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Quantum Theory of Measurement and

Macroscopic Observables1)

by Klaus Hepp

Physics Department, ETH, 8049 Zürich, Switzerland

A bstract. The generation of probabilities from probability amplitudes in a quantum mechanical
measurement process is discussed in the framework of infinite quantum systems. In several explicitly
soluble models, the measurement leads to macroscopically different 'pointer positions' and to a rigorous

'reduction of the wave packet' with respect to all local observables.

1. Introduction

The interpretation of quantum mechanics is one of those philosophical problems
which no physicist can completely avoid. It is naïve to expect that quantum mechanics
as a mathematical model will determine its own interpretation. However, there is the
inexplicable fact that aspects of our world are explainable in mathematical terms (i.e.
that there exists a morphism from mathematical models on experimental data). Hence
we have to proceed in the general spirit: 'Erst die Theorie entscheidet, was man
beobachten kann' [11].

In our modest contribution, which does not claim any originality, we shall discuss
some explicitly soluble dynamical models for measurement processes in which
probability amplitudes evolve into probabilities. We shall base our discussion on the
quantum theory of systems with infinitely many degrees of freedom, developed during
the past decade by Araki, Haag, Kastler, Kadison, Lanford, Robinson, Ruelle, Segal
and many others. We believe that our discussion follows closely the pragmatic attitude
of an experimental physicist. In fact, we are inspired by the manifestly macroscopic
slits, clocks and pointers with which Bohr has so beautifully discussed many of the
puzzles of quantum mechanics [2].

The essential points of this paper have been explained to the author with great
patience by M. Fierz and R. Jost. To them as well as to S. Coleman, O. Steinmann,
A. S. Wightman and M. Winnink we are much indebted for stimulating discussions.

2. Statement of the Problem

In ordinary quantum mechanics, the pure states of a system are the unit rays in a
separable Hilbert space and the mixed states or ensembles the density matrices P on
X. The observables correspond to bounded hermitean operators A on X, and the time
evolution is given by a continuous 2-parameter family of unitary 'propagators' U(t,s).

') This paper is dedicated to Professor M. Fierz on the occasion of his sixtieth anniversary. It is
a personal, but not a comprehensive review of the quantum theory of measurement.
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Finally, for every state P and observable A, one defines the expectation value of A in
Ptobe

<A>p-Tt(PA). (2.1)

If A 2anE„ has a spectral decomposition {£„} which is purely discrete, then (2.1)
becomes

(Ayp 2anPn

pn Jr(PEn)>0, 2Pn-V (2-2)

The following morphism between this mathematical model and the experimental
data of physics is commonly accepted :

A. The measured values of A are the eigenvalues an.
B. If the state P is an eigenstate of A with eigenvalue an, P PEn, then A has in P

the value an.
C. If P is a mixture of eigenstates P„ of A, P 2PnPn, Pn PnE„, pn > °> 2Pn L

then A has in P the value «„ with probability pn.

From (A), (B) and (C) we shall give strong evidence that (2.2) has the following
probability interpretation :

D. There exist quantum mechanical measurement processes (in which the system is
coupled to an apparatus with a large number of degrees of freedom) where, when A
is measured in a general state P, the resulting state is an incoherent superposition
of states, where A has the value a„, with the probability Tr(PE„).
As an abstraction of the Stern-Gerlach experiment (SG), von Neumann [24] has

given the following model of a 'measurement of the first kind' for Tt(PE„) : Vet, for
simplicity, the state space Xs of the system be two-dimensional, Xs — C2. The
states ip+ (q) and tp_ (°) are eigenstates for cr3 with eigenvalues ±1 and projectors
P+. By (C), o-3 has the values ±1 with probabilitiesp+ in the state P p+P++ p-P— In
the coherent superposition ip c+ ip+ + c_>p_ with 'probability amplitudes' cteC
satisfying \c+\2 + \c_\2 — 1, a3 has no definite value. In the measurement the system is
coupled to an apparatus with state space JlfA. Assume that the latter is initially in the
state 9o and the combined system in the state ip+ (x) 9o e Xs Cg) XA (in SG, ip± are
spin eigen-states and 9o the coordinate wave function). By a well-chosen interaction
(in SG the passage through an inhomogeneous magnetic field [8]), the combined system
makes the transition

ip±®9o->ip±<g) 9±. (2.3)

