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Coulomb Corrections to Low Energy Elastic and Charge

Exchange =N Scattering

by G. C. Oades and G. Rasche
Institut fir Theoretische Physik der Universitdt Ziirich

(24. VL. 70)

Summary. We consider the problem of m N scattering in the simultaneous presence of the
short range nuclear potential and the long range Coulomb potential. The existing treatment of
nt*+ p scattering is outlined and similar methods are then used to derive the corresponding results
for the coupled channel processes 7~ p = n~ p and 7~ p - 7° »n. Finally we show how the Coulomb
corrections so obtained can be calculated to first order in the Coulomb parameter.

1. Introduction

Most pion-nucleon scattering data are obtained from experiments having
7t p or m~ pinitial states. Since in either case both particles are charged, it is necessary
to include both electromagnetic and strong interactions in any complete analysis of
the data. This is particularly important in the case of phase shift analyses of scattering
data for the elastic process

tp—>mtp
and for the coupled processes

5 iy,

np—->nan
where one is interested in isolating the purely nuclear interaction.

In the usual treatment of this problem, it is assumed that the total scattering
amplitude is the sum of a pure Coulomb scattering amplitude and the appropriate
combination of charge independent, purely nuclear scattering amplitudes suitably
modified by certain Coulomb phase factors [1, 2, 3]. It has long been realised that

nuclear phases extracted in this way still contain some effects of the Coulomb
interaction, the separation of which is a model dependent process. Van Hove [4]
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first treated this problem by assuming that the Coulomb interaction vanished
within the nuclear interaction region. The corrections derived in this way, now called
outer Coulomb corrections, depend strongly on the value chosen for the nuclear
interaction radius. It was later pointed out by Hamilton and Woolcock [5] that this
dependence was almost eliminated if the Coulomb interaction was also included
within the nuclear interaction region, thus giving additional inner Coulomb corrections.

In his treatment of the outer Coulomb corrections, Van Hove dealt both with the
process wt p — it p and with the coupled processes = p —n~ p and 7~ p — 7z’ n.
In their calculation of the inner Coulomb corrections, Hamilton and Woolcock dealt
first with the process &+ p —n+ p using a real potential and then introduced a complex
potential to describe the process m~p —za~ p. The treatment of inner Coulomb
corrections was later extended by Schnitzer [6] but without inclusion of the important
effect of the coupling between the 7~ p elastic and charge exchange channels.

The m N interaction can most easily be studied when data on the nt p elastic
and 7~ p elastic and charge exchange channels are all available at the same energy.
In the treatment of this data, the present series of large scale phase shift analyses
ignore the inner and outer Coulomb corrections [8]. While this may be a good approxi-
mation at higher energies, the neglect can be dangerous in the low energy region.
This is particularly true when data with errors of only a few percent become available
below 300 MeV thus allowing the determination of coupling constants and scattering
lengths to a high accuracy. For this reason, we have extended Van Hove’s coupled
channel treatment of the 7z~  elastic and charge exchange outer Coulomb corrections
to provide a systematic coupled channel treatment of both inner and outer Coulomb
corrections. Using these results, the simultaneous analysis of low energy = p —n~p
and 7~ p — 7% » data with the inclusion of inner and outer Coulomb corrections now
becomes possible. This enables a better determination of the low energy purely nuclear
scattering amplitudes and also makes clearer the difficulties of formulating tests of
charge independence [9].

In Section 2, for completeness and as an introduction to the methods used, we
outline the treatment of Coulomb corrections for the @t elastic channel. Details
have been published elsewhere [10, 11] and the results agree with those of Schnitzer
(6] although the method avoids the cancelling divergences of his treatment. In
Section 3, we introduce the coupled channel formalism for the processes 7z~ p —>a~ p
and 7~ p — x® n and we show how the idea of an S-matrix has to be modified when
Coulomb forces are present in one of the channels. In Section 4, we obtain expressions
for the two channel S-matrix and in Section 5 we show how the inner and outer
Coulomb corrections can be calculated to first order in the Coulomb interaction
without having to solve the coupled radial wave equations numerically. In two
appendices we show that our results go over into those of Van Hove when we neglect
the inner part of the Coulomb potential and we show that our explicit form for the
S-matrix when full Coulomb corrections are included is symmetric and unitary.

