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The Maximal Kinematical Invariance Group
of the Free Schrodinger Equation

by U. Niederer

Institut fiir Theoretische Physik der Universitat Zirich, Switzerland?!)

(16. III. 72)

Abstract. The largest group of space-time transformations which leave invariant the free
Schrodinger equation is found to be a 12-parameter Lie group containing the Galilei group, the
dilations and a group of projective transformations. The group is discussed and it is shown that the
Schrédinger functions carry a unitary irreducible projective representation.

1. Introduction

It is well known [1] that the largest group of space-time transformations which
leave invariant the free Maxwell equations, or the massless Klein-Gordon equation,
is not the Poincaré group but the 15-parameter conformal group isomorphic to SO(4, 2).
The present paper is devoted to the analysis of a similar situation in non-relativistic
quantum mechanics and attempts to find the maximal kinematical invariance group
(MKI) of the free Schriodinger equation, i.e. the largest group of space-time trans-
formations which leave this equation invariant. It turns out that the Schrédinger
group, as the MKI is proposed to be called, is a 12-parameter group containing, in
addition to the Galilei group, the group of dilations and a 1-parameter group of trans-
formations, called expansions, which are, in some respects, very similar to the special
conformal transformations of the conformal group.

The concept of invariance of a wave equation under a space-time transformation
may be described as follows. Let

A(t, x)(t, x) =0 (1.1)

be a wave equation where A(¢, x) is any differential operator in the coordinates (¢, x),
and let
(t,x) — g(£,%) (1.2)

be any invertible coordinate transformation g. Equation (1.1) is then said to be invariant
under the transformation (1.2) if there exists, together with (1.2), a transformation 7,

P, %) = (T, x) =/[g7 (. x)]lg' ¢ ¥)], (1.3)

of the wave function ¢ with the property that T, is again a solution of the wave
equation (1.1). The totality of all such transformations g is called the MKI of Equation
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(L.1), the term ‘kinematical’ being meant to imply coordinate transformations as
opposed to, say, gauge transformations or any internal symmetry transformation.
The presence of the factor f, in (1.3) may be necessitated by various reasons, e.g. the
representation T of the MKI defined by (1.3) may be a projective representation only,
as will indeed be the case for the Schrédinger group; in the general case of a vector
function ¢ the factor f, would be a matrix. It should be noted though that the definition
(1.3) is perhaps not the most general definition of kinematical transformations of a
wave function as it obviously does not cover the case of time reversal.

To find the MKI of Equation (1.1) thus means to find all possible solutions (g, f,)
of the equation

Al ) flt, ¥) (2, %)} =0 (1.4)

for an arbitrary solution  of (1.1). Before this problem is solved in Sections 3 and 4
we briefly present, in Section 2, a method to find the Lie algebra of the MKI. In Section
3 the Schrodinger group [2] is determined directly by Equation (1.4) without reference
to its Lie algebra and the formulas for product and inverse are given; the technical
details of this section are dealt with in the appendix. In Section 4 the functions f, are
calculated and it is shown that the wave functions i carry a unitary irreducible projec-
tive representation of the Schrédinger group. Finally, Section 5 discusses the structure
of the group and indicates a possibility to realize the Schrédinger group as a group of
linear homogeneous coordinate transformations by introducing a scale parameter as a
fifth coordinate.

2. The Lie Algebra of the Schrodinger Group

Rather than attacking the full problem of solving (1.4) we first want to show how
the Lie algebra of the MKI can be obtained by a simple method. Let G(¢, x) be the
generator of a transformation T, defined in (1.3), i.e. let G(¢, x) be a linear differential
operator of the form

—1G(t, X) = a(t, X) 0 + bi(t, X) 0, + (¢, x), (2.1)

where d, = 0/0¢, 0, = 9/0x,. The condition of invariance of Equation (1.1) under the
infinitesimal transformation 1 + ¢ € G is then given by

A, X1+ € G(t, x)] (¢, x) =0, (2.2)

or, since 4(¢, x) is the only annihilator of an arbitrary solution ¢ of (1.1), by the -
independent equation

[4(¢, %), G(t, ¥)] = At x) A(¢, x), 2.3)

where A is an arbitrary function. Inserting (2.1) in (2.3) with the Schrédinger operator
(h=1)

