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Vol. 45, 1972. Birkhiduser Verlag Basel

A Generalization of the Hopf Bifurcation Theorem

by R. Jost and E. Zehnder

Seminar fiir theoretische Physik, ETH Ziirich

(30. VIL. 71)

Zusammenfassung. Mit Methoden, die z.T. den klassischen Methoden der analytischen
Mechanik nachgebildet sind, z.T. von M. W. Hirsch und C. C. Pugh stammen, wird eine Verall-
gemeinerung der E. Hopfschen «Abzweigung einer periodischen Losung von einer stationdren Lésung
eines Differentialsystemes» behandelt. Insbesondere wird gezeigt, wie bei der Explosion einer
stabilen Gleichgewichtslage im R* anziehende zweidimensionale Tori entstehen kénnen. Die Resul-
tate stehen in den Theoremen 1, 2 und 3.

Introduction

In reading the paper by David Ruelle and Floris Takens: On the Nature of Turbu-
lence [2] it appeared that their discussion of normal forms for families of diffeo-
morphisms with a fixed point is very closely related to the classical work by G. D.
Birkhoff on area-preserving analytic diffeomorphisms with fixed point in the plane
(3] §21. It seemed to us that these old-fashioned methods could possibly be of some
pedagogical advantage especially for physicists. For this reason we present them here.

We restrict ourselves to the special case of four dimensions. Generalizations are of
course possible and in many situations straightforward. Since the case of two dimen-
sions has been dealt with by Ruelle and Takens, our discussion is a direct continuation
of their work.

The justification for our restriction to an even number of dimensions is similar to the
justification given in [2] §5 for the reduction to two dimensions (cf. proposition (5.2)).

Section 1 contains the proof of Theorem 1, which describes normal forms for our
family of diffeomorphisms. The family of diffeomorphisms is parametrized by two real
parameters. Following E. Hopf [4] we are interested in the situation where the two pairs
of complex conjugate eigenvalues cross the unit circle (explosion of a stable point of
equilibrium). Our normal forms, however, are in general not unique. They decompose
up to terms of higher order, naturally into a dissipative part and into a measure pre-
serving part. The special truncated normal form which underlies sections 2 and 3 is
unique.

In section 2 we analyze the explosion of the stable equilibrium point for a truncated
family of diffeomorphism from which the given family of diffeomorphisms is obtained by
the addition of a small perturbation. This discussion is elementary and we restrict our-
selves to a special case. As a result of the explosion certain invariant circles and two
dimensional tori appear. Our interest is limited to the cases where these invariant mani-
folds are attractive.
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Section 3 finally discusses the effect of the perturbation which leads from the trun-
cated diffeomorphism to the actual diffeomorphism. As was to be expected the pertur-
bation does not change the nature of the invariant attractive manifolds which result
from the explosion. The results are stated in theorem 2. Section 3 leans heavily on the
work of Hirsch and Pugh [1].

We thank David Ruelle for sending us his manuscript prior to publication and for
his kind encouragement in the course of this work.

It is a special pleasure to dedicate this paper to our teacher, colleague and friend
Markus Fierz on the occasion of his 60th birthday.

1. Normal Forms

1.0. Statement of Theovem 1

- We consider a two-parameter family {¢(u)|uel < R*}, I open, of diffeo-
morphisms U — R* U < R*open. Each ¢(u) has the origin 0 € U of R*as a fixed point.
Define ¢: U x I — R* x R2 by

b1 (@ p) > () (%), ). | (L.0.1)
We assume

peC¥(UxI), K=5. (1.0.2)
Of the spectrum of (D¢(u))(0) = A(u) we require

o(A) = P (1), Ay (1), A2 (1), Az ()} (1.0.3)
and

Ao (1) # Ay (), oe{1,2}. (1.0.4)
In addition 0 € I and

|A; (0)| = 1. (1.0.5)
We write

Ag () = pg (@)%

po(W) €R,, ay () € (0,2m). (L.0.6)
Let R:1 — R2 be defined by

R:p = (p1 (1), p2 (1)) (1.0.7)
We finally assume (DR) (0) to be non-singular. It is then no essential restriction to put

Po (1) = 1 + pi. (10.8)

According to these assumptions ¢(u) can be expanded into powers of x:

b(w) (%) = A(w)x + 2 F® (u)(x) + O, (1.0.9)

with f® (u) a vectorvalued homogeneous polynomial of degree % in x and coefficients
from CX7%(I). @ is of order K in x.
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After a suitable u-dependent linear coordinate transformation in x, A(u) will be of
the following normal form: A(u) : x +—> x’

2y 1%y = (L + py) e *1W () + ix;,)
Xy +ixs = (1 + py)et 2™ (xy 4 ix,). (1.0.10)

Theorem 1 generalizes this normal form to higher powers of x.