2. Goulomb Corrections for ntp Elastic Scattering

We assume that the z N system in the low energy region can be described by a
nonrelativistic potential model where the nuclear potential can depend on energy as
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well as on the total angular momentum, the orbital angular momentum and the total
isospin. We further assume that the most important electromagnetic corrections are
obtained by introducing the additional Coulomb potential into this model. This
assumption of non-relativistic potential scattering is common to all treatments of low
energy Coulomb corrections with the exception of the work of Sauter [12]. He has
applied the techniques of Dashen and Frautschi [13] to the problem of Coulomb
corrections for zw* p elastic scattering and in the low energy region he obtains agree-
ment with the results of Ref. [10].

a) Purely Nuclear Scattering

In the absence of Coulomb forces, the states of the & N system are specified
uniquely in the c.m. frame by the total energy and by the quantum numbers [, [,
T, Ty and P. Here J denotes the total angular momentum, T the total isospin and P
the parity. The orbital angular momentum quantum number / can be used instead
of P and it is customary to write the eigenstates of these conserved quantities in the
form

1
Wl = R () 2, 0.4) | T (1

where / + denotes states with J =7 4 1/2. , 6 and ¢ are the relative spherical
polar coordinates of the @ IV system in the c.m. frame, the incoming pion direction
being taken as the polar axis and the outgoing pion direction being specified by 0
and ¢. £, is the eigenfunction of total angular momentum and J, with eigenvalues
! 4 1/2 and s respectively; it is defined at the end of section 3. p, the argument of
the radial wave function R{Y, is given by

o=~Fkv

where & = |p|/h is the wave number corresponding to the relative momentum p.

| T>1s the isc;spin part of the state vector, the quantum number 7’5 being suppressed.
When Coulomb forces are present T, is still conserved by virtue of charge conservation
and we will still not include it in our notation. In this section, we consider the single
channel o+ p — w+ p where we will be dealing with the T = 3/2, T, = 3/2 state only.
In the subsequent sections, we deal with the coupled processes m~ p —a~ p and
7= p —>n®n where we have T = 3/2, T3 = —1/2 and T = 1/2, T3 = —1/2 states.
The purely nuclear zt+ $ radial wave function obeys the differential equation
d2R®/?) ~ 1L+ 1) ;
= — [7t8/2) __ (3/2) _
do? + (1 Uls o ) Ri¥=0 (2)
where f]ﬂz)(g) is related to the charge independent T = 3/2 nuclear potential U{/?)(z)
by

2m 1

T8 = 20

U ol), @)

m being the reduced mass of the z N system.
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For simplicity, we now deal only with the s-wave state although where appro-
priate we give results for general /. We also simplify the notation so that
Ry = RYP,

T TT(3/2

Assuming that the nuclear potential (73 is of finite range g, the radial wave equation (2)
becomes

cRY s

i (I1—-Uy) Ry =0, o <oy, (4)
d2RY

TZQ:’JFRQ’_*O, 0 =0n, (3)

We introduce a solution of equation (5), RY,, normalised so that

Ry (o) = Sin(p + d5) 0 = oy, | (6)

d; = O0/*) being the T = 3/2 s-wave purely nuclear phase shift. Solving equation (4)
with the boundary condition that R}, is regular at the origin, i.e.

RY () =0,

then specifies d; in terms of U/ -
We can write the most general regular solution of equations (4) and (5) in the form

Ry'(0) = 4 Ry (o)
where A is an arbitrary constant. Asymptotically this has the form
Ae%s . Ae i
Rl ~ o= e®. (7

coslty BV 21

If we write the asymptotic form as

RY(0) ~ Bee+ Cé®, (8)

0—00

then C, the amplitude for the outgoing radial wave, is related to B, the amplitude for
the incoming radial wave, by

C=—S;* B, ®)

S% ™ being the m+ p s-wave purely nuclear S-matrix element. Comparing equations
(7) and (8) we obtain the expected result,

Syt = e, (10)

b) Inner Coulomb Corrections

We now introduce the Coulomb interaction via the electromagnetic potential
V(7). We detine the reduced potential
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~ 2m 1

V. (o) = T2 R2 V. (o/k)

and, to allow for the possibility of finite charge distribution effects, we assume that v,
deviates from the corresponding point charge potential I}cp over a finite range so that

