincaré [1] and the Galilei group [2]. The notion of an
observable, however, has been generalized by several authors considering positive-operator-valued
measures (POV measures) [3] or corresponding subsets of the lattice of projections [4]. Using a
theorem of Neumark [5, 6] we prove a theorem, which allows the construction of all such generalized
observables with the desired transformation properties. As an example we discuss position observ-
ables in an irreducible representation of the Galilei group. It is shown that every position observable
is the convolution of the usual position observable and a suitable measure in the spin Hilbert space
and thus the generalized position observable is by no means unique.

In Reference [17] we discussed the notion of an observable in a quantum mechan-
ical system described by a dual pair of Banach spaces B, B’. In this paper we shall
continue the discussion assuming that B is the space of Hermitean trace class operators
and B’ is the space of Hermitean bounded operators in a separable Hilbert space H.
K={VeB|V >0, trt¥V =1} denotes the ensembles and L={Fe B’ |0< F<1}
denotes the effects, i.e. the yes—no experiments of the quantum mechanical system [3].
tr (V' F) is the probability for measuring the effect of F in the ensemble V.

Following References [3, 7] an observable (Q, F(g)) is a Boolean algebra () and an
effective L-valued measure F(q) (a mapping F:Q — L such that F(g, v ¢;) = F(g;) +
F(g,) if g, A9,=0, ¢,,¢,€Q and F(gq) =0 implies ¢ =0) such that F(1) =1 and
Q is #g-complete and u-separable.

uy is the uniform structure on Q, a base of which is given by the sets:

{(91:92) €0 xQ [ g1+ 2 €Uy, ..., v,

91 +92= (91 A g%) v (¢T A ¢;) being the symmetric difference in Q and Uy, . .y .
being the neighbourhoods of 0 € Q:

Uy,....vme=1{9€Q [tr(V F(g) <e, V,€K, i=1,..,n}

This uniform structure has a distinct physical meaning discussed in Reference [7].

(Q, F(g)) is called a decision observable if F(g) is a projection operator for all ¢ € Q.

In Reference [7] the mapping F:Q — L was proved to be uniformly continuous
if Q is equipped with g and L is equipped with the uniform structure induced by the
o(B’, B) topology.

@ is a Boolean o-algebra and my(q) =tr(VF(g)) is a o-additive measure on @
forall VV e K.
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An L-valued measure on a Boolean o-algebra Q is called o-additive (POV-measure
in the terminology of Ref. [4]) if

® ©
2 Flg) = F(V 9’:)
i=1 i=1
holds in the strong operator topology for g; A g, =0, 7 # k.

1. Lemma. An effective L valued measure on a Boolean algebra Q with F(1) =1
is an observable if and only if Q is a Boolean o-algebra generated by a countable
Boolean algebra Q. < ) and F(g) is o-additive.

Proof. Suppose (Q, F(g)) is an observable. There is a countable subset and thus a
countable Boolean subalgebra (not necessarily a g-algebra) Q. < Q, which is ug-dense
in Q. We consider a base {g;};_, .. in Hand A; > Osuchthat >;°, A;=1. V=32, Pq,
P, being the projection onto ¢, is an effective ensemble (tr (V, F) = 0 implies F = 0)
and my, (9) 1s an effective g-additive scalar measure on Q. Thus 8(gy,¢,) = 7y, (¢1 + ¢2)
1s a metric on Q) generating the uniform structure u, [7].

For every ¢ € Q there is a sequence ¢, € Q. such that m, (g 4+ ¢;) — 0. This implies

2] e] Q0

o-limg; = /_\ Na=NA Vg=q9 (8,124
and therefore () is generated by Q.. In order to prove the o-additivity of F(g) assume
g; € Q with ¢; A ¢, = 0 for 7 # k. Since my(g) is c-additive forall Ve K, F,= >/ F
converges to Fo = F(v;, ¢;) with respect to the o(B’, B) topology, which is equivalent
to the weak operator topologyon L. As0 < F, — F, <1 wehave (F,— F,)* < Fy— F,
and therefore ||(F, — F,) ¢l* <<@|(F, — F,) @) for all p € H and F, converges to F,
with respect to the strong operator topology.