Theorem 1. Assume that

Spoe (0) + 83005 (0) =27rm; s, €Z, melZ

sl = |s;] + |s2] <S+1, SeN, S<K (1.0.11)
implies ||s|| =0, then the following statement holds:

Is< 1, Ig open, 0 € lg and a two-parameter family {T(u)|u € Is} of coordinate
transformations exist with the properties

i) T(w:V—U cUU open 00 (1.0.12)
i)  T(u) eC® (R4 (1.0.13)
i) T:(x,p) > (T(w)(x), ) satisfies T € CK=S (R* x I ) (1.0.14)

iv) () =T()™ o p(p) 0 T(p):x t—> &’
1s of the form

(6] 4 173) = Py () () €500 (5, & i) + B, .

(3 £ 1%4) = P; (1) () - 5102 W (x5 + 1x,) + b5, (1.0.15)
with real polynomials P,(u) and Q,(u) of degree [S[2] in w,, w,

Wy =%+ %3 w,=23+22 (1.0.16)
and

Py (1)(0) =1+ iy Qo (w)(0) = o, ()- (1.0.17)
V) i) = () (), ) (1.0.18)
satisfies

e CES(V x Iy). (1.0.19)

1.1 Introduction of complex coordinates
The theorem suggests the introduction of the complex coordinates:
Uy =% +1X%; V=%, — 1%,
Uy =Xy + 1%y Vy =Xy — 1%4. (1.1.1)

& () is only defined on real poinis which correspond to complex coordinates satisfy-
ing
Vo = Hg (1.1.2)
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¢(u) is 7eal, i.e. it transforms real points into real points. The expansion (1.0.9)
now takes the form

o= Aty + S % () (w, ) + O (1.1.3)
k=2

— Kl i
Vo =AU + 2 PP (u)(3, %) + Ok,
k=2

with 8 only defined on real points and p$(x) a homogeneous polynomial of degree % in
(#,v) with coefficients from CX~*(I). Correspondingly we write

B = A2 + S, () + 0 (1.1.4

p® (u):C* — C* is defined by (u,v) > (#',v")
g = pG° (1) (4, v)
v = 280 (3, B (1.1.5)

and is itself a 7eal mapping.

1.2. The coordinate transformations
We admit coordinate transformations T'(u) : (U, V) (u,v) which are generated by

1) A, =15 (WU,
Vo = T4 (WV,, (1.2.1)
where 7, e CX5(I), 7,:1 — C\{0}.
i) Eg(p), 2<S<K
Uy =U, +45 (W)U, V)
V=V, +¢ WV, D) (1.2.2)

with a homogeneous polynomial ¢¢¥ (u) of degree S and coefficients in C*¥~5 (1).
In analogy to (1.1.5) we write

Es(w) =1+q® (n) (1.2.3)

All these transformations admit local inverses and are real, i.e. satisfy (U, U) — (u, ).
The same is true for arbitrary products. These also satisfy i), ii), iii) of Theorem 1.

13 The lattice

Let s € 72, (s,et(u)) = 5y &y (1) + S2 3 (), and |ls]| as in (1.0.11). The lattice g(u) is
defined by

a() = {s](s, o(s)) = O(2m)}. (1.3.1)
We write

g =q(0). (1.3.2)
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For S e N, let

Bs={s| lIs|| <S + 1} (1.3.3)
The assumption of Theorem 1 states

g N Is={0}. (1.3.4)
Define I in Theorem 1 by

Is={uluel, g(u) N Ts= {0} (1.3.5)

I¢ is open and 0 € I.
The following Lemma 1 is trivial

Lemma 1. Let me 72, ne 72, |m| + |n|| < S, p € L5 then

X (1) M) = A, () (1.3.6)
implies
my=mn,+1 and m, =n,, for ¢’ # o. (1.3.7)

Corollary: (1.3.6) is possible only if |m| + |#||=1 (2).