I>c = I}cﬁ‘ 0 =0, (11)
Here the reduced point charge potential is given by

v,= 21 (12)

y 4
the Coulomb parameter # being given by

ez m e2
=g ( - == 137.0388—1) . (13)

Defining
Qo = max (g, oy)
we first consider the effect of the inner Coulomb potential

VIN=V_,  0<o,, V=0, o0=0

The z+ p radial wave function in the simultaneous presence of the nuclear potential
and this inner part of the Coulomb potential, R1Y, then satisfies the equations

et i (e T = T RY =9, 0 < 00> (14)

S L RIN 0 =0, (15)

We introduce a solution of equation (15), R’Y,, normalised, so that

RU, (0 =Sinfe+7,), o¢>0 (16)
and note that solving equation (14) subject to the regularity condition

RIY,(0) =0

then specifies the phase 7. in terms of 1}3 and 17‘;.N.

The most general regular solution of equations (14) and (15) then has the form
R™¥(g) = 4 R, (0)

and similar arguments to those used above show that the S-matrix element in the
presence of the nuclear and the inner part of the Coulomb potential is given by

85 =22 % (17)
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We see that the addition of the inner part of the Coulomb potential changes the
7t p phase shift from d, to 7. In order to relate 7. to d; we note from equations (4)
and (14) that

d v @ : :
o l:RA T RﬁVu . RL‘\

= | 2, RL| = VI RL R,

and so using the fact that both R} and R’Y, are regular at the origin we obtain
Qo
- [ R R

0

d , 4y
IiR:;oc 7d§ R{;\a o Rﬁ-\a EQ_ Ra’}oc:'

Q=09

But at g, we can use equations (6) and (16) to obtain the well known result
Q9
Sin (8, — 7,) = [ V¥ R, R, do. (18)
0

This result is of particular use since, by approximating R’Y, by Ry, a first order value

of (d; — 7+) can be obtained. A similar result is obtained for general /, i.e.
Qo_~
Sin(3f? — #7)= [ VI REAY RLLY do (19)
0

where R¥7)Y is the purely nuclear radial wave function normalised, so that
RYMY = Cos o' 0 7,0) — Sin 6" o m0), ¢ = e, (20)

and R{7)'Y is the corresponding z+ p radial wave function when the inner part of the
Coulomb potential is included, its normalisation being such that

Ry = Costi)oile) —Sin7f omle), ¢>0- (21)
Here 7,(0) and #»,(p) are the usual regular and irregular spherical Bessel functions.

c)  Full Coulomb Corrections

Finally we consider the case when, in addition to the nuclear potential, the full
Coulomb potential is present. The &+ $ radial wave function, R7°7, now satisfies the
equations

d2RTOT = S oo

g HA-U= VR =0, o<a, =
d2RTOT ~

T TASVORIT =0, g>a (23

We introduce a solution of equation (23) R’“. normalised, so that
RT(0) = Cos 7, Fofo) + Sin 7, Golo), 0 =00 (24)

where F(p) and Gy(p) are the zeroth order regular and irregular Coulomb wave
functions. We further note that, in addition to the asymptotic behaviour of equation
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(24), R°T must also be a regular solution of equation (22). Comparing this equation
with equation (14) we see that RZ®T and R’Y, are regular solutions of the same
differential equation for 0 < ¢ < g,. Thus they can only differ by a multiplicative

constant in this range of ¢ and so, fitting value and derivative at g,, we obtain the
relation between 7, and 7.

Foloe) + l‘an 7+ Golpo)
F (o) + Tan 7. Go(00)

Tan(gy + 7,) = (25)

The most general regular solution of equations (22) and (23) has the form
R0 = 4 R/ ()

where A is an arbitrary constant. We see from equation (24) that this general regular
solution has the asymptotic form

A e*+ A eg=t%

RT;OT(Q) ~ 71’.7 3£(9+G°Hnln29) —_ 72 1:.__.“ g—i(9'|’ 0y —HlnZe) (26)
0—00

where ¢, 1s the s-wave Coulomb phase, the values of these phases being given by
o, =argl'(l+1+1m).

The S-matrix in the presence of the long range Coulomb potential is defined by
writing the asymptotic form as

R{OT(Q) —~ Be_i(l_)+ oo—nln2p) S8 Cgi(g+an—nln29) (27)

where C, the amplitude of the outgoing ‘radial Coulomb wave’ is related to B, the
amplitude of the incoming ‘radial Coulomb wave’ by

C=—Si5B.

