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Note on Some Integral Inequalities

by V. Bargmann

Joseph Henry Laboratories, Princeton University, Princeton,
New Jersey, USA

(22. II. 72)
To M. Fierz on his sixtieth birthday.

Abstract. Inequalities are derived for certain integrals which have the mathematical structure
of quantum mechanical expectation values.

Introduction

This note deals with certain integrals which have the mathematical structure of
quantum mechanical expectation values (but in # instead of three dimensions), namely,

L) = [l |2 dnx, K@) = [|Vh[2ams. (1)
R" Rn

Herex = (x,,. . ., x,) isa point in the real n-dimensional Euclidean space R" (n > 2), and

7 its distance from the origin ; {s(x) is a square integrable, sufficiently well behaved (com-

plex valued) function on R", Vi the gradient of ¢, and |Vi|2 = >7_,|04/0x;|2. Finally,

the exponent u is real.

We are concerned with a family of inequalities between the various 7, and K, of
which the uncertainty relation is a special case. In section I the functions ¢ are not
restricted by any symmetry conditions, and the general inequalities (C,) are stated in
section 1.2. For eigenfunctions of the ‘angular momentum’ the inequalities are
strengthened (see section 3.4). These stronger inequalities (C, ;), in turn, imply the
inequalities (C,).

It should be added that, to a certain extent, the discussion in section 1 is merely
heuristic because the class of functions to which it applies is not explicitly defined. The
missing precise definitions—in the framework of Hilbert space theory—are supplied in
Sections 2 and 3.

Remarks on the notation: 1. The complex conjugate of a complex number « is
denoted by @, its real and imaginary parts by Rea and Im«, respectively. 2. If sis a
positive real number then s!/2 = 4/ always denotes its positive square root. 3. The
inner product of two #-component vectors a,b is denoted by a-b = (3}_, a;b;), a* stands
for a-a, and |a| = (3;|4;/*)"/2. 4. In n-dimensional integrals we write 4"x for
dx dx, . . . dx, (similarly in momentum space). All #-dimensional integrals extend over
R" unless the domain of integration is explicitly indicated.

1. The Inequalities for General{

1.1. We start with an argument which is familiar from the proof of uncertainty
relations. Let A, B be two fixed operators (not necessarily self-adjoint), {:(x) a function
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on R" for which Ay and By are defined and square integrable, and A a real constant.
Then

0 < @) =By — idd||> = mo A> — 27, A + 7. (2)
The real coefficients 7,, which depend on ¢, are given by

N0 =l4JI2, 72 = || B> (2a)

M1 = 3i{(Bih, A) — (Ah, B)} = Im (4, Bif). (2b)
We explicitly assume that 7 > 0. Then

D) =m0 (A —1/m0)* + 10" (3)

L=n0DP(/n0) =mom2—7ni=>0

Note that @(A) = 0 if and only if By = 1AA. The inequality to be proved follows from
(3), namely,

7 < Mo 72 4)
Equality holdsif and only if, for a suitable Ay, @(Ao) = 0, so that By = 1A, Ay, and, by (3)

=270 M2=A570. (4a)

1.2. Choose now

Ap=r**1yy, Bh=—ir'x-Vi

where p is a real exponent > —2 (and > — 2 for » = 2). We find
== [(# 5 GV + YV
=3 [ V- e +3 [ (V- ).

Assume that the first integral in the last equation vanishes, i.e., that the corresponding
surface integral may be neglected. (It suffices that i stays bounded near the origin and
vanishes fast enough at infinity.) We then obtain

=3+ p)l, )
since V- (r*x) = (n + u)r*. Furthermore,
Mo =1I2u2 (), M2 =f |71 x- Vip|2dn .
Clearly, |7~ x- Vis|? < | V4|2 Thus
n <K@ =[|Vy]ds, (6)

and 7, = K if and only if ¢ is a function of  only.
From (4) and (5) we obtain now the desired inequality

Cw G+, () <lap (DK
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The cases of equalzty Equahty holds in (C,) for a non-vanishing ¢ if and only if

PY(x) = f(#) (by (5)) and By = —if '(r) = tAAY, where A = N1/m0 > 0. Hence [ = —Ar#t1f,
and if w + 2> 0 then f(r) = c¢f, A (7 )

Jua () =exp{=A(p+2)7' 2} (u+2>0) (6)
Ly ) 3(m + )1, () K(h) = 1:A: A2 (6a)

The inequality (C_,) degenerates into a triviality if » = 2. Even for #» > 3 equality never
holds (with s # 0) because ' = —A\»~! fhas the solution f = c»~*, which leads to diverging
integrals 7, and K. (See, however, the Appendix.)