Now suppose that @ is a Boolean o-algebra generated by a countable Boolean
algebra Q. and F(g) is a countably additive L-valued measure on @ with F(1) =1,
F(g) is countably additive with respect to the o(B’, B) topologyand my, (g) = tr (Vo F(q))
is an effective o-additive scalar measure on Q, ¥V, being an effective ensemble. Thus
Q is ug-complete ([8], II, 2.4). The wuy closure QC of Q. is also ug-complete and F(g) is
an effective L-valued measure on (.. Hence (), is a Boolean o-algebra [7] and our
assumptions imply Q = Q. and the proof is complete.

Jauch and Piron, too, consider general yes—no experiments at the beginning of
their foundations of quantum mechanics [9]. But they introduce such a strong equiva-
lence relation between yes-no experlments that every equivalence class may be
represented by a pr0]ect10n operator in H. This equivalence relation apphed to L reads
F,~F, if (tr(VF,) =1 is equivalent to tr(VF,) =1 for VeK), ie. F;~F, if
Pl(F 1) = Py(F,), Py(F) denoting the projection onto the eigenspace of eigenvalue 1
of F. Thus in every equivalence class C of L lies one and only one projection operator
P,(F), FeC. A

If F(g) is an L-valued measure with F(1) =1 on a Boolean algebra Q the corre-
sponding projections P,(F(g)) perform a generalized observable in the sense of Refer-
ence [4] (compare also Reference [10] ):

P(F(0)=0, Py(F(1)=1,  Py(F(q1) P1(F(g))=0
ifg, Ag;=0and
P,(F(q1) A Py(F(g2) = P1(F(g1 A g2)).
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Therefore every observable as defined above determines a generalized observable in
the sense of Reference [4].

In the sequel we consider an observable (Q, F(g)) and a topological group G
which acts as a continuous transformation group on Q and has a unitary continuous
representation g +> U, in H such that

U,F(q U =F(eg(g) forallgeG,qeQ. (1)

As an application of Neumark’s theorem [5, 6] we shall prove that there is a decision
observable (@, £(g)) in an enlarged Hilbert space H such that F (¢) is the restriction of
E(g) to the subspace H of H and that there is a (up to unitary equivalence) unique
unitary representation of G in A which transforms (Q,E(g)) according to (1). The
detailed statements are as follows.

2. Theorem. Let (Q, F(g)) be an observable in a separable Hilbert space H. Let
@:G — Aut(Q) be a homomorphism of a topological group (G,7) into the group of
automorphisms of Q such that the mapping ¢,:G — Q given by g —g(g) = @(g) ¢ is
T —ug-continuous forallg € Q. If ¢ — U, is a weakly continuous unitary representation
of G in H such that U, F(q) UF = F(g(q)), the following statements are true:

i)  There is a Hilbert space H containing H as a subspace and a projection-valued
(additive) measure E(g) on Q such that F(g) = PyE(q) Py, where P, denotes
the projection onto H. H is the closed linear hull of {E(¢)p /peH,qeQ}
(H=Tn{E@ ¢ |pcH, Q).

ii) (Q,E(g)) is a decision observable and H is separable.

i) There is a weakly continuous unitary representation g — U of G in H such that
U +E(@) U = E(g)g)) for all geG, geQ and U, = P,U, P (g — U, is a sub-
representation of g — U a)-

iv) This construction is unique in the following sense: If H, P, E(q and H
P§, E'(g), U satisfy i) and iii) there exists an isometric mappmg T of ﬁ onto H /
with Py = T- \P{T,E(q)=T'E'(q) Tand U,= T-1U,T.

Proof. Statement i) (and partially ii) and iv)) was proved by Neumark [5]. We
shall verify that 1) implies all the other statements.