Comparing equations (26) and (27) we see that the 2+ p s-wave S-matrix element in
the simultaneous presence of the nuclear and full Coulomb potential is given by

Sioh= "+, (28)

Thus, we see from equations (10) and (28) that, in addition to adding the pure
Coulomb scattering amplitude, the effect of the Coulomb potential on i+ p elastic
scattering is to modify each phase 6**) to a new value 7{’ [14]. These Coulomb phase
corrections can be calculated to first order in % in two stages. In the s-wave case the
inner Coulomb correction is first obtained from equation (18) and then knowing 7.
the outer Coulomb correction is obtained by calculating 74 from equation (25).
A similar procedure is followed for general /, the inner Coulomb correction being
obtained from equation (19). Then knowing z{), the outer Coulomb correction is
obtained by calculating 7{*) from the corresponding general / form of equation (25),

edfe) —Tant{omfo) | Fifo) + Tantf Ge)
Fll(g) + Tan TS;—;) Gl(Q) 0=0

0

(07.(0)) — Tan 7} (o n,(0))’

In Appendix I we show that when VZ¥ = 0 our results go over into the outer
ztt p Coulomb corrections of Van Hove [4].

(29)

0=0
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3. Coupled Channel Formalism

We now consider the coupled channels z~ p -z~ $ and 2~ p — =® n where we
have to deal with linear combinations of the T =3/2, Ty =—1/2 and T = 1/2,
T3 = —1/2 states. In this and the following sections, we will ignore the n — p mass
difference and the n+ — #® mass difference. These mass differences give rise to similar
effects to those to be described below and they, as well as the influence of the radiative
capture process - p — y #, will be treated in a subsequent paper.

In the absence of Coulomb forces and assuming charge independence, the states
n~p and n° » are described by linear combinations of {**) and ¢{!/*). Using an ansatz
of the form given by equation (1), the T = 3/2 radial wave function obeys equation (2)
while the 7 = 1/2 radial wave function obeys the similar equation

d2R(? ~ L+ 1)

. déjﬁ + (1 — U - m(.;;-l) R = 0 (30)
where U (172) is related to the charge independent 7= 1/2 nuclear potential U{?(r)
by an equation similar to (3).

Assuming the nuclear potentials are of short range, the solutions of equations (2)
and (30) which are regular at the origin can be chosen to have the asymptotic be-
haviour

. I ,
R (0 ~ Sin (o= 2+ 92 &)
0—> 00
The S-matrix in the subspace of fixed / and [ is defined as usual by
CGY=-— 2" S BY (32)
T=312,1/2

where B{!) is the amplitude of the incoming spherical wave and C{L)is the amplitude
of the outgoing spherical wave. We see from equation (31) that

STT = 8y 2002 (33)
the diagonality in 7" and 7" representing the conservation of total isospin.

Instead of the states | 7> we can equally well use the charge states #~ 4 and
7’ n as a basis for calculating the S-matrix elements. If we denote the 7z~ p state by
| —> and the #® # state by |0) then we have the relations

=YL 13- Y2 13>

_ - (34)
2 1
0>= 1= |3/2 — |1
j05= 2 13>+ /% 112>
with the corresponding inverse relations
1 2
3/2 > = — | = =
| 3/2> V3 | =+ ]/ S0y,
(35)



Vol. 44, 1971 Coulomb Corrections to Low Energy Elastic 13

In this basis we define the S-matrix in the subspace of fixed / and J by
Ci) =~ 3 Si¢ B (36)

c=-—,0

where B{?) and C!;) are again the amplitudes of the incoming and outgoing spherical
waves. The S-matrix elements defined by equation (36) are related to those of
equation (32) by a unitary transformation corresponding to equations (34) and (35).
Suppressing the subscripts / 4, these relations are

§—— = { S22 1 L S1z12 V2 (S3121/2 4 S1/2372)
3 3 3
S-0 _ VZ (S%i28i2 _ Suz12) 4 1 S3)21/2 2 S1232
3 3
So— — Vi (S¥23i2 _ S121/2) _? G821z L S1/23/2
3 3 3 ’