1
A(t,x) =18y +—
(t,x) =1 o+2mA, (2.4)

and comparing the coefficients of the differential operators of (2.3) we obtain a system
of linear partial differential equations for the functions a, b, ¢ and A. They are easily
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solved and the solution is
a(t, X) = —odt? + 28¢ + b,

b(f,X) = (—af +8) X+ r x X+ Vi + a,
c(t, X) = 3(—ot + 8) + tm(Fax® — v-Xx) + k&,
A(t, X) = g a(t, ), (2.5)

where 8, «, b, a, v, r and £ are real constants. Because a constant generator does not
correspond to a space-time transformation the last constant, &, is uninteresting and
we find the 12 generators

D=i(28,+x-V+3),
A =iy +tx-V +30) _"E'xZ,

H=1d,, P=—V, K=1tV+4+mx, |]=—1xxV, (2.6)

where the arbitrary generator is 46D + ‘a4 + ¢bH —7a-P + 4v-K —4r-). The last ten
of these generators are recognized as the generators of the Galilei group and the co-
ordinate transformations corresponding to the first two generators can be obtained
by an integration of the Lie differential equation for transformation groups [3] with
the result

§: (2, X) — (d%¢,dx), d =,
X

¢
o (t’x)-—)(—l—;-at’l—%oct)' (2.7)

Thus D generates dilations and A generates a type of transformations which are very
similar to the special conformal transformations of the conformal group although they
only form a l-parameter group instead of a 4-parameter group (a fact which shows
that the Schrédinger group is not a contraction of the conformal group). In the following
the a-transformations will be called expansions.

3. Determination of the Schrédinger Group

In the present section the problem of finding all possible pairs (g, f;) satisfying the
condition (1.4) is solved completely for the space-time transformations g while the
final determination of the functions f, is deferred to the next section. The operator
A[g(t, x)] in Equation (1.4) may be converted into a differential operator in (¢, x) with
coefficients related to the transformations g, and Equation (1.4) can be considered as
a differential equation for the functions, ; theinitial arbitrariness of the transformations
g 1s then restricted by integrability conditions and it is precisely this restriction which
defines the Schrodinger group. This program involves an elementary but lengthy
process of solving various differential equations and is carried out in the appendix.
The result, as far as the transformations g are concerned, can be stated as follows:

The Schrodinger group G consists
i)  of all elements g, of the form

go(t, X) =[d*(t + b),d(Rx + vi + a)], (3.1)
where d # 0, b, a and v are real parameters and R € SO(3) is a rotation,
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ii) of the discrete element

S, %) = (_ ;;) : | (3.2)

iii) of all combinations of g, and X.

The elements g, of (3.1) constitute the group of Galilei transformations enlarge_d
by the dilations. The discrete element is the analogue of the inversion at the unit
sphere which plays a similar role in the conformal group. We use it to define an expansion

[] by

t
[l (¢, ) =[27 (—a) 2]t x) = (me : —:—(at), (3-3)

where (—a) is a time-translation with & = —a. All elements g € G can now be character-
ized in a unified way by the symbol

g=(d,a,b,a,v,R) = (d)[a](b, a,v, R), (3.4)

and the space-time transformation g is defined by

' Rx+ vi+ a
gt x)=|a? sy ,d : (3.5)
1+a(f+0) 14+a(f+D)
In the notation (3.4) the element 2’ appears as the limit
Z=lim (¢, ¢, —1/¢0,0,1), (3.6
-0

where the limit is understood to be taken in the combination X (¢, x) only. Note that
2% is the parity transformation; X generates the cyclic group of order 4.

Finally, let us mention the formulas for the product and the inverse in G as
calculated from (3.5):

Product: g3;=g,4

d 1
d3=d'—2(d§'+ot1b2): a3=Rya,+d bV, +’d—(1+°‘1b1) 2
! 1

asm:i-z-(df"l‘ oy by) (0t + &g a3 b, + A2 ), Va=R,v, +d,; v, + Eml a,,
' 1

b,

by=0b; + ————
¥ ! df+atlbz

R3 = RZ Rl) (3.7)
if d% + oy b2 # 0, a.nd
1

o 1 diax " ,
g3 = Z(?ij: O: b1 +— - 221 a;, V3, R3): (3'8)

oy 5]

if d% + albz =0.
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Inverse: g =g

d==(1+ab), a =—dR(a—bv),

1
d

. 1 1
== (tad)a,  v=— R+ o)V,

b v
b =—d? , R =R? (3.9)
1+ b
if 14 ab#0,and
o d?
-1 _ ——,0,——,a, Vv, R'|, 3.10
g Z‘( O o=y ¥ ) (3.10)

if 14+ ab=0.

