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Vol. 45, 1972. Birkhäuser Verlag Basel

Minimum Radius of Particles with Spin
by E. C. G. Stueckelberg de Breidenbach1)

Universities of Geneva and Lausanne, and CERN

(15. XII. 71)

According to the generalized first law (momentum-energy and centre of energy-
angular momentum), the density tensor of any insulated system Z00 satisfies, in
restricted relativity (r.r.)

da &*P(x) 0 (0*? @(a^) (*). (1)

The energy is

H= f (d3 Vh)(xt) f (d3 V0")(x) f (doa0x4)(y) (2)
oo oo T(y)=0

and the momentum

n=n={nt} nt= f (dax e?) (y) f (d3 v*.) (xt).
T(y)=0 co

s_* o

The angular momentum M {M1 Mkl, ikl V^123} has the components

Mik= f (dax(yi0t-yk0f))(y)= j(d3V(xiTTk-xkTTl))(xt) (3)
T(y)=0 oo

and the centre of energy is determined by

M M=Im, Mu J (dïrjy, ©«< - y* ©f (y) j (d3 Vx. h) (xt) - &Ï, (4)

the Maß M(xß) being constants.

„ M M 1 C * \

| (5)

z*(J)=t j
dz(f)jdt PIjH v is the 3-velocity of the centre of energy (ce.) z(f).

Paper presented at the Swiss Physical Society Meeting of Lausanne, 1 May, 1971, see: Helv.
phys. Acta, 44, 593 (1971).
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In this frame t(= proper time) t, and w v; w4 +1. So we may write (5) in a
covariant way

z'(T) =Ml + TWl,

Z4(t) TW4.
(6)

Now we may choose in this frame M 0. Then the world-line (w.l.) xa zx(t)
coincides with the t £4-axis in this particular frame. Let M # 0 be the intrinsic
angular momentum (spin: \M\2 n2S(S + 1)) in this frame. Then, in any other frame
'x Lx, obtained by homogeneous Lorentz transformations L2) from x, the w.l.
'x 'z(t) is parallel (or anti-parallel) to the w.l. x z(t) (depending whether 'not' or
'yes' time inversion is included). 'M however, as soon as M#0, no longer disappears in
general. That means these (anti-)parallels are shifted by an amount, which can be easily
obtained by L :

'M:4 'M'1'4( 'M'') (L'iL'4-L'lL'4)Ml (ikl\J 123), (7)

where, taking (without time inversion sig(f) sig(/))

'x'1 x1

'x'2 X2

¦x'3 (l-vl)-i'2(x3-vnt) ' (8)

,t 'x4 (l-v2)-i'2(-v0x3 + t).

which determines

L'l L'i (l-v2)-U2 L'3=-Vn(l-v2)-U2 t4} (9)

all other Ljf being zero or one. One thus obtains (vf, v0 ; v\ v}, 0), taking account
of 'H M(l — t>o)~1/2,Ior the displacement of the ce. :

'M [v0 A M]
'H M

^ '

The set of all c.e.'s fills a disk, normal to v0 and to M, whose radius R is given by
\v0\ — 1 —e, €->+0:

\M\ f% vR L^(l-e)^-Vs(s + l), s 0,hl,i,... (11)

Now %jM hj2-nM Xc(c 1) the Compton wave length of a particle with mass M.
The result is quite satisfactory, because the optimum location of a particle of mass

2) We choose

S"=^, -g44 -g44 l; g,ß g"ß 0iora*ß (7a)

'x Lx is given by

'x'' L,"x' 'gv' L'lL''g*=g''' (7b)
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M is given by the invariant wave packet DÏ(x)(k %~lM X71), which decreases
exponentially for space-like events x2 xxxa > 0

D+K(x) oc 1*1-3 exp I-1^), |*| >AC (12)

while for time-like events, it behaves t2 —x2 —x^x" > 0

D+(x)x\t\-3expl+ij\, \t\>Xc (13)
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