So0 E S8z 1 Gl21)2 MZ,, (S32112 1 S123i2)
3

3 (37)
with the corresponding inverse relations
1 2 V2
Ss232 — — §-— 4 = Goo . V2 (g0 GOy
3 o 3 U 3 ( T )
S3i212 — _ 7]/2 (S—— — S°00) 4+ _]_ S-0 _ 2 So-,
3 3
Su232 — _ 71/2 L B — 2 S—o0 L £ So-
3 3
2 1 V2
Sz . = §-— 1 =~ goo _ V= g-0 L Go-)
37 T3 3 (570 + 5% (38)

In the case when only the charge independent nuclear force is present, we have
seen that S7.” has the diagonal form given by equation (33) and then equation (37)
simplifies to give the purely nuclear charge independent values of S¢;

1 .62 2 .2 (3/2) . (1/2)
8 = 5 ezzali) L e“agi) Sf:.? _ S?; _ 13% (32“5 _ g2idyl ),
2 @z 1 ..
S?i = 20 4 < Q2101 (39)

Once the Coulomb potential is introduced total isospin is no longer conserved
and the diagonality property of ST'7 is lost. However, even in the general case
conservation of probability and time reversal invariance require that the S-matrix is
unitary and symmetric so that the relations (37) and (38) simplify a little by making
use of the symmetry property
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3/21/2 _ ¢cl1/23/2 -0 __ g0-
Sl:{: / - Sl/:k / 3 Slj’; == Si:{: 2

We now take into account the Coulomb force between the charged particles.
The reduced Coulomb potential can be written as an operator in isospin space in the
form

~ 1
KJP(Q) = Vo) - 45 " (1 + 73)

where #; and 1/2 7; are the 3rd component isospin operators for the pion and the
nucleon and where T;C(g) is the reduced Coulomb potential introduced in Section Z.

Operating on the states |¢)> we obtain

~

Vop | => = =Vlo) | =,
7, 0> =0 (40)
while on the states | 7> we obtain

1

Vi |302> == 5 Vo) (312> -2 |1/2)),
Tl 12> = 2 Vo) (312> - vZ 1112 1)

We see from equation (41) that the Coulomb interaction mixes the two states of
different total isospin. In this case, the simple form of equation (1) no longer separates
the Schrédinger equation and we have to introduce the more general ansatz

; 1
yie = R (@) 32> + REY | 12)] - 2, ,(0.4) - 42)
The radial wave functions R{?) then satisfy the coupled equations
d2R{PP ~ LI+ 1) ~ 1 V2
(3/2) (3/2) — (3/2) (1/2)
=t (1 ~ Bt — | B =T} (5 mop - B Ryt ) ,

R
dp?

+ 0 =+

Alternatively, we can work in the —, 0 basis using the ansatz

1
Yia = [Rg;;)(Q) | = Rﬁi’ () QOH ¥ ‘Ql;};,s(ei )

in which case the R{ satisfy the coupled equations

d2R(-) 1 -
- (1 N
dp® 3

A}
4
t
o~
o~
et
v
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[ _ LAkt RO
l 02
Fr(3/2 Fr{1/2 -
== (UPP — OV R, . (44)

Tl

dp?

A2R)
(-
3

An important feature of the coupled system can be seen from equation (44)

where, making use of the fact that the nuclear potentials f]gt) are of short range, we
see that these coupled equations reduce asymptotically to the form

dzR(-) ~ (l+1
L —> 00 . 4’5
dz Rgoi - I(I+1) (©) £ )
Td + R} — ot Ry =0

Equation (45) shows that, as one would expect, R|7) has the asymptotic behaviour
of a radial Coulomb wave with Coulomb parameter —» and R{°) has the asymptotic
behaviour of a radial free wave, i.e.

Ré;}(g) ~ Bg;) 671'(9-—171/2—%.:.171:129) % CE;:) ei(g—ln_{2aal+nln2g) ;

0—>00
RE(:)Q (Q) s B?l)t eﬁi(g—lnﬂ)_{_ Cg(i 61'(@——1::!/2) ) (46)
0—>0c0

Since the outgoing amplitudes C g‘*‘i) are linear functions of the incoming amplitudes
B{*) we can write

Ci) =— ) Sit BY) c,c'=—,0 (47)
[4

thus defining the S-matrix in the isospin sub-space in this case when the long range
Coulomb force is present in one of the channels.