4. The Schrodinger Representation

The Hilbert space of Schrédinger wave functions with the inner product
(b, ) = [ 827 (6,%) (6, %) | CBY

carries a unitary irreducible projective representation of the Galilei group [4]. In the
present section we want to show that it carries such a representation of the Schrédinger
group G as well.

To each g € G there belongs an operator T, acting on the wave functions ¢ and
defined by (1.3), where the functions f, have yet to be specified. They have been
calculated in the appendix for the expansion free elements g, and for the discrete
element 2, but they are only given up to a constant which may still be a function over
G and which has to be determined by the requirement that the operators T, form a
projective representation of G, i.e. by the requirement

T, Ty, =w(g:8) Ty, (4.2)
where w is a factor system [5] with the property
w(8382,81) (g3, 82) = w(g3.£281) (g2, £1), (4.3)

derived from the associative law in G.
As a consequence of (4.2) the functions f, have to satisfy the relation

fg._,[gl(t: x)]fgl(t» X) = w(gZ’gl)fgzgl(t’ X). (44)

Using (4.4), the definitions (3.3), (3.4) and the expressions (A.17), (A.19) from the
appendix we first obtain

m

fg(t» X) = Cg uy(t)slz exp [_ W

hy(t, x)},

Ugl) =1+ a(t + 0),
hy(t, X) = ax? + 2Rx-[aa — (1 + abd) v] + xa®? — (1 + ab) tv? + 2ata- v, (4.5)
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where C, is a g-dependent constant. As can be seen from the easily verifiable relation

d;I dil “gz(& ) “gl(t) =d;! “ga(t) , (83=8281) (4.6)
it seems natural to choose
C,=d32, (4.7)

a choice which is confirmed by the term 3/2 in the generator D of (2.6). With this
choice Equation (4.4) can be verified in a straightforward, though tedious way and
the corresponding factor system turns out to be

w(g2,81) = exp[im(g,,£,)],

1 1
(g2,81) = 3430, V22+%'d—2°‘1(1 + oy b,) a3 + d_al R, a;-a,
i 1

+ al bl 32' VZ + dl Rz al * V2, (4.8)

and satisfies (4.3). Note that the functions f, agree with the generators (2.6), and that
both f, and the factor system (4.8) assume the correct Galilean values ford =1, « = 0.

With the operators T, given by (1.3), (4.5) and (4.7) the map g — T, defines a
projective representation T of G which is irreducible because it is already irreducible
when restricted to the Galilei group. That T is also unitary with respect to the inner
product (4.1) follows from the quasi invariance [6] of the measure d*x which com-
pensates for the factors d=3u,(f)* from (4.5).

5. The Structure of the Schriodinger Group

The Lie algebra of the Schridinger group can be calculated from the explicit
form (2.6) of its generators

'Ul’.]k] = ieikr]r! [Ki: Kk] = 0' ; [Pi! Pk] = O’
[Ji» Pi] = tey, Py, [K;, Py = (1mdy,), [P, H] =0,
[Jka] = ieierr! (K, H] = iPt,

Ui’H] =O:

[D, ]]=0, [D, K]=1K, [D, P]=—P,

(4, ]]=0, [4, K]=0, [4, P]=—

(D, H] = —2iH, [4,H] =D, (D, A] = 2iA, (5.1)

where the appearance of the bracketed term in the commutator [K,, P,], which is
absent in the Lie algebra of G, is due to the fact that the representation T of Section 4
is not a true but a projective representation of G, or, what comes to the same, a true
representation of the extended [7] Schrodinger group G,, i.e. the group G extended by
the 1-parameter mass group generated by an operator M which commutes with G -
and which, in the representation 7', takes the constant value »; this situation already
occurs in the case of the Galilei group.