1.3. The three cases u = 0, —1, —2 deserve to be mentioned because in these cases—
apart from the normalization integral I,—only one I, appears in (C,). Thus

(Co)  (Gnlo ()* < I (K@)
(Co) G =DI () <Io(hKW)
(Co) G —2)21,(p) <K()

(Co) may be considered a form of the uncertainty relation, and (C_,) has long been
known (specifically, for #» = 3) [1].

(C_,) has an immediate quantum mechanical application. Let

Hegpe— — (7)

be the Hamiltonian of a hydrogen-like atom (in # spatial dimensions!). For anon-vanish-
ing ¢

_WHY) ® KW T
Gh L@ LW

is its expectation value, and the minimum of (H), determines the ground state.
Introduce p =vI_,/I,, with v=4(n —1). By (C_)), K/ID > p?, hence

b)z b2 52

<H>¢>ﬂpz—2bp=a(p—— ——>——
a a a

with a =#2/2m, b = Ze?/2v. The minimum, —b2/a, is reached for the wave function
Jfoi,a, With Ay =b/a (by (6) and (6a)). Thus the ground state has the energy
E = —3[(Ze?)*m][v*#? and the wave function e "™, where 7y = a/b = (v#?)[(Ze2m). (In
three dimensions, with v = 1, one obtains of course the familiar expressions.)

2. Definition of I,,, I, 1, K and K, in Hilbert Space

2.1. We turn now to a more precise definition of the admissible functions i, and of
the integrals 7, and K.

First of all, every #(x) is required to belong to the Hilbert space $(=L?(R")) of
s%uare integrable functions. Then its Fourier transform a,b ) also belongs to ), and
[l = llll-

If 7, () < o (see equation (1)) we say that ¢ belongs to D, the domain of 7, (or
equivalently, the domain of the operator ‘multiplication by ##/?’). Clearly, Dy = 9.
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The crucial point is the proper definition of K. This is given in terms of J(k), ie.,
in momentum space [2]:

K(§) = [ Bk 2 k. ®)

If K () < o then ¢ is said to belong to Dy. D, and Dy are linear manifolds which are
dense in $.

2.2. The Set H°. Following Kato [3] we introduce the set §° of all finite linear com-
binations of Hermite functions, or, equivalently, of all functions ¢ of the form

h(x) = p(x)e "/

where $ is any polynomial. §° has the following extremely useful properties. i) §° is
dense in $; ii) The Fourier transform maps $° onto itself; iii) §° < D, and H° = D, if
n+u> 0.

In addition, $° may be applied to characterize the domain . In fact, i belongs
to Dy if and only if there exists a sequence {¢;} = $° such that

lim | — ¢l =0 (1) lim K (¢ — ) = 0. (2)

Js

Then K(y) = lim; K(¢,), and lim; K (s — ¢,) = 0.

2.3. The Subspaces $,, and §,. The decomposition of a function ¢ € § into eigen-
functions of the ‘angular momentum’ in # dimensions will be defined in terms of
harmonic polynomials. A harmonic polynomial of order / is a homogeneous polynomial
Z, of order I which satisfies the Laplace equation, so that

xVZ,=1Z,; AZ,=0. 9)

In terms of standard spherical harmonics Y, (defined for points on the unit sphere)
Z,(x) =7"Y,(r"'x). Among the harmonic polynomials of order /! we may choose an
orthonormal basis Z,,, say, such that

2 (%) Zy (¥)do(x) =8, (1< t,t'< )
|x]=1

where do(x) is the Euclidean measure on the unit sphere, and s, is the number of linearly
independent harmonic polynomials of order /. (Clearly, s, = 1, and Z,; = w;!/2, where
w), is the area of the unit sphere.) Harmonic polynomials of different orders are of
course orthogonal.