1.4. The operator Ls(u)
Take /A (u) from (1.1.3) and (1.1.4) and define in analogy to (1.1.5) q® :(u, v)—>(u’, v")
o =45 (14, )
Vg =g (3, 9), , (1.4.1)

with homogeneous polynomials ¢/ of degree S > 2.
{q®} = Q™ is in a natural way a finite dimensional vector space over C. Thelinear
mapping Fg(u) : TS — I® is defined by

Ls(p):q® > q® =Au) o ¢ — ¢ 0 A(w). (1.4.2)

Zs(w) induces a mapping on the homogeneous vector valued polynomials ¢ of
degree S. Let

qLS) (w,v) = Z bo.mn um vt (1.4.3)
Imi+Tni=8
then
L5 ()1 1> ¢
¢ )= > (Ag(p) — ()™ A(1)")bgmn ™ V™. (L4.4)
Imi+ini =S
From this formula and Lemma 1 we read off
Lemma 2. Under the assumptions of Theorem 1, p € I:
i) kernel Z5(0) =0eQS for S=0(2) (1.4.5)
1 S=1(2)
kernel Z5 (0) ={¢*0|¢ = 2, bo,ap (1 V1) (12 vy)P Uo} (1.4.6)

2(ee+p)=5-1
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i) kernel ¥ (u) < kernel %5 (0) (1.4.7)
iv) kernel ¥ (0) + range Zg (0) = Q© (1.4.8)
V) (ZLs(w) ':range g (0) — range Ly (0) is injective

The coefficients of (& s (u))~'¢%, ¢° € range L (0) are CX¥=5(I).

1.5. S-normal forms

Definition:
K—1
$u) = Al + 2 p° (@) + 0k (1L5.1)
s an S-normal form if
p® (u) € kernel £, (0), k<S<K.

for pels.

In any case (1.1.4) is a 1-normal form. The existence of S-normal forms, S < K
follows from

Lemma3. LetS < K and qb( ) (S — 1) normal form A coordinate-transformation
Eg(p) (1.2.3) exists such that Eg(u)™"! o ¢(u) o Eg(u) vs an S-normal form.

Proof: () = ~lo ¢(u) 0 Eg(p) is defined by
Es (1) © $h(p) = «;s(m o Es (u). (1.5.2)
Substitution of (1.5.1) and (1.2.3) yields
s—1

P(p) = A(w) + 2, p™ ()

k=2

+ P () + (A() 0 4% (1) — 4 (u) 0 A(w) + b5,

- AW + 22 29 () + (62 () + L5 (Wa® () + bss (153)

According to L.emma 2 (iv) for u € I uniquely

PP (1) = pi® () + pE () (154)
pi> (u) € kernel Z(0), p$® (u) € range Z(0) and from Lemma 2 (V)
4 (1) = ~(Ls (W)~ p (). (15.5)

Es(u) is a coordinate-transformation from 1.2 and the polynomial defining p${® (u) has
coefficients from CX~5(I).
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Now we use Lemma 2i) and ii) to obtain

Lemma 4. Under the assumptions of theorem 1 with the deﬁnition (1 3. 5) of I there

exists T(u) satisfying i), i1), 117) of theorem 1 such that T(u)™' o ¢(u) =(u):
(u,v) > (u',v") is of the form
ttg = P§ () ()t + 05,4 (1.5.6)

vg = P (W) (@)v, + 0541,

w=(w;,w,), w,=1u,v,, (1.5.7)
PS (u) a polynomial of degree [S|2] in w satisfying

PO () (0) = A, (1) = (1 + pg)el=7®, (1.5.8)

1.6. Proof of Theorem 1

All we have to do toarrive from Lemma 4 to Theorem 1 is to pass to real coordinates
by (1.1.1), whereby w,, w, (1.5.7) take the form (1.0.16), and in expressing P35 (u) by

P::S) (w) = P (M)‘—"Qs’ W + b5
with real polynomials P& (u), Q5 () in w,, w, of degree [S/2], satisfying (1.0.17). This
is clearly possible perhaps by suitable restriction of U to U’ < U.

1.7. Remark about uniqueness

The local group of S-normal-forms is not commutative, the normal forms are
therefore not unique. It is easily seen, that if T is a diffeomorphism and ¢, and ¢, two
S-normal-forms with 7" o ¢, o 77! = ¢,, then T must also be a S-normal-form.

2. The Qualitative Behaviour of the Truncated Normal Forms

Ifin the normal form (1.0.15) we omit ., we obtain the truncated diffeomorphism
$. This truncated diffeomorphism decomposes naturally into an isometric part and a
dissipative part. The dissipative part defines in many cases invariant and attractive
submanifolds. We are interested in these submanifolds and shall prove in section 3 that
they persist under a 0, ,-perturbation of the truncated diffeomorphism. The restriction
of ¢ to an invariant manifold will not be discussed. It is presumably involved, since the
corresponding restriction of ¢ is not structurally stable.