If E(g) is countably additive with respect to the strong or equivalently the weak
operator topology (Q,E(g)) is a decision observable according to Lemma 1. Since

E(qg) islinear, ||[E(g)|| < 1 forallg € Q and H= lln{E (@) ¢ | ¢ €Q, p € H} the g-additivity
1s proved by

Z(E ) @|E(q:) E ¢>=§<99IP0E(4A41) Pyp)

= ; (pIFg A g)@>=<plFlgr(Va)e>
=<(E(g <PIE 7:) E(q) ¢>-

H is separable: Q is ug-separable with K={VeBH)|V>0, trV =1} (compare
Lemma 1). Hence there is a countable subalgebra Q. = Q which is ug-dense in Q.
Moreover there is a countable subset S, = H dense in H. Since (Q, E(g)) is an observable
the mapping ¢ +> E(g) is continuous, Q equipped with the ug-topology and B(H)
equipped with the weak operator topology. It is verified by an easy estimation that
{E@p/qeQ., peSctisdensein{E(g)p/geQ, pe H}.
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We shall now construct the representation g > ﬁ'g in H: Since

né E@ el =3 <(@|Eg A g o

ikl

= Z {pi| F(g: A 9 i

ik=1
= > (U,pi|F(glg:) A8 Ugpr
ik=1
= 2 E(g(g:) Ug(PtHZ forallg, e H,q,€Q (2)
i=1

an operator (7 ¢ 1s well defined on lin{E(g9)p /¢ €Q, ¢ € H} by
- n n
0,2, K@) ) - 3, Eeta) U

U ¢ 1s obviously linear and is isometric by Equation (2).
Thus U, has a unique linear isometric extension onto

H=in{EQe/pecH g0}

As P, U,, ﬁg, F(g), E(g) are all bounded linear operators it is sufficient to verify
operator identities in the sequel on vectors of the form E(¢q)p, g €Q, p € H.
The representation property of g +— U, is proved by

U,,U,,E(@) 9= U, E€:(9) Uy, ¢ = E(€18200) Uy Uy, 0= U, E(@)
Moreover this equation shows that the operators ﬁg are unitary (U, = 1).
PyU, P, = U, is verified by
U,p=U,E(1)p=E(gl) U,p=U,p forallpeH.
U,E(q") U* = E(g(¢)) is verified by
U,E(q) U EQ@e=U,E(q)Eg™(@) Usp
=U,E(¢ ng™@)
=E(g¢) ndoe=E@)EQe
It remains to prove the weak continuity of the representation g — I}g. Since Ilﬁgn =1
forall g € G and U, is linear it is sufficient to check the continuity for all vectors of the
form E(g)p, g€ Q, p e H, [lpl| = 1:
KE(@) #1(T, — 1) E(@) 9>| = Kel(E(g A g()) U, — E(g)) )|
< KelE(g A &) (U, — 1) @>| + Kol (Elg A 8(9)) — E(9) @)
I(TUg = 1) @ll + <pl|E(q A 8(¢*) >
I(Ug = 1) @l + @l F (g + £(9)) p>-

The first term of the estimation tends to 0 if g converges to the unit element ¢ of the group
since g > U, is assumed to be a continuous representation of G. The second term
tends to O for g — ¢ since ¢ > g(g) is assumed to be #g-continuous and the mapping
g — F(g) is continuous according to the remark before Lemma 1.

VAR A}
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To complete the proof assume H, P, E and H', P, E’ @, fJ; to satisfy i)
and iii). We may identify the subspaces of H and I%‘ Wthh are isometric to H.
Since

I Z E(g) oil® Z {pi| F(gy A q) > = || Z E'(g) @il (3)

ikl

forall¢; € Q, ; € H, a mapping T of lin{E(q)p [geQ, pe H} ontolin{E'(q)p [ g €Q,
@ € H} is well defined by

1(3 50re) - 5 Frm

T is obviously linear and is isometric by (3). Thus T has a unique linear isomeric
extension to a mapping of H onto H'. .