The Hilbert space § may be decomposed into the direct sum of pairwise ortho-
gonal subspaces §),,. The elements of §,, are square integrable functions of the form
P(x) = f(#)Z,, (x). Again the Fourier transform maps §,, into itself. For two elements

1/1,- =f1Zy; of 9, one finds ('/’1:‘/’2) = (f1,/2): where
Fufi=[ 1O frPrdr, Bi=n—1+2 (10)
0

and in particular (, ) = (f, /).
Thus the functions f(r) corresponding to the elements ¢ of §),, form a Hilbert
space I, based on the inner product (10), and f € I, if and only if f is measurable and

(f.f)1 < . As usual we set Ifll = 4/ (f./ )
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In $ we introduce the projections E;, on §,,. Thus (E,, ¥) (x) = fi; () Z;; (x), and for
fi. one finds the integral representation

fu@) =78 [ Z, @)(x) dotx)
lx|=r

where do(x) is the Euclidean measure on the sphere |x| = 7, and the integral is defined for
almost all 7.

For fixed / we introduce §,= @9, and the corresponding projection
E, =35 E,. An element  of §, has the form (%) = >, f,, (¥)Z,,(x). Note that §, and
E, are independent of the choice of the orthonormal basis Z,.

Lastly we relate §,, to the set §° introduced in section 2.2. Obviously E;, $° is
dense in §,,, and it is easily shown that the elements of E,;, §° are functions of the form

q(%) Z,, (x)e 12 (11)
where g is a polynomial in 72.
24. The Forms I,,,. If ¢ belongs to D, so does every E;, 4, and

I, (¢)=l§;fu(Eu¢)-

I,(Ey ), in turn, may be expressed as I, ;(f;,), where

L) = [ |fn|2rBetedr = (rei2 f, 2 f), (12)
0

We say that a function in 9, belongs to ®,, , if 1, ,(f) < .
2.5. The Forms K,. As long as we express K (¢v) in momentum space the results are
quite similar. If ¢ belongs to Dy so does E, 4, and

K(f) =2 K(Ey §).

In order to translate this into the language of conﬁguration space we use the pro-
cedure outlined at the end of section 2.2. If ¢(x) (=f(r) Z,, (x)) belongs to §,, the approxi-
mating sequence ¢; may also be chosen in §,, such that ¢, (x) = u, () Z,,(x), and u; (by
eq. (11)) has the form ¢g-e"*/2. Thus

1 — ull = 11 — 24l

Set ¢ = — b, =uZy (u(r) =u;(r) —u;(r)). Then, by equation (8), K(¢) = (B K2 ) =
(h,—A¢) since kqu is the Fourler transform of —4¢. In view of equatlon 9), —4¢ =

vZ,,, where v(r) = — Br~1u'(r). Hence K(¢) = (u,v); (see (10)), i

K(¢) = f: (un’ rBv) df—l—jlu [27Bidy.
0

Since the first integral vanishes, K(¢) = |j#'||?. For the approximating sequence we find
therefore
Lm [|f —#l,=0,  lim Ju; —ujfl, =0,  K(h) = Lim, [l

)
Joo0
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A closer analysis of these relations shows that a function ys(x) = f(¥) Z,, (x) in §,, belongs
to D if and only if f satisfies the following conditions: f € I,, and there exists a function
g € M, such that

—fr) = [ e dr ©<r < <w) (13)

(and hence g(r) = f'(r) almost everywhere) [4]. Then

[+ o]

K@) =Ki(f) = [|f ) rPrdr = (£ f). (13a)

0

A function f satisfying these conditions will be said to belong to Dk ;.

3. Inequalities for the Functions in $,

3.1. The Inequalities for the Functions in $,,. For fixed ! we consider, for the time
being, functions f which belong to D, ;, D, 42,1, and Dk ,—and, hence, also to M,
(see sections 2.4 and 2.5). In section 3.2 the requirements on f will be relaxed. Set

Yua=n+2+p=F+1+p (14)
We assume pu > —2if 8, > 2, and u > -2 if §; =1, so that y, , > 0. (8, =1 implies
that n=2,1=0.)