2.1. The special case S =3
Introducing polar coordinates 72 x R2 — R*\{0}:
X, + 1%y =7, eX27R
Xy 1xy =7, 712792 (2.1.1)

v € Ry, p, (mod 1), we obtain, according to Theorem 1 for

Pp): (71, @1, 72, @2) > (7’;, ‘Pi» ”;, <P'2)

2
7l = (1 + po + '21 B (,,,)rg,) 7, + 0,4
g =

2
Po=Po+ &) + 2 doq ()73 + 05 (2.1.2)

g'=1
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We merely look at the generic case a,, (0) # 0, ¢ = 1,2. Until now we have never used
the transformations (1.2.1). Now we use (1.2.1) with 7, € C2(I), however, in order to
transform a,, (u) to the values +1. This leaves us with the following 4 types (+1,+1):

ri=Q1+p £r]+ard)r, + 06,
r3=(1+pa+ brf £ 737, + 6, (2.1.3)

¢4 as above; a,b € C2(I). Additionally, by means of a transformation E (u) according
to (1.2.3) we get for @ and b in (2.1.3):

b() = b(u2). (2.1.4)

An elementary discussion proves that in the normal form (2.1.3) these functions are
invariants of the family of diffeomorphisms in question. In the following, we merely
investigate families (¢(u)) of the (—1,—1) type. We begin with a discussion of the trun-
cated part ¢(u) defined by

r{ =14 p — 7} +ardr,
r3=(1+pa+ by —rdr, (2.1.5)
AME
) . 2
Po = Po + oy (F’) + Z doo' (f‘l’)roz’
o =1

2.2. Hopf bifurcation

Let u; >0, then {r, = 4/p;,7, = 0} defines a manifold S, invariant under cﬁ(,.e).
We introduce the submanifold coordinates for S,,:

ri=pt+x, 0l <m
xz :l: T:x3 = 7’2 giiZfﬂpz. (2.2.1)

Then (2.1.5) defines a diffeomorphism S' x U, — S! x R*; U, < R? is an open neigh-
bourhood of 0 € R3. Let 7, and 7, be the projections from S! x R3 ontoS! and R*. Using
the notation

modu) =f:S'x U, - S!

70 () =f:S' x U, - R, (2.2.2)
there follows for (2.1.5):

fi (%) =T (w(y) + 0(x)

T, () being the translation

Yy A+ &y () + o dig (), (2.2.4)
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and T, (u) € Z(R?) given by

1—2u, 0 0
T, () = 0 pcosec —psino |, (2.2.5)
0 psine  pcosac

p=(1+ p; +bduy), o= (& (p) + p1 42 (u)). The manifold S, invariant under (2.2.3), is
the graph (i) =S!' x U, of the map

i:S!' > R3 4(y)=0€ R (2.2.6)
This circle is attractive under (2.2.3) if and only if the spectrum (7, (1)) is contained in
{z € C||2| < 1}. This is the case according to (2.2.5) iff the following holds true:

) >0,
1) py+ by <O. (2.2.7)

Two cases can be distinguished:

I.  5>0. In this case u, <0 and u; < b7!|u,| follows because of ii). This case corre-
sponds to the Hopf bifurcation.
II. 5 <0. In this case, one also gets an attractive circle for u, > 0, if only

p2 < |b]per (2.2.8)

Analogously for p, > 0{r} = 0,7, = 1/u,} defines another circle S’ invariant under
¢(p) and attractive iff

i) py>0
1v) py +ap, <0, (2.2.9)
If a <0, b <0and ab > 1, there exist two attractive circles S{’, S@ for pe G < R2:

G = {u]0 < p, < |a|ps < abpy}. (2.2.10)

Hence we are left with the following representation for the attractive circles of ¢(u) in
the (u,, n,)-plane:

Figure 1
Appearance of attractive circles in the (u,, u;)-plane.
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The fixed point of ¢(u) is attractive for u, <0, elliptic for u, =0 and expansive for
e >0, o €{1,2}.
2.3. Explosion into a 2-dim. torus

Let $(u): T2 x R — T2 x R3 be according to (2.1.5). The torus T2 x (7,7,),
#; € R, is invariant under ¢(u), if

i —ary =
b7+ 73 = . (2.3.1)
Define A (u) € £ (R?)