A closer 1nspect1on of the Lie algebra (5.1) shows that the subgroup generated
by D, A and H is isomorphic to the group SU(1,1) ~ SL(2, R); in the customary form
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its generators are given by
L= (3(4 + H),—4D, (4 — H)}. 5.2)

The group SL(2, R) can be given a natural interpretation as a group of coordinate
transformations by the introduction of a scale « through

1 1
t=——'Y)’ X=—g, (5'3)
K K

where by definition § remains unchanged under a transformation (4, «,b). We then
find a linear transformation of the 2-component vector («,n),

1 o .
(d, o, B) (1c,m) z(t—l(l + abd) k +E“l] , dbk + d‘q), (5.4)

and the subgroup of the elements (d,«,b) appears explicitly as the group SL(2, R)
(note that in this realization the element X' has lost its singular form). Moreover, the
action of the full group G on the five coordinates («,1,8) is linear and homogeneous,

1
@, ,0,2,v,R)(x,0,8) = (3 (1 + ab) +%n, dbk + dn, RE + vn+ afc) (5.5)
and 1s completely separated into an action of SL(2,R) on (x,n) and an action of the
group G of all elements (a, v, R) on . This separation corresponds to the decomposition
G=G xSL(2,R), (5.6)

where G is an invariant subgroup and x denotes the semidirect product.

There are various other decompositions of G besides (5.6) of which only one more
should be mentioned, namely, the Levi-Malcev decomposition [8] into the radical
and the semi-simple Levi factor,

G=Tgx (SL2,R) ® SO(3)), (5.7)

where ® denotes the direct product and T4 is the Abelian 6-parameter group of space-
translations and boosts. Both decompositions (5.6) and (5.7) exhibit the essential
structural difference between the Galilei group and the Schrodinger group: the time-
translations of the Galilei group are replaced, in the Schrodinger group, by the 3-
parameter simple group SL(2, R).

APPENDIX
The Schrédinger operator A[g(¢, x)] in Equation (1.4) can be written as
2md(g(t, X)] = 205 + 2d ;¢ 00 0; + d;, dy, 0; Oy
+ (¢i€; + dyy 0, ¢, + 2ima) 9,

+ (Ck iy + d 0, dyy + 2imby) B, (A.1)
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where @ = dya etc., and the real functions 4, b, ¢ and 4, are defined by

' ot ' a¢
a(:x)'"“a_t,_» Ci(:x)_axif
ox
bl =25 g 2,
G=  dultx) =
%) = glt, ). (A.2)

Inserting (A.1) in (1.4) and replacing J by (i/2m) Ay we obtain the four differential
equations

c=0, (A.3)
dip Ay = adyy, (A.4)
261 aifg + (drk ar dik + 2zmbl) fg = 0, (A5)
adf,+ 2imaf , + (4,0, dy + 2imb;) 3, f, = 0. (A.6)

Due to the vanishing of ¢ the definitions (A.2) can easily be inverted to differential
equations for the transformed coordinates (¢, x'):

ot' ot'
—— a_l, —
dt axi
0x; 0x{
-_a“ti =—a7>* Ry by, Ex_i =a"'"" Ry, (A7)
k
where we have used (A.4) to write

with a rotation R. The integrability conditions for the Equations (A.7) are
9,a=0, 3, Ru=0R,,  O(R,b)=3aR,—aRy, (A.9)

the second of which implies that the rotation R may at most depend on time. Equations
(A.5) and (A.6) can now be written as

wm
' 0ifq =_7bif9’

5 =(-2z%b2 +%v : b) fan (A.10)
with the integrability conditions

3, b, = b, (A.11)

&b, — ab,— b, 8, b, — 5’2 b, (A.12)

Equations (A.11) and the third Equation (A.9) yield
Rik = COﬂSt., -ai bk = %daik. (A.13)
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Hence we obtain the relation
b(¢, x) = $ax + h(?), (A.14)
with the unknown function h(f), and, inserting (A.14) into (A.12), the conditions

a* =2ad,
ah = 2ah. (A.15)

For further investigation we have to distinguish two cases as to whether @ vanishes
or not. We finally obtain the following results:

Case 1: (a=0)
(', xX") = golt, X) =[d>(t + b), d(Rx + Vi + a)], (A.16)
fgo(t, x) =Cexp[im(3v*t+ Rx-v)], (A.17)
where d # 0, b, a, v are real parameters, R is a rotation and C is an arbitrary constant.

Case 2: (4 #0)

(t’, X') EZ(t, X) = — (%’;)’ (A].S)
fe(t,x) =C"t¥2exp (— 1'21: xz), | (A.19)

where C’ is an arbitrary constant and where, in (A.18), we have absorbed all constants
of integration by transformations of the form (A.186).
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