We now discuss certain general properties of solutions of the coupled set of
equations (44). This treatment is similar to that made when tensor forces are included
in nucleon-nucleon scattering [15], except that the ‘mixing’ occurs in isospin space
[16] and the long range Coulomb force is present only in the (—) channel. As stated
earlier, probability conservation and time reversal invariance require that S{° be
unitary and symmetric. Such a 2x 2 matrix can always be parameterised by three
real quantities, two of which are eigenphases, the third being called the mixing
parameter. It should be noted that, while the eigenphases do not depend on the
representation used, the mixing parameter does depend on the choice of representa-
tion. This we fix by writing in the notation of Ref. [15]

. (3/2) - (1/2) |
S-— =67 Cos?e + ¢*'"  SinZ¢,

_ B2 .. (1/2)
S—0 = S%- = Sin¢ Cose (¢*** — &°'*

),
@2) . . (12)
S00 — 21T Gin2e 4 21T Cosle (48)

where we have suppressed the /4 subscript. Comparing equations (39) and (48) we
see that the charge independent limits of the eigenphases are

3/2 3/2 1/2 1/2
Lzrg>=&ih Lirg>=&;) (49)
n— n—>r



16 G. C. Oades and G. Rasche H.P. A.

while the charge independent limit of the mixing parameter is such that

Lf Sing= ]/i , I f Coge= l/% . (50)

7—0 n—>0

Returning now to the asymptotic behaviour given by equation (46), we can
choose the B@’s arbitrarily so as to construct two independent solutions of the coupled
equations (44). If we choose

fo‘) = Cose, Bf)?) = Sine,
B = — Sing, BY) = Cose (51)

where we have again suppressed the /4 subscript, then we can obtain the corre-
sponding C@’s by use of equations (47) and (48). After suitable normalisation, the «
and f solutions of equation (44) then have the asymptotic form

!
R (o) ~ Sin (9— TR —o,+nln2y +T‘3’2’),

o0—>00

!
R© () ~ Tane Sin (@— -21+r<312>) : (52)

0—>00

l
R (9) ~ — Tane Sin (g — —;— — 0o, +nln2p 4+ ‘t‘”g’) i

0—>00

l
RY (o) ~ Sin (Q — 2n + 1:‘1/2)) ; (53)

@—>00

Finally in this section we summarise the derivation of the elastic and charge
exchange scattering amplitudes from the corresponding S-matrix elements defined by
equation (47). As a first step we consider a single 7~ $ partial wave when only the
Coulomb force is present. The asymptotic form of the radial and isotopic part of the
wave function is

1

- 6—i(g—lnl2ﬁol+nln29) _ gi(g—ln/2—01+nln2g)]‘__>

—Ei[

)

from which we see that the ingoing amplitudes are given by

1

(=) —
Bie =g

BY =0,

When the nuclear force is also present, only the outgoing amplitudes change from the

values implied by the above asymptotic form, the new values being given by equation
(47)

1 1
— Siy" Cl = — 5%

) .
d- 2'&

Thus, the asymptotic form for the radial and isotopic part of the wave function in the
presence of both Coulomb and nuclear forces is
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Z 1 . 3
[[Sm (Q ;t o, + 7 In2 Q) 2 (Slm};— ) 1(Q~lﬂ/2~al+nln2g)] |_.>

1 .
+ 5 Siz e 0). (54)
Guided by this, we define the partial wave amplitudes
1 . 1
I = 2 (S;= — 1) e~ ?4—; =5 Sie e ' (55)

We now construct the incoming ‘plane’ Coulomb wave corresponding to relative
momentum p and nucleon spin component s in the direction of p. Using the same

relative sphe~rical polar coordinates as in equation (1) and letting 555 denote the spin
part of the wave function, we can take account of the nucleon spin by suitably modify
the usual treatment of the spinless case in the presence of Coulomb forces [14] to
obtain the asymptotic expansion

In
_ Sin(e— 5 O +nln2p)
wgur;a Coulomb ;‘7/1 (2 ! Ed 1)1/2 V4n P! . Y})(e, ¢) ¥
If we define
Q0,4 = X (15 m [141125) Y70, 6) 1

we can use the inverse relation

1 1
VP04 1= 3 (15 ms 114 5 5) @69
1 1
-+ (lzms | I — 23) 2,_. 0, 915)]