A=+ ™ | 2.3.2)
W=\_ |/ (2.3.
We restrict 4 by
i)  A(p) non singular
i) A(uw) 'K, >K, K, =R?2 (2.3.3)

or equivalent to 1) and ii)

iii) a=0, 6=0, ab<l. (2.3.4)
Then, for all 8 € K, the torus
T2(B)=T?x (B) = T2 x R2, (2.3.5)
B=Aw"p, (2.3.6)

is invariant under ¢(u). The mapping u > f, defined by (2.3.6), is a C2-diffeomorphism
in an open neighbourhood of u = 0. Therefore, the family (¢(u)) can be parametrised
by B. In the submanifoldcoordinates:

ri=Bi+%, %] <B,

=B +x, |x]<p; | (2.3.7)
the diffeomorphism () ‘T2 x Ug —T? x R?, Ug< R* an open neighbourhood of
0 € R?, is given by ¢(B) = (f1,/2):

fl (v, %) =T, (B)(y) + 0(x)

fr(3,%) = Ty (B) % + 0,(x). (2.3.8)

T, (B): 7% — T2 being the translation

Yo=Y+ B+ 3 door (BB 239)
and 7', (B) € #(R?) given by
1-28, 2B,
T,(B) = ( Sl ) (2.3.10)
28,6 1-2B,

T2 — T2 x (0) (2.3.11)
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1s the embedding of the invariant torus Tﬁ (2.3.5). These tori Tﬁ are attractive for
é(B) iff o(T,(B)) ={z € C| |z| <1}. From (2.3.10) we get

U( TZ (ﬁ)) = (Al: /\2):

A2=1— (B +Ba) = V(B — B2)? + 4B, B, ab. (2.3.12)
Hence T"é 1s attractive, iff
ab <1 (2.3.13)

Br+By) <2— \/(_Bl —B2)2 + 4B, Byab

Under the assumption (2.3.4) we have therefore the following representation for the
attractive manifolds of ¢(u) in the (u,, u,)-plane:

H2

Figure 2
Appearance of an attractive circle of an attractive torus in the (u;, u;)-plane.

The attractive circles result from Hopf-bifurcation (cf. 2.2).

3. Perturbation of the Truncated Transformation
3.1. Statement of Theorem 2 and 3

Theorem 2. Let ¢ € CX (U x I) satisfy the hypotheses of theorem 1 with S = 3. Let in
addition ¢ be of the (—1,—1)-type (2.1.3) and satisfy (2.1.4). We assume
a(0) >0, 5(0)>0, a(0)-5(0)<1. (3.1.1)

The following statements now hold :

There exists an open set V < I containing the set {u|u € R, x Ry, 8 < |u| < p} for
some p >0, such that for each w eV the diffeomorphism ¢(u) has an invariant CX~4-
embedded torus T2(u). This torus T?(u) is attractive; i.e. there exists an open neighbour-
hood U, > T?(u) such that for pe U,

(W () > T?(u), k— . (3.1.2)
In the coordinates T2 x R? (2.3.7) these tori are given by
T?(u) = graph (s,), (3.1.3)

5, T®-5RE 5, sC5 T2 R,
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Theorem 3. Let ¢(u) satisfy the hypotheses of theovem 1 with S =3 and be of the
(=1, =1)-type and satisfy (2.1.4). Let a be arbitrary and restrict b(0) by

b(0) <O. (3.1.4)
Then there exists a set Vee, < 1, given by

Voo, ={p| 2] <er, O<pi<e po< bl | (3.1.5)

such that for each p € Ve, the diffeomorphism ¢(u) has an attractive invariant CX~4-
embedded circle.

An analogous statement holds true for & arbitrary and «(0) < 0. If then in addition
(3.1.4) holds and if 4(0)5(0) > 1, then the diffeomorphism ¢(u) has two attractive
invariant circles for p in a certain region G as indicated in figure 1. The idea of the
proof is the following. We study the diffeomorphism ¢(u) in a neighbourhood of the
invariant attractive manifolds of the normal form ¢(u) and consider ¢(u) a pertur-
bation of ¢(u). The perturbed invariant manifold is then constructed by means of a

transversal vector field of the unperturbed invariant manifold using the contracting
map principle.

3.2. Preliminaries to the proof of Theovem 2

In what follows we will use B (2.3.6) instead of u for parameters of the diffeo-
morphisms. We use the coordinates (2.3.7) and write ¢(8) = (m, 0 ¢(B), m, 0 $(B) =
(f1./2): T? x Ug — T? x R2. According to theorem 1 (S = 3):

Ji(y, %) =T, (y) + 0(|x]) + (IB] + %1 + %2)*"2 15 (¥, %) (3.2.1)
fo(y,%) =T (%) + 0, (|]) + (|B] + %1 +%2)> 2 o (¥, %),
|Bl = B1 + B (3.2.2)

y (mod 1); T, (B) and T, (B) are defined by (2.3.10) and (2.3.11). ¢, and ¢, are C¥~*.
- (3.2.1) interpreted as a mapping R* x Ug — R? x R? satisfies