The identities Po=T-'P'T, E(q) =T 'E'(¢) T and U,=T-'U,T are easily
verified.

In the next lemma we discuss the continuity assumption of Theorem 2 concerning
the transformation of Q by G. This lemma provides a possibility to check the continuity
assumption in concrete examples. Moreover, statement ii) of the lemma shows the
necessity of this assumption in Theorem 2.

3. Lemma. Let (Q, F(g)) be an observable in H, (G,r) a topological group and
¢:G — Aut(Q) a homomorphism, ¢,:G — @ the mapping given by g > g(q) = p(g) ¢
If g > U, is a continuous representation of G such that U, F(q) U¥ = F(g(g)) we have

i)  If g, is 7 — ug-continuous at the unit element ¢ € G then ¢, is continuous on G.

ii) If (Q, F(g)) is a decision observable then ¢, is continuous on G for all ¢ € Q.

iii) ¢, is continuous on G for all ¢ € Q, if there is a subset S < Q which generates Q
such that ¢, is continuous for all ¢ € S.

Proof. The first statement is a consequence of

tr (VE(go(g) +£(9))
=tr (VU,, F(g +£5"¢(g)) U
=tr ((Ug,VU,) F(g+£5"¢(9)))

To prove the second statement consider the equation

Flg+g(@)=F(g* ng(@) + Flg A glg*))
=F(@*) U, F(q U} + F(g) U, F(¢*) U3. (4)

Since g — U, is a weakly continuous representation both terms of (4) are continuous
functions of g with respect to the weak operator topology and thus are o(B’, B)-
continuous functions of g.

To prove iii) we shall show that the set Q.,, ={¢ €Q / @, is continuous} is a o-
subalgebra of Q. Q.. is a subalgebra of Q since the algebraic operations in ) are #y-
continuous [7] and the following identities hold

Pa,na,(8) =8(q1 A 42) =8(91) A £(22) = ®4,(8) A Pu,(8)
Pq(8) = (pq(8))*.
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To see that @, 1s a o-subalgebra consider a sequence ¢; € Q.,, With ¢,,, <g¢,. If
q= A q:,9; converges to ¢ with respect to the #x-topology. The estimation
i=1

Flg+g(@)<Flg+aq)+ Flg: +glg) + Flglg: +9)

=2F(g+q) + Flq, +glg) + (F(glg: + 9) — Flg: +9))

proves the continuity of ¢,. The first term tends to 0 because g; — ¢, the second because
of the continuity of ¢, and the third because of the continuity of the transformation
U,Flg:+9) U7.

As an application of Theorem 2 we consider an elementary quantum mechanical
system with mass # and spin s which is described by a continuous irreducible repre-
sentation up to a factor (m # 0)g +— U, of the Galilei group G in a separable Hilbert
space H. To simplify the notation we choose m = 7% = 1.

Let 2 be the Boolean o-algebra of Lebesgue measurable sets of the 3-dimensional
Euclidean space R3. If ], is the ideal of sets of Lebesgue measure zero, denote by
Q = 2/], the quotient algebra on which the Lebesgue measure is effective and denote
by y the canonical surjectiony: 2’ — Q. Ifg € G,g = (R,a,v,7), R € SO(3) is the rotation,
a is the space-, v velocity-, and 7 time-translation.

g(x) = Rx + a + ut, x € R3, geG (5)

defines a homeomorphism of R? for fixed real parameters .

glo)={yeR* y=¢gx),x¢cd}

defines an automorphism of X which leaves J, invariant and thus g(y(o)) = x(g(0))
is an automorphism of Q for allg € G (6). We haveg,(g,(¢)) = (g:4,)(g), and the mapping
¢:G — Aut(Q) defined by (6) is a homomorphism. An observable (Q, F(g)) which is
transformed in the Schrédinger picture according to

F(g(q) =U,F(g)U;  witht=0in (5) (7)

will be called position observable. The transformation property of F,(g) in the Heisen-
berg picture is determined by the transformation property of Fy(g), i.e. by (7), since

U,F (U, =U;F,(q) U¥  withg=(R,a+vt, v, 7+ 8)

If we consider the description of a particle in an external field there is a representa-
tion of the Galilei group without time-translation G, in H. In this case (7) remains
valid, only (8) has to be changed.