Here 9± e XA correspond to some big pointer with two well-separated positions (in
SG the splitting of the position of a heavy particle). If (2.3) is the effect of some unitary
time evolution U, then one arrives at the 'cat paradox' [21] by linearity:

U(c+ ip+ + c_ ip_) ®cpn^c+ip+ eg) 9+ + c_ \p_ Cg) <p_. (2.4)

Von Neumann [24] and Wigner [26] have argued that only after the interaction of
system and apparatus with the conscious ego the coherent superposition (2.4) acquires
a definite pointer position, with relative frequencies \c+\2 and |c_|2 in a series of identical
experiments. This solipsistic point of view is philosophically tenable and experimentally
not refutable. However, the majority of the physicists adhere to the following more
pragmatic interpretation of (2.4) (see e.g. [8, 18]) : After a measurement of a3 in
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c+ ip+ + c_ ip_, one arrives at (2.4), which—due to the macroscopic difference between the
two pointer states 9± with projectors Q±—for all feasible experiments on the combined
system, can be identified with the mixture

\c+\2P+®Q+ + \cJ2P^®Q-.. (2.5)

The replacement of (2.4) by (2.5) will be called the 'reduction of the wave packet'.
Since quantum mechanics does not predict in general the outcome of single events, the
further reduction from (2.5) to P+ eg) Q+, if the pointer position is read in a single
experiment, is a pragmatic subjective act. Due to the absence of phase relations in the
splitting (2.5), this further reduction is not in conflict with the laws of quantum
mechanics, but it will not concern us in the sequel.

In this way, the experimental state-of-the-art defines the admissible pointers for a
measurement. If se <= SS(XS x XA) corresponds to the set of all feasible observations,
then (2.3) is a measurement of a3, if

(>P+®9+,A9_®9_)=0 (2.6)

for all A g j-/. In other words, (2.4) and (2.5) are equivalent with respect to j-/ [12].
The following example is due to Jauch :

Example 1. Let XS=XA C2 and srfA be the diagonal matrices in the basis
{ip±}. Then ip±s eg) >p+A -*¦ ip±s eg) ip±A is a measurement with respect to J-/ =S8(XS) Cg)

sfA.
In order to go beyond formal mathematical arguments, one has to analyse realistic

models of measurement and to find a natural set of observables ja/ and time evolutions,
with respect to which an objectification of a microevent is realized through different
pointer positions. For this purpose we have first to understand the notion of coherence
for large quantum systems.

3. Coherence and Classical Observables

In this section we shall formulate the quantum theory of measurement within the
algebraic approach to systems with infinitely many degrees of freedom. We shall
rephrase and recapitulate a number of mathematical facts (most of them from [6]) which
clarify the notion of coherence of states. It is very satisfactory that in this quantum
mechanical description of a microsystem coupled to a macroscopic apparatus, the
coherent superposition of states and their incoherent mixture can become equivalent
with respect to all quasilocal observables, when some classical observable assumes
different values in these states.

General formalism: We assume that the set of observables of the system generates
a C*-algebra j/ with unit. The set S(sf) of all positive linear functionals co on j/ with
t_j(l) 1 contains all states of the system. Every a. e S(sf) gives rise to a representation
irw of s/ in a Hilbert space XM with cyclic vector 9w.

For m,, tû2eS(sé) and A,, A2>0, A14-A2 l, the incoherent superposition
co Xxiox 4- A2e_j2 eS(s/) is always meaningful and has the interpretation (C). If
co,, w2 are vector states for some representation rr of se (cd, w(ip,) o -n, ip, eXn,
i= 1,2), then one can form

*-*i + Afc/I*i + Ak| (3.1)



240 Klaus Hepp H. P. A.

for all A 6 C, for which ipx + Xip2 ± 0. However, it is possible that (3.1) as a state on ja/ is

always identical with the incoherent superposition (l4-|A|2)_1a>14-|A|2(l4-|A|2)~1tü2.
This phenomenon occurs, when <ox and w2 are disjoint, i.e. when no subrepresentation of
¦n is unitarily equivalent to any subrepresentation of iru)J '¦

Lemma 1. cox,a>2 eS(ja/) are disjoint, if and only iffor every representation -n ofs/
with co, i»(ipi) o it for some \p, e 3f„, i 1,2, one has

(9x,ir(A)92)=0for all Ass?. (3.2)

Proof: If the irOJl are subrepresentations of -rr and E, e rr(s/)' the projectors on
ir(stf)\p, with central supports F, e 2£ (ir(s4)') satisfying F,E, E,, then disjointness is
equivalent to Fx F2 0, hence EXE2 0 and thus (3.2). In the converse case, there
exists a representation 77 with two equivalent subrepresentations acting on the same
subspace. Then (3.2) does not hold.