Su(y;+1,%) =fi (¥, %) + 8y, (3.2.3)
Fa(yi+1,2) = £, (,%). (3.2.4)
In R? we use the following norm

|#| = max (|x,], |x,]), *= (x;,%,) € R% (3.2.5)

Remark: In the norm |-|g defined by

|%|g = max (\/E|xl|, Va|x,)) (3.2.6)
we have for T, (f) € #(R?) according to (2.3.11)

172 B)llg= sup [72 (B)ls

=max (1 — 28,1 — «],1 —2B,[1 — «J), (3.2.7)

x? =ab < 1. Hence in this norm T,(B) is contractive for 0 < B8; < }. Instead of
using the norm (3.2.7) we can introduce new coordinates

* = \/pr Xy = \/.b_fz; (3.2.8)
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and get

IT2 81 = sup | T2 (B)E] = 172 Bl (3.2.9)

From now on we refer to these coordinates, without however changing the original
notation of (3.2.1).
Let € € (0,4) and define K, < R?

={B|B1 > B2, B> €B, B € (0, %)} (3.2.10)
For 8 € (0,1) define Us < 72 x R? x R?

Us=T2 x {(x,B)| |x| < (3.2.11)

We consider ¢(B) in the ne1ghb0urhood Us N (B) of T2(B), the invariant torus for ¢(B).
With L(f) we denote the Lipschitz constant of a Lipschitz map f:M — N between
metric spaces. If g is a function of two variables we denote by g, the function
y > g%, y).

Lemma 1. ¢(B) satisfies the followz'ng propositions in Ug N (B):
) fi(vem) =fi (%) <1+ [BI2C) |y — y2| + Cal2) — 2.
) |f2(v1.%1) = fa (2, %2)| < L( fzx |31 = 2| + L(fay) |21 — %2,
L(f2x) < B2+ C4
L(f2,) <IT2 (B)l + |B|8-Ca.
iii) |f;(y,0)| <|BI*2Cs.
iv) L(foy— T2 (B)) < |B|6Cs.

Proof: The statements are consequences of (3.2.1), (3.2.11) and the mean value
theorem. W

According to (3.2.8) and (3.2.10) we have for B e K,

1T, (Bl < (L—|Bly) <1, (3.2.14)
y=¢€inf (1 —«) > 0.
B

Lemma 2. There exist o >0 and 6 > 0, such that
¢(U5) < U&J
Us=UsN{B| Bl <oy}

Proof: From Lemma 1

|/2 (3, 0] < |#[(I1T2 (B)II + |BI8C4) + | B2 Cs,
hence with (3.2.14)

< |BI8(1 — |Blly — 8C4 — |B]"/2671C5)).
Choose first
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and afterwards
BI172 <38y — 8CC3' = ol
We then have for |B| < o,
max  |fp5(y,%)| < |B|8(1 — |B|Cs) (3.2.17)

l+l<lsle
|

3.3. The graph transform

To prove Theorem 2 and 3 we use the methods of M. W. Hirsch and C. C. Pugh[1].
Accordingly we prove first the existence of a Lipschitzian manifold, which is invariant
under ¢(B). In a further step the differentiability is proved with the help of the fiber
contraction theorem.

Let B be the Banach space of the continuous functions %2:72 — R?
B={hlheCy(R%,R?); ho¢,=h, zeZ? (3.3.1)

whereby z — ¢, € Diff (R?) is the action of Z2: @, (v) = (¥, + 21,¥2 + %2).

We write also B = C°(T2, R?). The Banach spaces CX¥ (T, R?) are to be understood
correspondingly.

We shall now define a map I'y,: B — B, the so called graph transform of ¢(8),
for which the following holds true:

h= T4 (8) = $(B)(graph (g)) = graph (h). (3.3.2)

Because of

é(B) (graph (g)) ={(m 0 $(B) o (1,8)(¥), m 0 $(B) o (1,&)(¥)|y e T2}, (3.3.3)

we have:

h:my o ¢(B) o (Lg)(y) = mo (B) o (1,8)(y) (3.3.4)
or

Ly (8) 0 /10 (Lg =f0 (1. (3.3.5)
If f,0 (1,8): T? — T2 is bijective this means

Ty =f20(Lgolfio(Lgl™ (3.3.6)

(3.3.6) is the defining formula for Iyg,.