Consider the integral

ndu ww”m—ﬂf 2 (i)

Note that J* =y, 1,.(f) < . If 0 < p < 0 < o integration by parts yields
g [

-2 Ref(r““_?)f’rﬁld?.
p P

Jg =rtat|f(n)]?

The two integrals in this equation are absolutely convergent on the interval (0, «) since
r#2f, ¥+l f and f’ belong to M. It follows that r¥xt | f(#)|? tends to limits ¢, and ¢y, say,
as ¥ — o and 7 — 0. The convergence of | ¢, however, implies that ¢, = ¢y = 0. In the
limit p — 0, 0 — « we find therefore

'Yy,zIp,z (/) =—2Re (”“Hﬁf’)z-

From Schwarz’ inequality we obtain now the desired result

Cu) Gyl (NP < a2 (NEL()

The cases of equality. For a non-vanishing f equality in C,, ; holds if and only if
f'=—M**1f with a positive constant A. If u>—2 it follows, as in section 1.2 that
f=c¢f,, (seeequation (6)). This function meets our requirements, and we have

. )-’-;-’-'-Iy,,:K, =L 33 (15)

If p =—2 equality holds only for f =0 (see the Appendix for further remarks).
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3.2. Relaxations of the conditions on f. For every real yset I, ;(f) =I5 .(f) + I .1(f)
where

1 [+
L) =[Ifersiar, 1,0 =[ 7R
o 1

Thus if y < { then Iy, (f) < I7,(f) and Iz ,(f) <Iy.(f). Assume now p > —2, so that
t<2u+ 2. Then

a) L) <Iguaa(f), b) Dopaa(f) <Iua(f)

Every f is required to belong to 9;, and hence
¢) Lo (N)+15,:(f)=1Io,(f) =IfII} < .

We need a fourth estimate, viz.,

d) If fe Dk, and p>—2then I, (f) < .
Proof of (d) In view of equation (13) we set, for» < 1, f = f| — f,, where f; (r) = f(1)
and f, (r) = [1g(p)dp. Now I, (f) < 2(I,,(f)) + 1.(f;)) and, by Schwarz’ inequality,

1£2 )] < lell j pPdp

Thus I, (f) < « as is easily checked, q.e.d.
Our conclusions may now be formulated as follows:

i) IfI.L > Othen 32p+2 1< D 1
il) I1f0 > m=>— —1 then DK N ﬂ 92#4_2 1< Dy,!'
iii) If =1 > pu > —2 then bK 1€ DN Dopsan

(Adi). Note that I, , < I ;. Ad iii) Note that here I3,., ;< Ig,.)

To sum up: For the inequalities (C, ;) to hold it suffices that f € Dg ; N Dypya, of
p>—1 and that f € Dg ; if —1 > p>-2.

3.3. Remarks on the case p = —2. The inequality (C_, ;) remains valid—but reduces
to a triviality—if B; = 1. Assume now 8, > 2. Then (C_, ;) is equivalent to

(C_2.) (%'}’—2,1)21—2,1 (f) <K, (f)

and 1 holds whenever f € D ;.

In fact, consider the approximating sequence {«,;} described in section 2.5 (C_, )
applies to #; and to #; — u; because these functions satisfy the conditions under which
C_,; has been derived. Hence I _2,1(u; —u;) tends to 0 as 7,7 — o, and one may con-
clude that fe D 2 that 7_, ;(f) =lim,;7_; ;(u;), and that C_, holds.

3.4. Functions on §,;(l = 1). It is very easy to generalize our Tresults to functions in
9, (see Sec. 2.3). The case / = 0 may be omitted because $H, = Ho, (see Sec. 2.3) and the

functions in 4, are covered by the preceding discussion. Consider a non-vanishing
Y € H,. It has the form

V) = 31 V20 (3)  (fue ).
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Assume that precisely s functions f;, are %0 (where s < s;) and that the Z,, are so ordered
that f;,, #01f t<s, and f;, =0 if £ > s,
If yeD, then all f;, e D, , (see Sec. 2.4), and by (C, ;)

it 1, 41 = 3 T80T, ) <3 e s G0K

By Schwarz’ inequality

L) < [é; Loy (fu)] Uz[élK, ( f,,)]m,

hence

Cr) BYual ) <Ly (HER).