I
Sin (o — 5 T + nln 2p)

to write

wguze Coulomb Z ’I:l (2 l + 1)1;2 ]/G g—ial

p—>0c0 I Q

X [((1/20s |1+ 1/2s) 2,.,(0,¢) + (@1/20s |1 —1/25) 2,_, (6, 4)]. (56)

Using this expansion together with the asymptotic behaviour given by equation
(54) and the partial waves defined by equation (55), we can then write the asymptotic
behaviour of the total wave function in the presence of both Coulomb and nuclear
forces for an~ p incoming state with relative momentum 4 and nucleon spin component
s along $ as

gl (e+nn2g)

w;[)‘OSTAL y)gu:e Coulomb > ’A Z (2 ! e 1)1,’2 (4 %) 1/2

e— 00 ! 0

x {fl_:{-_ (Z;OS|Z+ 1/23) ‘Ql+,s+fl:_( 203‘1_1/23) l—,s} |—3
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et 1
+ ] (204 1w <4n>”2”§‘{ n (ZEOSIZH/ZS) Qe

I
4 - (Z;03|ZH1/2s) Q} 0. (57)

Finally from this asymptotic form we have to extract the m— p elastic scattering
amplitude F~— and the charge exchange scattering amplitude /*°~. To achieve this,
the scattering amplitude Fe, for the case of pure point charge Coulomb scattering has
to be isolated from ¢P":* “"o™b and one has to make the usual treatment of the
logarithmic term in the exponent of the outgoing n~ $ spherical wave [14]. In this

way we obtain the amplitudes of the spherical outgoing waves for an incoming
nucleon with spin component s as

(20 + 1)12 (4 g2

. L 1 B
Fs :Fcﬁ—l_;' k {f.H— (Z?OS!Z+23)QI+,S

1 1
+fl__,_ (Z—Z“OS 1 l—*é‘"S) Ql—,s} )
21 4 1) (4 g1 1 1
po- .y BLT L (4 7) {f?;(l—z—()s\l-l—gs)!?l_m

—l—fl:(l;()s)l—%s) Q,_)s}. (58)

The treatment of F;~ and I~ now proceeds as in the usual derivation of the scat-
tering amplitude for spin 1/2 — spin 0 scattering. The resulting scattering ampli-
tude written as a matrix in spin space has the form

Fo = tigomg™,  ¢==,0 (59)
where
7 =08, Fey+ 1k D] [+ 1) ff7 +1f;7] P, (Cosh),
1

T =1k ST~ fiT] PY (CosO) (60)

and where n = q X g is the normal to the scattering plane, q being a unit vector along
the incoming pion direction and § q "being a unit vector along the outgoing pion direction.

Slight changes in equation (60) occur when magnetic moment and relativistic effects
are included. These are reviewed by Roper [2] and in particular it should be noted
that Solmitz [17] terms give a pure electromagnetic contribution to the n+ p — 7+ p
spin flip amplitude.

4. Goulomb Corrections for 7~ p Elastic and Charge Exchange Scattering

a) Purely Nuclear Scattering

For simplicity, as in Section 2, we treat in detail the s-wave state although again
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we give general / results where appropriate. In the absence of Coulomb forces, charge
independence implies that the radial wave function for the 7~ p system is given by

) 1 2
RY (o) = V3 Ry (o) — ]/3 RY (o)
and that the radial wave function for the #° #» system is given by
v 2 N 1 oy
Re-)5Re-+|5 e
where we are using the simplified notation
Ryr (o) = RgY () -

RY (p) satisfies equations (4) and (5) and R¥(g) satisfies the corresponding isospin
1/2 equations

d2RY (o) .
- Tie) R0 =0 ¢ <ex, (61)
a*R{ (o) ;

d;2 st RJI\I () =0, 0 =0y (62)

where U 1(0) = [}Qf)(g) is the reduced s-wave isospin 1/2 nuclear potential which we
also assume to be of finite range gy. In the case when the isospin 3/2 and 1/2 nuclear
potentials are of different ranges we take gy as the maximum of the two values. We
introduce a solution of equations (61) and (62), Ry}, normalised so that

RYy(0) = Sin(g + 4y) , 0 205 (63)

0, = 6’2 being the 7" = 1/2 s-wave purely nuclear phase shift. Just as in the case of
Ry, imposing the regularity condition RY,(0) = 0 specifies d, in terms of U,.