Let B and & be according to Lemma 2, we then define the closed subset By of
Lipschitz functions

Bg={ge B||g| <|BI3, L(g) < |BI*"*}. (3.3.7)
Lemma 3. There exists 0, < o,, such that we have for |B| < o,

i) Bp<= D(Igp).

i) Iy (Bp) < Bp.
Proof: Define
ppl(g) =fio(l,g:T?—T? (3.3.8)
pp(g) =f20(1,8):T* > R% (3.3.9)
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Let g € B, then (3.2.1) implies

L(g(g) — T)) < |B[>'*C5. (3-3.10)
Since L(T7")~! =1, we have for |B|%/* < (2C,)™!

L(g (g ) < L(TTHL (3.3.11)
Thus g (g) is injective, and
L(pg(8)™") < (L(T7Y) ™' — Lg (8) — T1)™". (3.3.12)

Because T’ is a Lipschitz homSomorphism, it follows from (3.3.11) that 5 (g) is also a
Lipschitz homSomorphism [1], and I'yg,(g) is therefore well defined. We still have to
show:

L(Typy(8) < B> (3.3.13)
From

Ly (8) ) © g (g) ' (3.3.14)
we have

L(Lgep (8)) < L(p(8))- L (8)7"). (3.3.15)
From (3.3.10) and (3.3.12) we have:

Lpg(g)™) < (1 —|B]P'*Cy)” (3.3.16)

Lemma 1 ii 1mp11es for g€ By

L(pg (8)) < |BI"* (17> (B)ll + |BI8C4 + |B|>4Cy). (3.3.17)
There exists, therefore, according to (3.3.15-17), o, > 0, such that

L(Iypy(8) < B> (1 — |BICy), (3.3.18)

if |B| < o,. The result follows. W

Lemma 4. There exists a o3 < 0,, such that the graph transform I'ygy: Bg — Bgisa
contraction for |B| < o3:

(Fqs(ﬁ)) = B <(1—[B|Cy <1
Proof: Take gy, g, € Bg and estimate
| F'gepy (81) — P¢(B) g < |<P,3 g1) O P (g1)” —‘PB (81) © Pp(ga)” J
+ lpg(g1) © P (82) 1—903 g2) 0 Yg(g2)7"

L{pg(g1) l«,l:p(gl —z,b,a g7 + lop (g1) — Pp (g2

< L(pg(£1)) L(*/J,B - |¢‘ﬁ (81) —¥p (8| + lpg(81) — pp (82|

(L(‘Pﬂ g1)) S”ﬂ g1)” L(‘l‘ﬁ) + L(fPﬁ)Hgl — &
Therefore, from Lemma 1, (3.3.17) and (3.3.16) the result follows.
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Clearly Bpg is complete. Hence I'yg, has a unique fixed point sg € Byg:

P¢(,8) (SB) = SB, (3320)
if g € B, then
lim 1‘,,( 5 (8) = (3.3.21)

This fixed point sg for the graph transform yields a Lipschitzian manifold 72(f) =
graph (sg) = 7% x R?, which is invariant under ¢(f):

#(B)(graph (sg)) = graph (sg), - (3.3.22)

and which is homdomorph to a torus 72. By construction this torus 72 (B) isattractive.

3.4. The differentiability
Next we investigate the differentiability of sg given by (3.3.20). Let
g1 € BgN C (T2, R?).

Define

dg, = (g1, Dg)) € Bg N C° (T2, £(R?, RY)). (3.4.1)
If gy = I'yp) (8), we have

ATy (8)) = (L'gepy (8), DL gep (8)), (3.4.2)
with

DTy, (8)(y) = Df2(€) o (1, Dg(£)) o [Dfy (§) o (L, Dg(§)]™, (3.4.3)

E=(£,6)=(6n86)), & =¢p(@" (). (3.4.4)
Let #! be the Banach space

H' ={heC® (1%, L (R, R} (3.4.5)
with norm

|A] = max [A(5)].
Define the closed subset #°} < #!

={heH||h| <|B|54}. (3.4.6)

For |B| < o, define the rriapping
T y4py: B x H'f— Bg x H!
(8.) = Loy (8), B (3.47)
My) = Df,(9) o (L (£) o [Df; (&) o (LAEN™,
with £ and ¢, according to (3.4.4). & is well defined. Observe that

A(F¢(B) (8) = Pdgb(ﬂ) (4g), (3.4.8)
for

ge Bg N CY (T2, 2(R?, R?),
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Lemma 5. There exists a4 > 0, such that for the map

FA¢(B) (g, ‘):%k—%'%l hi—-)ﬂ'zo F¢(B) (g,h), (349)
g € Bg with |B| < 04, the following holds:
) Tapp (8 )P = Hp. (3.4.10)
) L(Lg4p (8 7)) <Ag<1l. 3.4.11)

Proof: It corresponds to the proofs of Lemma 3 and 4, but is simpler. |l
The following Lemma is an extension of the contracting map principle. The proof

is elementary (cf. [1]).
Lemma 6. Fiber contraction theorem (topological).