In the sequel we shall determine all possible realization of (7) by means of Theorem
2. First we shall check the continuity of the mapping ¢,:G — Q defined by g > g(g)
by the help of iii) of Lemma 3:

Consider a sequence g, € G converging to e. If o is an open subset of R3 there is a
neighbourhood U(e) in G for every x € o such that g~1(x) € o for all g € U(e). (This is
a consequence of the continuity of the representation of G in R3.) This implies

vV A (gnlo) ANO)=0

k=1 n=k

hence

A (x(g(0) A o) =x(o)

n=k

T<s
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Since my (g) = tr (V F(q)) is a o-additive measure on Q for all V € K we have

limmy (A x(g(0) A ) = my (x(0))

n->w

hence

Lim my (x(ga(0) A 0)) = my(x(0))

n—->ao

and

Lim m, (x(g,(0*) A o)) = 0. 9)
S={g€Q |g=x(o), o a bounded open sphere in R3} generates Q. If ¢ is a bounded
open sphere in R? the boundary of o is of Lebesgue measure zero and thus

x(0*°) = x(0)* = ¢*,

where ¢*° denotes the inner of the complement of o and g = x(o).
Equation (9) implies

im (7, (2,(¢%) A g) + 7y (24(g) A g*))

=limmy (g,(q) +¢) =0
Thus g,(g) converges to ¢ with respect to the ux-topology and ¢, is continuous for all
g €S, hence for all g € Q.

The Galilei group G, the position observable (Q, F(g)) and the representation up to
a factor g > U, satisfy the assumptions of Theorem 2. (It is well known that the
representation up to a factor of G is a representation of a central extension of G.)
We may conclude that there is a separable Hilbert space A containing H as a subspace,
a decision observable (Q, E(g)) in H and an extension g — U, of the representation of
G with all the properties described in Theorem 2.

Let us discuss the form of the extended representation of G. We shall write U
instead of U if g=(R,0,0,0) and analogously U,, U,. The operators U, and U
providea contmuous representation of the Weyl commutation relations in the separable
Hilbert space H. H may be decomposed into a direct product H = H' x H” such that
U,=U.x1and U, = U, x 1 and U, and U/, form an irreducible representation of the
Weyl commutation relations in A’ [11]. If R ~ Uy is the usual representation of
SO(3) givenin an irreducible representation of the Weyl commutation relations we have

Upx1-UHU x 1({ULx1-UH*=U! x 1

(Upx1-UHU x LU x1-UH*=U; x 1
It follows Ug x 1-Ug =1 x Ug, hence Uy = Uy x Ug, whereR +> Uy is a representa-
tion of SO(3) in H".

In this decomposition of A the subspace H is of the form H = H' x Hj, the spin
space H, being a (2s + 1)-dimensional subspace of H” in which Uy acts as an irreducible
representation of SO(3) of weight s.

According to Theorem 2 the transformation property (7) of (Q, F(g)) is equivalent
to

U,E(q)U*=E(glg) ¢e0Q.g€G. (10)
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E(x(o)) in short E(o) is a o-additive projection-valued measure on R* and we can define
S, = [ exp (¢(vx)) dE(x),

where (vx) denotes the inner product of x, v € R3. v S, is a weakly continuous
representation of the translation group 7'(3) and (10) implies the following commutation
relations

U,S, 0% = exp (—i(av)) S,
U,S,U%=S, (11)
ﬁRSD ﬁ: :SRD'