For the validity of these inequalities it suffices that y € Dg N Dy, if p > —1 and that
Y € Dg if =1 > u > —2. (This follows from the discussion in sections 3.2 and 3.3.)
The cases of equality. Equality holds in (C ;,,) if and only if

a)  (Gyual (fu)? = Lypsa g (fi) Ko (fi) (E<9)
b) K, (fi)= “12.u+2,1 (fi) (<)

for some positive «. Now (a) implies that fi, = «,f, ), (see end of section 3.1), that
p>—2, and that K, (f;,) = A3, (fi) (by eq. (15)) It follows from (b) that A, =
= 4/« for all ¢. Thus

P(*) = kfu,a (N 2, (%)

where k = (3,|x,|?)"?, and Z, = 3, (x,/x)Z,, is a normalized harmonic polynomial of
order /.

The inequality (C, ;) may be considered a special case of (C,, ;) for functions ¢ in
Dur-

3.5. The inequalities (C,). Similarly the results of section 1 may be rederived, but
now on a firm basis, in particular as far as the cases of equality are concerned. Consider
a non-vanishing €%, and let (x)=>,,.f,(")Z,,(x). We again have (with

Yuo ="+ pm<y,)

%y,u,OI Z%Y}lol}zl,f[t IZ!‘}')’LH ,ulflt)

and repeating the steps made in section 3.4 we obtain

(€ BYuolu(W)? <oy KR

For the validity of (C,) we have the same sufficient conditions that were stated in section
34 following the inequalities (C,, ;).

It is easy to dispose of the cases of equality. Since y, ; =y, 0 + 2/ it is clear that
equality holds in (C ) only if all f;, vanish except fy,, if u > 2, and P(x) = cf A (7).

3.6. Lastly one may extend the discussion of the hydrogen Hamiltonian of equa-
tion (7) by asking for the minimum of (H, for 4y € §, (and therefore using C, , instead
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of C_,). The analysis is virtually unchanged, but in the definition of p one must replace
v==%4y_ ;0 byv+Ii=4%y_, ;. Thus one obtains
1 (Ze?)2m

2 (v + 272

for the minimal energy, and yi(x) = ce™*/" Z, (x) for the associated wave function, with
vy = (v + DH?[Ze2.

In similar fashion, Cy and Cg , may be applied to the Hamiltonian of the isotropic
harmonic oscillator.

APPENDIX: FURTHER REMARKS ON THE CASE p=-2

As was pointed out in the discussion at the end of section 1.2. equality cannot
hold in (C_, ;) if f#0, so that always

KN 2,(/)>Gy=2n)? (F#0) (16)
if y_»,%#0 (i.e., B;>1) and f e Dy ;. A more precise relation [5], namely,
4K, () = (202 T2 (N) = 12f +y_247 I (162)

may be derived by combining the identity

12f" +y 2277 fIF =4K, (f) + 4y Re(r £ )i+ (v_2.0)2 121 (f)

(see equations (12) and (13a)) with the equation y_, ,I_, ;(f) =—2Re(r™'f,f"); (see the
equation preceding (C_, ;) in section 3.1). Note that 2f" +y_; ;771 f#0 if f# 0 and
feMm,.

If B, > 1 equality in (16) may be approached with any desired accuracy. Choose,
for example, f; (r) = 71/?2exp(—377), > 0. Then

1, )=1-.(‘)’~z,t)_ K, (f7) =7’——2,l(7’-—2,l+7)
T C Tu(f) 4

and equality is approached as 7 — 0.
If, however, B, =1(n=2,l=0) then the ratio K, (f)/I_0(f) may take any
positive value, including 0. (For B; = 1, Ky (f) < o no longer implies that 7_; o (f) < =.)

T
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