Let X be a space and [:X — X a map having an attractive fixed point p € X
(im f™x) =p for all x € X). Let Y be a metric space and (g.)x € X a family of maps

such that the formula F(x,y) = (f(x),g.(v)) defines a continuous map F:X x Y —
X xY. Letqe Y bea fixed point for g,. Then (p,q) € X X Y is an attractive fixed point
for F provided

Lig)<A<l1
Jorallx e X,

Lemma 7. Let |B| < o4, sg according to (3.3.18), then
SB eCl (TZ, R2)

Proof: Because of Lemma 6 and 7 there exists a unique fixed point

(sg, hg) € Bg x #p for I' y4(p, and

for all (g,4) € Bg x #°}. Choose (g,%) = (0,0) = dg, and there follows from (3.4.12)
Bim (g )" (4e) = (5p. ) (3.4.13)
But
(Fagep)" (48) = A(Tgepy (8)) (3.4.14)
because of (3.4.8), such that Dsg exists and equals %g:
n
Let g € Bg N C"(T%,R?). Put
A"6=(8,7"8) = (g, Dg,...,D"g), D'geC’ (T, %L (R? R?). (3.4.16)
Let

A" (Tyepy (8)) = (Tppy (&), €58, 5 1. 5" 2))- (3.4.17)
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Define the Banach space #™"

HN=Hp XAy x - xH,, (3.4.18)

H,eCO(T? ¥ (R?, R?)), (3.4.19)
and define the map I'ynygy: Bg X H#™" — Bg x H#™:

T gy (8:1) = (Tgegy (8), €l F1, 57 2)). (3.4.20)
Considering the definitions we have

Larpcpy (A7) = A" (Lyepy (8))- (3.4.21)

As can be easily verified by induction, we have

D" (Lyepy ()(y) = (Df2 (€) + D(Lgcpy (8))(¥) 0 Dfy (€))(0, D"g (£1)[B(¥), - - - B()])

+ € e L), (3.4.22)
whereby £, €, y according to (3.4.4) and :
B(y) =[Df, (&) o (1, Dg (¢,)17". (3.4.23)

If we define the map A} (h,_): #, —H,:

hi—> mry€(hu_y, 5" f1, 7" f2) (3.4.24)
Paoy €Hp X oo XH,y,

there follows from (3.4.22)

|4 Crus) (B) — AP () (B)| < A+ |BO)|" 2 — R, (3.4.25)
whereby

A< (1—|BICy) (3.4.26)

B ["< (1= |BP2C,)™ (3.4.27)

There exists, therefore, for all n, 1 <n < K, a 7,> 0, 7; < 7; for ¢ >4, such that for

1Bl <
L(A}(h,_y) <X <1, (3.4.28)

By €% -+ xH,_,. Using again Lemma 6 and (3.4.28) we reach the following
result by induction:

Lemma 8. There exists (1,), l <n < K — 4,0 < 7, <7, for 1 > 7, such that
sg e C" (T2, R?),

if 1Bl <7y
From Lemma 8 and (3.3.22) Theorem 2 follows.

Remark: Let ¢ € C*®, then we have from (3.4.28) 7, — 0, # — . Even for small
|B| we cannot expect the tori 72 (8) to be C*.
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The proof of Theorem 3 follows the lines of the proof of Theorem 2, starting from
the corresponding truncated normal form in S! x U, — S! x U,,. To prove the contrac-
tion of the graph transform in question, we use the 1nequahty

1T, (@l < —epy) <L(T) =1

where T (), T, (u) are defined by (2.2.4) and (2.2.5).
For the generalisation of the Hopf bifurcation for dimension 2% > 4 we only have

to discuss the matrix (a,;(u)) at u = 0 in the dissipative part of the related truncated
normal form ¢

= (L4 ot 5 o )

1 <1< n. We do not wish to carry out this discussion. However, one can get under
generic assumptions bifurcation of attractive tori 7™ (u), 1 <m < n. The restrictions
of qb onto these invariant tori are translations. As these translatlong are not structurally
stable, we cannot from here gain any insight into the qualitative behaviour of the re-
strictions of ¢(u) onto their invariant tori. For # > 3 so called strange attractors on
T3 (1) might be expected [2].
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