As the measure E(o) is uniquely determined by the unitary operators S, (theorem of
Bochner) the Equations (11) are even equivalent to (10). Considerations similar to
those concerning the representation of R — Uy of SO(3) show that

S,=U x U (12)

and v — Uy is a weakly continuous unitary representation of 7'(3) in H”. From (11)
follows

UrU,Ug* = Ug, (13)

Thus (v, R) > U, Ugisarepresentation of the Euclidean group (the semidirect product
T(3) ® SO(3)) in H". The equations (12) and (13) are equivalent to (11) hence to (10)
and (7). o

The minimality property H =lin{E(q)p /g€ Q, ¢ € H} of Theorem 2 can be
expressed by

H=In{S,p/ve T(3), pcH}
or
H"=lin{Uyp[veT(), peHy}

This is the case if and only if there is no proper subspace of H” containing H which is
invariant under therepresentation of the Euclidean groupin H". (14)

Summarizing every position observable in an irreducible representation of the
Galilei group in H = H' x H, can be constructed in the following manner: In a con-
tinuous unitary representation of the Euclidean group in a separable Hilbert space H”
we consider an irreducible subrepresentation of SO(3) of weight s in a subspace H of
H”. (We may confine ourselves to the case in which (14) holds.) In H =H' x H" we
consider the projection-valued measure E(o), o € 2, generated by the representation
v = U, x Uy of T(3). U, is given by the Galilei-transformations in H' and U” by the
space-translations of the Euclidean group in H”. The restriction F(o) = Py E(0) P, of
E(o) to the subspace H of H = H' x H" is transformed by the representation of the
Galilei group according to (7). However, it remains to show that in every case F(o) is
an effective L-valued measure on Q=2/]o ie. F(o) vanishes exactly on sets of
Lebesgue measure zero. If E'(o) denotes the usual position measure in H' defined by
the Galilei transformations U, F(o) is the convolution of E’(¢) x 1, and the measure
1 x F'(0c) =1 x P,E"(0) P, P being the projection onto the subspace H; of H" and
E"(o) being the projection-valued measure generated by the representation v — U,
of T(3)inH".If E’ x F"(p) (p Borel set in R®) denotes the product measure of E’(g) x 1;
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and 1 x F"(c) and f:R% — R® denotes the mapping defined by (x,y) — x +y then
F(o) is obtained by F(o) = E' * F"(0) = E’ x F"(f~!(0)). Since (f~(0)),={r€ R*/
(x,y) €f Y o)} =c—yforye R3 oceX wehave F(o) =0 if and only if E'(c —y) =0
for F"-almost all y € E;. As F"(E;) #0 we have F(o) =0 if and only if E'(c) =0.
‘Thus F(g) = F(x(o)) is an effective measure on Q = X/],, hence a position observable.

Let us discuss briefly the special case of a spin-independent position observable
(@, F(q))- The case s = 0 is included in this discussion. The assumption

{pxu|F(q)pxu)=<{pxu|Fg)exu
forallu,’ e H, p € H', g € Q implies (u|U,u) = {u'|U, ') forall u,u’ € H;, v € T(3).
Hence F” (o) = m(o) P,, where m(o) is a scalar o-additive measure on R* which is rota-
tionalinvariant because of m(Ro) Py = Ug (m(o) P,) Ug* = m(o) P,. A spin-independent
position observable is the convolution of the usual position observable E’(g) x 1, and
arotational invariant scalar measure #(c) on R3. We have E’(q) x 1,= E’ x m(q) for all
¢ € Q if and only if m(c) is concentrated on the point 0 € R3, If (o) is concentrated ina
ball centred by 0 € R® the position observable E’(g) x 1 is smeared by convolution
with m (o). If this ball is bounded P, (E’ * m(q)) does not vanish for all bounded regions
¢ €Q (notation as in the beginning of this paper). But if E’ = m(q) # E’(g) x 1, for
some g € () there are regions ¢’ € Q such that P;(E’ * m(g")) =0.

This last remark holds also for spin-dependent position observables.
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