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Scattering Systems with Finite Total Cross-Section

by J. M. Jauch and K. Sinha

Department of Theoretical Physics, University of Geneva, Switzerland

(28. X. 71)

A bstract. We give a sufficient condition for the finiteness of the total cross-section in a simple
scattering system. Various corollaries of our main theorem are also discussed.

1. Introduction

In the scattering theory developed by Jauch [1] the point of departure is a physically

motivated asymptotic condition from which the existence and properties of the
scattering operator can be derived.

However, it has so far not been possible to prove that the total scattering cross-
section, or equivalently that the forward scattering amplitude is finite. The best
known physically important system where this is not the case is the Coulomb system.
This system does not satisfy the asymptotic condition of Ref. [1]. On the other hand
there is no system which satisfies the asymptotic condition but has infinite total cross-
section. It seems therefore natural to conjecture that a finite total cross-section is a

consequence of the asymptotic condition.
We have not been able to establish such a theorem. In this paper we prove a

theorem which assures a finite total cross-section with a slightly stronger hypothesis
than the asymptotic condition. This condition is satisfied by any short-range potential
for which the S-matrix exists and for a large class of more general interactions.

The total cross-section for a spherically symmetrical spin-less system is expressed
in terms of the phase shifts 8, and it is proportional to the sum 2i (21+1) sin2 8; extended
over all the different angular momentum states / 0,1,2....

The finiteness of this sum is assured if the operator T^ S^ — 1^ which is the operator
T =S — I taken on the energy shell A, is a trace-class operator, since the above-

mentioned sum is simply the imaginary part of the trace of 7^. Thus we shall need a
theorem which assures that Th is a trace-class operator. The content of this paper is
the establishment and proof of such a theorem.

Closely related results of this nature were first obtained by Krein, Birman and
Entina [3, 4]. These important results seem to have been overlooked by many workers
in this field partly no doubt because there seems to be no complete proof of their results
in the literature that was available to us. The theorem that we prove here is slightly
more general than their results but with less detailed conclusions. The method of proof
is based on a lemma which we have proved in a previous publication with Misra [2].
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2. Notations and Statement of the Problem

Throughout this paper we shall be dealing with a simple scatteringsystem in the
sense of Jauch [1]. It is defined by two self-adjoint operators H and H representing
respectively the total and the free Hamiltonian for the particle. The associated unitary
one-parameter groups are denoted by

Vt e-'Ht and Ut =.«-'*', (-oo <*<«).
They satisfy the asymptotic condition

s-limit V* Ut Qr.
t-»±co

The operators Q± are isometries with identical range and the unitary operator

S Q*Q+

is the scattering operator.
We denote by

R2=(H-Z)~l and RZ=(H- ¦z)-1

the resolvents. They are bounded operators for z in the respective resolvent sets
z e p(H) and z e p(H). These sets include all z with Imz =£ 0.

The problem that we propose to solve is to find a convenient sufficient condition
on the operators H and H such that the operator Tx SA — /A is of trace-class.

These S^-operators are defined as follows : Since S commutes with H we may represent

Sin the spectral representation of H as an operator-valued function on the spectrum
A of H. We denote by A e A a point on the spectrum and write forS in this representation

S {SA

where SA are unitary operators in a Hilbert space jf^ for almost all A.

The remaining parts of this paper are based on the following

Theorem 0. Let H be self-adjoint with absolutely continuous spectrum A. Let r be

any trace-class operator in the Hilbert space #e. Then there exists a dense set Ç& Ç JV such
that for all f, g e 3>

G[f,g\ f (u,f,ruti \dt

exists and defines a sesquilinear form on Si x Ql (i.e. linear in g and antilinear in /).

11 />., g\ e 3^x are the components of / and g respectively in the direct integral
representation of «?f, then

G[f,g] j(fn,Gng„),dX
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where GÀ is an essentially unique family of trace-class operators in JVA for almost all
A and

j TrAGAiA 2wTrJ\
A

j \\Gx\\ltAdX< fcrlim,

In the last three expressions we have written (-,-)„ for the scalar product, TrA
for the trace in the Hilbert space «3fA, and || • ||, À for trace norm in J?\. This theorem is

proved in Ref. [2] to which we refer the reader for details.

3. The Main Theorem

Throughout the rest of this paper we shall assume that V, defined by H H + V,
is a symmetric operator with domain <2)(V) 3 Q)(H) S(H) where we have denoted
by Si (A) the domain of definition of the operator A.

Theorem 1. Let i?5 V R? belong to the trace-class operators in JC, where n and m are
integers >0. Then

Sx is of the form, SÀ IÀ + TÀ

where Ix is the identity operator in 3^^ and Tx is trace-class in 3^Cn.

Proof. According to the definition of S we can write

S - / Q* (Q+ - Q_)

Q* \s- lim V* U, - s- lim Vf U,
[ t-»-00 t-»+00 J

+ 00

-co

the integral being taken in the strong Bochner sense.
It follows that

S-I -i j Q*V*VU,dt
-co

+ CO

-i j U*Q*VUtdt.

In the laststep we have used the interwining relation VtQ QU,. Since [S,H] 0 and
RZQ QRZ we obtain

RI (S -I)Rm Rnz+m (S -1)
+ CO

-»' j U* [Q*_ R? VRT] U, dt.
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Denoting by J1 the trace-class operator —i[Qz'RïVRzn], we conclude that

+ C0

R"z+m(S-I)= j u*rutdt.
— 00

Applying theorem 0 to the above identity we obtain for all pairs f,g e ffl

(fy»(s-i)f,g) - J^'_J"fi"dX j (U,f,rUtg)i

r TrArA
J (X-z)n+m
A

and

r \\Tài,x
J |A-*|"+m

A

,„,... -.. ,~ ,,,- ~ ,Adt
(X-z)"

A

where TA is an essentially unique family of trace-class operators in jf -, for almost all
XeA.