If o>i and o>2 are not disjoint, they are called coherent. Let rr be such that, for
ipi,ip2 eXnandco, u)(ip,) o -n,-n(srf)ipx is not orthogonal to ir(s/)tp2. Then we can form
the coherent superposition a>(ip) o -n of oox and co2 using (3.1). Clearly, every pair
ipx,ip2eX is coherent with respect to SS(X'). On the other hand, the states of a living
and a dead cat with 108 disintegrated neurons should be rightfully described by disjoint
states. In the following section we shall construct models for measurement processes,
where different pointer positions are disjoint states for a rather big natural algebra of
observables. An automorphism a e Aut(ja/) of ja/ is a 1-1-mapping of ja/ onto s/ which
preserves the algebraic structure. The following trivial consequence of Lemma 1 will
have far-reaching implications :

Lemma 2. If cox,co2 e S(s/) are disjoint and a e Aut(s/), then œx o a and cu2 o a are
disjoint.

While coherence cannot be destroyed by an automorphic time evolution during the
measurement process, we shall find in section 4 sequences œXn, ai2n of coherent states
which converge weakly in S(s/), œ,n ^- a>,, towards disjoint states cm,, a>2. In this case,
all cross-terms (2.6) converge to zero :

Lemma 3. Consider sequences œ,„ &*¦ cd,, i— 1,2, with cox, co2 disjoint. Let wn be

representations ofstf andip,„eXVnwith a>, n œ(ipin) oir„,i=l,2. Then,for all A es/
lim(9Xtn,Trn(A)92,„)=0. (3.3)

Proof: If w2(A*A) 0, then

\(h,n,rTn(A)92tn)\2<œ2tn(A*A) +0. (3.4)

Otherwise, w2n(A*A) # 0 for sufficiently large n, and a>2 „ œ2t„(A*(-)A)lcv2n(A*A)
e S (ja/). Then w2 ,„ w> cr>2 and, since œx and <o2 are disjoint, co x anda>2 are disjoint. Hence
\\œx — at2|| =2 [7]. By the weak continuity of the norm one obtains

4^||Wl>n-Wl„||2<4-4|(f,n,7r„(^)^2i„)|2/||7rn(^)^J2<4 (3.5)

and (3.4) holds.
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Lemma 4. Let co, 2n=i \nMin, \n > 0. 2n-i ^in 1 for i — 1.2, and let wXm and
w2n eS(ja/) be disjoint for all m,n. Then cox and co2 are disjoint.

Proof: The 77..,. are unitarily equivalent to a subrepresentation of ®TrWln, and those
are disjoint.

An interesting class of states are the primary states tu, where ^(ja/)' fl ^(ja/)"
{Al}. If wx,io2 e S(sf) are primary, then either œx and a>2 are disjoint or quasiequiva-

lent [13]. Let ipx,tp2be orthogonal vector states inXw with projectors E x, E2 and with a>

primary. Then <o(tpx) and ct)(ip2) are coherent, and the measurement problem for
A axEx + a2E2 is well-posed and non-trivial.

Quasilocal and classical observables: For infinite systems it has been powerfully
argued by Haag and Kastler [9] that the algebra of observables ja/ has a quasilocal structure

in the following sense : There exists a set S of bounded regions A e R3, such that
U@ A. R3 ; for A', A" e S there exists some A e Si with A=> A'UA"; and for every
A e Si there exists some A' e S with A D A' <p. For every AeS there should exist a
C*-algebra ja/(/l) with unit satisfying

s/(A') c ja/(/l") for /1' c /1"

[ja/(^l'),j^(^")]=0 for ,1'(1-4" <£ (3.6)

\Jm s/(A) norm-dense in ja/.

The classical observables of the system do not necessarily belong to ja/. They are
supposed to correspond to operations which can be made outside of any bounded set. For
A e S let s?(A) be the C*-algebra generated by all ja/(A') with A' e S and A f. A' 9.
Vet 77 be a representation of stf. Then

Sev=C\3-n(rf(A))" (3.7)

is called the algebra of observables at infinity in the representation 77 [15]. Since Sfn
lies in the center of rr(s/)', it is abelian, which is a necessary prerequisite for a set of
classical observables.

