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On a Recent Paper of Amrein, Georgescu and Jauch

by Colston Chandler

Department of Physics and Astronomy, Univerisity of New Mexico,
Albuquerque, New Mexico 87106, USA

and A. G. Gibson

Department of Mathematics and Statistics, University of New Mexico,
Albuquerque, New Mexico 87106, USA

(14. 11. 72)

Abstract. Condition (D) of a recent paper of Amrein, Georgescu and Jauch is shown to be a
consequence of their conditions (#) and (A4).

In a recent paper [1] on quantum scattering theory W. O. Amrein, V. Georgescu
and J. M. Jauch were forced to introduce an objectionable assumption. They con-
jectured that their assumption, which they called condition (D), is in fact a consequence
of their conditions (§) and (4). The purpose of this paper is to prove that their con-
jecture is true.

Suppose, therefore, that # denotes a Hilbert space and that the following assump-
tions are true.

() Hgand H =Hy+ V are self-adjoint operators on a common dense domain
DH' = DHO = 9

and V is symmetric on a domain Dy > 9.
(A) For all res# the strong limits

s Im ViU =4, = Q.4

I 70

exist where V, = ¢7tH!, U, = ¢~ 1Ho?,
From these assumptions two preliminary results follow.

Lemma 1. If conditions (0) and (A) are satisfied, the equation
Qb= s-li{% 24,
where

0
Qi=c [ dte VU,

18 true for every e .
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Proof. This is proved in Theorem 0 of [1]. Q.E.D.

Lemma 2. If condition (0) is satisfied, then for every zeC, Imz # 0, the operators
H(z—H)"',H(z— Hgy)™}, Hy(z — H)~' and Hy(z — H,)~! are defined and bounded on H .

Proof. This is an easy consequence of Lemma 1 of [1]. Q.ED.

Using these two results the following theorem can be proved.

Theorem 1. If conditions (0) and (A) are satisfied, then for every € > 0 the operators
Q. and 2, map D into D. Moreover, there exist non-negative constants «, B and y such
that the inequality

V(€24 — L9 dll < «| Hob| +(B + ey)l¥] (1)
1s true for all ye2. Finally, the equation

s-lim V(Q, — Q) =0 )

€l0

is true for all yeD.

Proof. Let s be an arbitrary, but fixed, vector in 2.

Because H, and U, = ¢~ *H#o* commute on &, the equation
0 0
QHop=c [ dte VIUHop=c [ dteViH, U,y (3

holds for all € > 0. Existence of the Bochner integral in equation (3) is implied (Theorem
3.7.4 of [2]) by the strong continuity and boundedness of the operator V;U,.
It is also true that £2,1)€2 and that the equation

0
HQ p=c [ dtetVEHU, Y 4

holds for all € > 0. To prove this one observes that U,seZ and hence that the vector
ViH Uy =H % U, is well defined. If z is a fixed complex number with nonzero
imaginary part, this vector can be written in the form

VEHU p=Vi B(2)(z — Ho) Usp =V, B(z) Uz — Ho) 3,

where B(z) = H(z — Hy)~!. The operator B(z) is, by Lemma 2, defined and bounded
on all of #. It follows that the operator V7 B(z) U, is continuous and bounded on
and hence (Theorem 3.7.4 of [2]) that the Bochner integral in equation (4) exists.
Theorem 3.7.12 of [2] and the fact that H is closed now imply that 2,2 and that
equation.(4) is true.

Equations (3) and (4) imply that the equation

(]
(HQ, — Q.Hy) =« f et VEHH — Ho) U, (5)
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is true for all e > 0. A consequence of Lemma 2 of [1] is that this integral can be evaluated
by partial integration, with the result that

(HQ - Q. Ho)p=ie(QR. — D),

where I is the identity. It now follows from the boundedness of £, | 24| < ||, that
the inequality

|(HQ — Q2. Ho) || < e[| (6)

holds for all € > 0.

Lemma 1 implies that the vectors £2,H yis converge to £2,Hyp as € — 0. Inequality
(6) therefore implies that H{2 4 converges to the same vector £2, H s as e — 0. Because
(by Lemma 1) the vectors £, converge to £2.4, it now follows from the fact that H
is a closed operator that 2 e and that the intertwining relation (HQ2, — 2,H,) ¢ =0
1s true.

Because (£2, — £2,) ¢ is now known to lie in & for every € > 0, one can speak of
the vector V(2, — Q2) = (H — Hy) (22, — L2,) . If { is a fixed complex number with
nonzero imaginary part, this vector can be written in the form

VR, - 2)¢=C() ({—H)(R2:—2) 4.

The operator C({)=V({—H)™'=(H —Hy)({—H)™' is, by Lemma 2, defined and
bounded on #. Hence, there is a positive constant B, independent of ¢, such that the
inequality

IV( Q. — 2) 9] < BI( - H)®Q, —2,) ¢ )

is true for all € > 0.
The intertwining property implies that

(C - H)('Q+ - ‘Qe) '1l’ = ('Q+ - 'Qe)(c - HO) ‘»b 2 (H‘Qe - QEHO) ‘/’
and hence that (using inequalities (6) and (7))
V{82, — Qo) ]| < B{| (L2, — L)L — Ho) | + 2] }- (8)

The fact that for all € > 0 the vectors £, and £ lie in 2 has been established.
Inequality (8), together with the previously used inequality ||246] <], implies
inequality (1) with « =2B, B8=2B|{| and y =2B. Equation (2) is implied by in-
equality (8) and Lemma 1. The theorem has thus been proved for a fixed . Since
s was arbitrary, the proof is complete. Q.E.D.

The final result of this paper is the following (cf. Theorem 9(a) of [1]).

Theorem 2. If the conditions (6) and (A) are satisfied, then for all e, > 0 the equation

«©

slim | dte (U V(Q, -2, ) U, + U, V(Q, - 2,) Uf =0 (9)

€10
210

18 true for every Yre 9.
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Proof. Inequality (1) of Theorem 1 implies that the integrand in equation (9) is
continuous and bounded in norm by the function 2e™<[a||Hy| + (B + €29)¥]].
This function is Lebesque integrable for all €, €, > 0, with the consequence that the
Bochner integral in equation (9) exists (Theorem 3.7.4 of [2]) for all ¢,, €, > 0. Equation
(2) of Theorem 1 implies further that for every £¢[0,) the strong limit as e, — 0 of
the integrand is zero. The Lebesque-dominated convergence theorem for Bochner
integrals (Theorem 3.7.9 of [2]) therefore applies, with the result that equation (9) is
true for all €, > 0 and all 2. Q.E.D.

Equation (9) is precisely the condition (D) of [1]. The conjecture of Amrein,
Georgescu and Jauch that conditions () and (4) imply condition (D) is thus proved.

A generalization of [1] and this paper to multichannel scattering is relatively
straightforward. A detailed report on these calculations, as well as some new results,
appears in [3].
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