Furthermore

dX 2tt Tr T -2-rri Tr (ß* R\ VR?)

dX<2ir\\r\\. <oo.

4. Applications of the Main Theorem

Corollary 0. Let V e SCx(jf) (=Trace-class operators in 3,f), then T-, SA — /A e
£fx(j^ A for almost all X. This follows from Theorem 1 by choosing m n 0.

Corollary 1. Let DZ RZ-Rze Sex(3^)for some z e p(H) 0 p(H), then TX SX-
IÄeJ?x (J^x) I0? almost all X.

Proof. Choose n m l and use the identity

DZ RZ-RZ -RZVRZ

and Theorem 1 gives the result.
Note that from the hypothesis follows also that Dz e £f, (2rf for all z e p(H) P. p(H).

Corollary 2. Let \V\1,2R"Z e £e2(Jt°) and \V\l>2 Rnze&2(Jif) for some n>0fhen
TxeSi?x (JFÎ) for almost all X.

We have used the notation jSf2(^f for the Hilbert-Schmidt operators in Jf and
|T/|I/2 (T/*T/)l/4_

Proof. We use the decomposition of Birman and Entina [3] valid for any
fe$(V) 2 S(3è):

Vf=\V\ii2U\V\l'1f,
where 17 is a certain self-adjoint contraction operator.
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(|F|,/2i?5)* is the closure of the densely defined bounded operator r??|F|1/2 and
since

\V\l,2Rnz=\V\1i2Rz-(z-z)\V\ll2RzRze£C2(^')

we find that Rnz \V\112 e SC2(Mf).
It follows that

Ri VR"Z (RS \V\i/2) U(\V{l,2Rz)

and the result follows from theorem 1 with n m.

Corollary 3. Let Rn-Rze £Cx(^f) for some z e p(H) D p(H), then Tx e <ex(tfx)
for almost all X.

Proof. By repeated use of the resolvent identity we find

RS - RS RrHRz - k) + Rr2(Rz - Rz)k +¦¦¦ +(RZ- Rz)Rrl

-[Rz VRZ + Rr1 VR2 + ¦ ¦ ¦ + Rz VR«].

Now

(i;+1 [S - Pf,g) -i (U,f,[Q* R»-k VRkz+i] U,g) dt
-co

forA: 0, 1, ...,n-l.
Therefore

+ CO

n(R»z+1 [S - I]f,g) -i j (U,f, {Q* [Rz VRZ + Rz+l VR2 + --- + Rz VRZ]} U,g) dt

-CO

+ CO

+» f (UJ,[Q* (Rnz - k)] U,g) dt
— CO

and the conclusion follows from Theorem 1.

Remarks. Hypotheses of Corollary 0 and 2 were used by Birman and Entina [3]
to obtain the above results, and hypotheses of Corollaries 1 and 3 in a slightly different
form were used by Krein and Birman [4]. In both papers the authors had more detailed
conclusions. We obtain a slightly weaker result with an elementary method of proof.
Recently Kuroda [5] has obtained some general results in this direction.

If we now further assume spherical symmetry in the problem, then SA becomes
reducible in the space L2(S2), the space of square-integrable functions on the unit-
sphere in 3-dimensions. In fact SA is given by {^i(^) eZi5,(^)}r=o where 8,(A) is a real,
measurable function of A for I 0, 1,2,.... Then the trace-class nature of the operator
TX=SX — Ix is assured by the absolute convergence of the infinite series :

i(22 + l)(e2^>-l) and ||SA-/A||M= f (21 +1) |*2^>- 1|.
/-0 1=0
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Recalling partial wave analysis of scattering problems, the scattering amplitude
f(6,X) and the total scattering cross-section o-tot(A) are given as

MA) —^=y (21 + 1) (e™< - 1) P, (cos ff)

2iVX^
and

<w(A)=y2(2Z + l)sin2S,(2).
i

Since 8,'s are all real,

tfto«(A)< — y (21 + 1) |sin8(|

Ar
2tt
-r-||SA-/A||i,A<°o, fora.a.A.
A

Similarly, using |Pj(cos0)| < 1, we obtain

|M.A)|<-^||SA-/A||ljA<«>, fora.a.A.
2VA

Thus we can conclude that the above-mentioned conditions on the potential are
sufficient to insure the finiteness of the scattering amplitude and total cross-section for
a.a.A. We can easily see that a weaker condition, viz. SA — Ix e £r?2(3^n), the Hilbert-
Schmidt class of operators, will suffice for this purpose. In fact, we have

°W(A)=^||SA-/A||2>A

We now recall the integral condition, viz.

WS,-1A-JAIU,A
J A2 +1
o

dX < oo.

where we have assumed

/l sp(i7)=[0,oo)

and n m=l. Then

^m\f(6,X)\/ dX< •

X2 + l
o

and

f A<7tot(A)

J A2 + l
o

dX< oo.
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Since the function A/A2 + 1 is not integrable at infinity, it follows essentially from the
definition of Lebesgue integral that either of the two following possibilities must occur.

Either o-,ot(A) does not go to any limit at all (i.e. to any positive real number
including oo) as A -> oo. Or, a,ot(A) converges to zero as A -> oo.

Loosely speaking, the total cross-section either oscillates rapidly or decays to
zero as energy gets larger and larger. For short-range potentials, one expects physically

the second kind of behaviour for the total cross-section. See, for example, Newton
[6].
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