Special observables at infinity are the macroscopic observables. For any sequence
A„ e S converging to infinity (i.e. almost all A„ lie outside of any bounded region), let
An estf(A„) with ||^4„|| < b uniformly in n. Vet n be a representation of ja/. If

1 "
w-lim -S Tc(An) A (3.8)

N->co jy / f

exists, then A e Jfn. A state co e S(sf) has short range correlations [15], if J_?„ {Al} or,
equivalently, if for every A es/ and e > 0 there exists a region AeS such that

\<o(AB)-io(A)o)(B)\<\\B\\i (3.9)

for all B es/(A). Every primary state has short range correlations.

Lemma 5. Let co have short range correlations and let {Ane s/(An)} be as in (3.8). If
1 ^Hm-y œ(An)=a (3.10)

w-,» N ^—1
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exists, then one has in X„.

iimèy -"<osAn)=a. (3.11)
N

n-l

Proof: Since N l2n-inw(An) is uniformly bounded, it suffices to prove (3.11)
between a dense set of states. We show that for any AxeS and any A e s/(Ax),

1 N

lim -y co(A*A„ A) aco(A* A). (3.12)
N-»00 _V rt—ri

n-l

Given A es/(Ax) and e>0, we choose A2eS such that (3.9) holds. For some M,
Anes3(A2) fis/(Ax)', whenever n>M. Hence, by locality, for N>M:

1 i M 1 ^-^co(A*AKA)-aco(A*A) <- \a\co(A* A) -f—J M^*^)l|JV A-

+1^2-^ _a |w(^*^)|+6e (3.13)

For primary states cox, co2, the existence of a macroscopic observable with different
expectation value in œx and a>2 entails disjointness:

Lemma 6. Let cox,io2 eS(s/) be primary and {An es/(An)} be as in (3.8). If
1

N

\im-yco, (A„)=a„ i=l,2, (3.14)

n-l

and ax ^ a2, then üj( and co2 are disjoint.

Proof: By Lemma 5, N'1~2é^XTrOJ (An) ^- a,. If iox and a>2 are not disjoint, then

^w, < "io,or "iuj < "«_.in tne latter case, there exists a projector Ti e 77(Ui (ja/)', such that
7rüj2(A) "iui (^)-^ f°r all ^ e ja/. Hence a2E ax and thus a2 «j.

We see, how differences in the expectation values of macroscopic pointers lead to
disjointness. Only with a measurement apparatus with infinitely many degrees of freedom

can one have a non-trivial quasilocal algebra. For infinite systems, there are many
other mechanisms which entail disjointness. For instance, two KMS-states cox, w2 for
different temperatures Tx, T2 are disjoint, if one of them is primary of type III [23].
Again, type III factors only occur in infinite systems.

Product states for quantum spin systems: The above mathematical results will be
applied to the quasilocal algebra ja/spin of infinitely many spin 1/2 systems C2 at lattice
sites n 1, 2, A pure state \e) in C2 is characterized by a unit vector eeR3 with
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a-e\e) \e). Two product states in <S)^i Cj., \el)N (R)^Li |«i). nave a scalar product [25]

M«V)j»l2=n(l+«i.-4)/2
n=l

< exp (- 2H - e2\\2lA < exp (-N2<\\ß€ -/^||2/4) (3.15)

where fm 2n=ieJNll2+e- The estimate (3.15) leads to

Lemma 7. Lrf |ef) <S>^x\e'„), i= 1, 2, be product states on Ja/spin, such that for
some e > 0

lim(/J1c-/2e)=_^0. (3.16)
JV-,00

Then ^1) and \e2) are weakly inequivalent and hence disjoint.

For product states we obtain disjointness under weaker assumptions than (3.14).
This has been used in [19] for the construction of a pointer. It is reassuring to learn
from (3.15) that the finite approximations of the infinite system satisfy

|lV(e1|^|e2)iv|2 0(exp-A^|42/4) (3.17)

uniformly for all A e SS( eg)*£ x C2), || A || < 1 and M fixed, if N -> oo. Hence macroscopic
differences between product states imply a rapidly decreasing overlap for all finite
approximations. The coherence is prohibitively weak, if—as in a laboratory
experiment—the number of degrees of freedom is large.

4. Models for Measurement

We turn to the construction of time evolutions which transform a coherent pair of
initial states of the combined system into a disjoint pair of final states. The state space
of the micro-system will always be a separable Hilbert space Xs with all hermitean
operators in 0l(Xs) as observables. The observable to be measured will always be a3.

As apparatus we choose either a quantum spin system Ja/spln or a continuous fermion
systems/f. Vets/ be the algebra of observables of the combined system. Then the time
evolution can be chosen to be either a continuous 2-parameter family xts e A\it(s/), or
a non-automorphic strongly continuous family U(t,s) of unitary operators in a fixed
representation 77, or even a discontinuous unitary family. The more singular time
evolutions are admitted, the easier it will be to arrive at disjointness.

Automorphic time evolutions: Here the main obstacle is Lemma 2, which is often
circumvented by a time average. For instance, let s/ =0t(C2) and a, exp(ia3t)(.)
exp(—ia3t) e Aut(ja/). If co± co(ip±) and co co(tp), ip c+ ip+ + c_ip_, then (27r)_1

jo^dtco o at |c+|2cu+ -f |c|2a>_. We do not, however, accept the ergodic mean [5, 16]
as a fundamental solution to the problem of the reduction of wave packets. The first
and trivial solution in our spirit are time evolutions ats e Aut(s/), such that for i
1, 2 lio, o cxts v <". f°r t -*¦ °°i where cox and to2 are coherent and œx and 5)2 disjoint.
For non-conservative forces this can be easily achieved :
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Example 2 (development of a photo-emulsion). Vet (Xs Cq, Xa Cg)",,.C2 and
s/ s/spin on all sites n 0, 1,2, The state ip+ could represent an AgBr molecule
at the site n and ipô an Ag atom. The 'development' at n should only act for 2w77 < t
< (2m + 1/2)77, n 1, 2,..., and only under the catalytic action of a 'germ' ip- at 0. This
is described by the time-dependent Hamiltonian

jPöal 2mr<t<(2n + lj2)-iT »=1,2,....
[ 0, otherwise

(4.1) has the propagator U(t,s) expi J' drH(r) es/ and leads to the automorphism
oc_s £/(<,s)(.)(7(s,2). Furthermore,

tf(o,oft®#i>*o®1*W+

t/(o, 0 <Aö <§ <A » t> «Ao ® «A» <A~ (4-2)
n=l n=l

for < -> co, and co(i/f+) and a>(i/r~) are pure and macroscopically different, hence disjoint.
By (3.17), a developed silver grain with 1010 atoms is an excellent approximation to an
infinite pointer.

For conservative forces it is less interesting to study the weak convergence of

ftioa, for t -> 00. More physical, in the spirit of scattering, is the convergence of the
interaction picture time evolution cu o ex, o a__(. Here a, is the evolution of the interacting

micro- and macro-system and a° the free evolution. The following model has found
some interest in solid state physics [17] :

Example 3 (X-ray edge). Let X*s C2 and s/s=0l(C2). Vet s/A =s/f be the
C*-algebra of the canonical anticommutation relations over 7.2(R3) [20]. Let p > 0 and
ex", € Aut(ja/) be the automorphism generated by

770 (d3k (k2 - p)a* (k)a(k) (4.3)

in the Fock representation. Let a., e Aut(ja/) be similarly generated by

H Hn + P~V

V a*(g)a(g)es/A (AA)

where g 6 0'(R3) and P~ e0t(C2) is the projector on ip_. As the initial state of the
apparatus we choose the ground state tu0 of 770 (minus an infinite self-energy) :

a.,, (a* (/J ...a* (fx)a(gx). a(gn)) 8mn det [(/„ Agj)] (4.5)

where A : L2(R3) ->- £2(IR3) is an integral operator with the kernel

A(p,q) 9(p-p2)8(p-q).
Vet «j* P± eg) con. Then tu+ o a, o a°t co+, while co~ o ce, o ct°t (A) can be computed
from (4.5) and the time evolution

a(f) -» a(e-'h< e'-o'f) -* cx(Q+f) iort^oo. (4.6)
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Here h and hQ are the 1-body operators corresponding to 770 + V and 770, and _0+ is the
unitary wave operator in L2(R3) with the kernel

0+ (P, q) 8(P -q)- f2{P)*2giq).n h(q2)
p2 — qz + tO

-H;* IH«I ¦

Hence w~ o x, o a°t ^ P~ (g) a>, where a> is the ground state of 770 4- V (minus an infinite

self-energy) and has the form (4.5) with A replaced by Q%AQ+. By a theorem of
Powers and Steirmer [20], the pure states w0 and a> (and hence P+ eg) a>0 and P~ (g) co)

are unitarily equivalent, if and only if A — Q*+AQ+ (or Q+A —AQ+) is a Hilbert-
Schmidt operator. The kernel of Q+A — AQ+ is

mi jjt\ ai „2.. S(P)*g(q)h(q2)
(6(p - ^2) - 0fc - q2))

p2_q2 + iQ
¦ (4-8)

The square integral of (4.8) diverges. Hence co0 and co are disjoint, and the X-ray edge
acts as a measuring apparatus. The initial state P+ eg) oj0 can be viewed as the
equilibrium state at T 0 of a non-interacting electron gas in a conduction band with an
occupied impurity level. In P~ eg) <o0 the impurity is ejected (by an X-ray), and here
all electrons have a 1-body interaction with the hole. In the latter situation, P~ Cg) co

is the equilibrium state, which by (4.6) is the weak limit for t -> +oo of P~ Cg) co0 o ex,

o a__,. co differs from <o0 by an excitation of infinitely many particles and holes with
probability one [3].

This is an infrared divergence, without a macroscopic difference in the sense of
section 3. We remark that by Lemma 3 all the cross-terms converge to zero. An
explicit proof of this fact is quite difficult : While the Heisenberg picture time evolution
x, o x°_t operates as a 1-body operator on the test functions, the evolution
exp(iHt)exp(—iH0t) is a many-body operator in the a>0-representation. A similar
apparatus using bosons can be constructed with the Blanchard model [1].

Example 4 (Coleman model). One can also obtain the transition (4.2) by a time-
translation invariant automorphism a(s a,_s: Consider on L2(R}) eg) Cg)",]C2 the
operators

HQ=p, H Hn+V, V 2V(x- n)a\. (4.9)
n=l

Here V is real, continuous, of compact support with $dxV(x) 77/2. The Dyson equation

for U(t) exp(iHnt)exp(-iHt) is

t

U(t) l-ij dsV(s)U(s)
0

V(s) exp (iH0 s) V exp (-iHQ s) f V(x + s - n) a1. (4.10)
n=l
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(4.10) has the solution

U(t) exp
I -i jcis 2 V(x + s - n)cxn\ (4.11)

One sees that (4.11) leaves L2 (I) eg) Cg)"=
x
C2 invariant, if 7 is any bounded open interval

in R1. Let Xs T.2 (7) eg) C2 with projectors P± on i/r± e C2, and let s/A s/spiB. The
interaction picture evolution a, o a°t W(t)(.)W(t)*,

W(t) P+ + P~U(t)es/ (A. 12)

is automorphic for all t. As initial states we choose % eg) ip± (g) <p+, where x e L2(7),
a3 ip± ±i/r± and where the apparatus state 9± has all spins up or down. Since 7 and
supp(F) are bounded, there exists some N and some unitary U es/ such that

[/(oo) L/fi a1

n-l

U I EK j exp I -ijds 2V(x + s- n)a\ (4.13)

Hence as states on ja/ one obtains essentially (4.2) :

W(0x Cg) i/>+ Cg) 9+ x ® </<+ ® <p+

W(0x ® "A- ® ?>+ ^> £% ® •/<- Cg) <p_). (4.14)

By Lemma 4, it is not necessary to start with the pointer in a pure state. In the incomplete

tensor product to 9+ the states 9n Un9+ with local unitary Un e s/spXn are total.
Instead of starting from co(9+), we could take co 2Pma)(cpm)- Then a.(v eg) ^_) Cg) a.
would converge weakly to cu(x Cg) i/>_) eg) 2PmCÜ(VmcpA, with local unitary Fm e s/spln.
By Lemma 4, this pointer position would be disjoint from co(x Cg) >p+) Cg) w.

The Coleman model can be considered as a caricature of an electron in one-
dimensional motion, whose spin is measured by the result of a local interaction with an
infinite spin array.

Non-automorphic time evolutions: In Example 1 the evolution is not an
automorphism of the algebra of observables. However, it can be accomplished by a strongly
continuous group of unitary time translations in Xs Cg) XA. If one wants a measurement

which leads to macroscopically different pointer positions in finite times, then the
unitary time evolution is so discontinuous that it has no Hamiltonian:

Example 5 (big bang). VetXs Cg andXA <g)£., C2 withs/A s/spXa. Vet U(t) :

JfA -> XA be defined by linear extension of

U(t) !> 0„ (g)(exp (iaU)9n). (4.15)
»-1 n=l

Then W(t) P+ + P~ U(t) is unitary on X. If one takes as initial states ip± Cg) <p+ with
all apparatus spins pointing up, then the pure states W(t)9± eg) 9+ are macroscopically
different in arbitrarily short times earlier and later. A boson model of somewhat similar
structure has been discussed by Primas [19].
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5. Conclusion

The solution of the problem of measurement is closely connected with the yet
unknown correct description of irreversibility in quantum mechanics. In the framework
of infinite systems we were able to analyse some models for measuring processes, which
are not manifestly in contradiction with physical and mathematical common sense.

We have shown, without using any averaging procedure, that coherent states of a
quantum system coupled to a quantum apparatus can split into disjoint states. For
non-catastrophic time evolutions one has to wait infinitely long in order to arrive at
those macroscopic changes which destroy all phase relations for local observables. The
introduction of an asymptotic condition into measurement theory is as natural as
elsewhere in microphysics, where S-matrix theory is sometimes considered as the ultimate
receptable of all physics.

It is gratifying that time is two-sidedly unbounded for t -+ ±oo. Hence the same
mechanism which we have employed for measurement can also be used for the preparation

of the system, in the sense of the following diagram [14] :

preparation evolution measurement

For practical purposes it is not necessary to pass to infinite systems and times.
However, one has to establish the existence of the limits N -> oo and t -> oo and the
disjointness of the resulting states of the system and apparatus, in order to be sure that
in the finite approximations the error can be made arbitrarily small for sufficiently large
N and t. We also note the direction of time in the above diagram : while the automorphic
evolution between finite times is reversible, it is precisely the irreversibility in the limit
of infinite times which reduces the wave packets.

REFERENCES

[1] Ph. Blanchard, Comm. Math. Phys. 15, 156 (1969).
[2] N. Bohr, in: A. Einstein, Philosopher-Scientist (Ed. P. A. Schilpp, The Library of Living

Philosophers, Inc., Evanston 1949).
[3] J. M. Chaiken, Ann. Phys. 42, 23 (1967).
[4] S. Coleman, private communication.
[5] A. Danieri, A. Loinger and G. M. Prosperi, Nucl. Phys. 33, 297 (1962).
[6] J. Dixmier, Les C*-algèbres et leurs représentations (Gauthier-Villars, Paris 1964).
[7] J. Glimm, and R. V. Kadison, Pac. J. Math. 10, 547 (1960).
[8] K. Gottfried, Quantum Mechanics, Vol. I (Benjamin, N.Y. 1966).



248 Klaus Hepp H. P. A.

[9] R. Haag and D. Kastler, J. Math. Phys. 5, 848 (1964).
[10] R. Haag, R. V. Kadison and D. Kastler, Comm. Math. Phys. 16, 81 (1970).
[11] W. Heisenberg, Der Teil und das Ganze, p. 103, attributed to A. Einstein (Piper Verlag,

München 1969).
[12] J. M. Jauch, Helv. Phys. Acta 37, 293 (1964).
[13] R. V. Kadison, Trans. Am. Math. Soc. 103, 304 (1962).
[14] W. E. Lamb, Jr., Phys. Today 22 (April 1969).
[15] O. E. Lanford and D. Ruelle, Comm. Math. Phys. 13, 194 (1969).
[16] G. Ludwig, Grundlagen der Quantenmechanik (Springer, Berlin 1954).
[17] P. Nozières, et al., Phys. Rev. 178, 1072, 1084, 1097 (1969).
[18] A. Perez and N. Rosen, Phys. Rev. [B] 135, 1486 (1964).
[19] H. Primas, preprint.
[20] R. T. Powers and E. Stormer, Comm. Math. Phys. 16, 1 (1970).
[21] E. Schrödinger, Naturwissenschaften 23, 807 (1935).
[22] I. E. Segal, Ann. Math. 48, 930 (1947).
[23] M. Takesaki, Comm. Math. Phys. 17, 33 (1970).
[24] J. von Neumann, Die mathematischen Grundlagen der Quantenmechanik (Springer, Berlin 1932).
[25] J. von Neumann, Comp. Math. 6, 1 (1938).
[26] E. P. Wigner, Am. J. Phys. 31, 6 (1963).


	Quantum theory of measurement and macroscopic observables