In Section 3, we have seen that in the 3/2, 1/2 representation the s-wave purely
nuclear S-matrix is diagonal with the elements

5%23/2 - 621253 5#21/2 — 821'51-

In equation (37) we showed how a suitable unitary transformation gives the corre-
sponding S-matrix elements in the —, 0 basis. However, in order to introduce the
technique we will use when the Coulomb interaction is present, we will directly derive
the purely nuclear S-matrix elements in the —, 0 basis.

We see from equations (44) and (45) that, in the absence of the Coulomb potential,
R¥ () and RY (o) satisfy the coupled equations

ERY (o) 2

1T =
ol | A
do? * ( 3 Us 3

5’1) RY () = Y2 (U= U RY(0),
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AR} (o) 2 ~ 1 ~\ T
(-3 00 Re - G-t R e o
d2RN ) ZRN
FEEW | R -0, LEC I R e=ey-  (65)
dp? dp?

These coupled equations have two independent sets of regular solutions which we can
construct from R}, and R{‘;. We choose the o solution to correspond to RY = R}
and RY = 0 so that

R.= V] Rae Rg, = ]/—2— R, (66)
3 a 3
and we choose the f# solution to correspond to RY—0, RY = Rﬁs _so that
v Z ) 1
N N N N
K= V‘3‘ g Rop = V3 Ry (67)

The most general regular solution of equations (64) and (65) can be written as

[ RY (o) ; RY (o) } { RY; (o) }
= A, Y + A, .
i Ry (o) Ry, (o) Ros(0)

and has the asymptotic form

1, s, 2 i3,
_VE'Aag ”7V3*Aﬂ” .
e Z2 i6, 1 i, 24

DA CRR
17 A, e—i0 _ |/£ Aﬂg-z‘al
3 3 e—ie

i (68)

2, i 1 am | F°
VZ s YT 4,

where 4, and 4 4 are arbitrary constants. However, we have seen in Section 3 that the
purely nuclear S-matrix S¢'¢ relates the amplitudes of the incoming and outgoing
spherical waves. Taking these amplitudes from equation (68) and using equation (36)
we obtain again the relations given in equation (39)

1 g

- i 1 —_ — V277 i i
SN - _3_ 62 Oy +- 3_ 82 8, SNO o ng - 5 (82 8y 32 61)

I RY (o)
Ry (o)

2 ) 1 ..
S?\? — ? 62@6, € ﬁ3¥ 6“5‘ . (69)

b) Inner Coulomb Corrections

We now introduce the reduced Coulomb potential T;c(g) and first consider the
inner part of this potential T;'ﬁN (). In this case it is convenient to work in the 3/2, 1/2
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basis and we see from equation (43) that the s-wave radial wave functions in the
presence of the nuclear and the inner Coulomb potentials satisfy the equations

dzRIN - - 1 e

4 (1= Dyel) R0 = — V0 (5 R0 — T2 R

0 < Qo (70)
Ry e um v (L gy VE
Ca 1= T RV -2 70 (5 R0 — 12 R
BRNG) |
A B =0, N
s

@RV (o) ¢z

d@z T R{V(Q) =0,

Comparing equation (71) with equations (5) and (62) we see that forg > g, REY and
RiYN obey the same equation as RY and RY. Hence, provided d; and §, are not equal,
RY_ and RJIVﬁ provide two independent solutions from which RIY and R{" can be
constructed. Thus we write

Ri™(0) = ag RY,(0) + B3 RY4(0)
R (o) = a3 RY,(0) + B RY(0)

where a3, f3, oy and B; are arbitrary constants. We first derive implicit relations
between these constants. Using equations (4) and (70) we obtain

d g v )
_dQ [R?(Q) TQ“ _RéN(Q) _ Ré‘\' () ‘dg Rév(g):l

0 = Qo (72)

% 1 VE
- - TP R [ 5 R0 - R |
which on using the regularity condition at ¢ = 0 gives

d

, d
R0 2 R0~ BV - R

Qo

0= 0o

5 1 2
- f PP R |5 B - L2 ' | 4

0
Finally, using equations (6), (63) and (72), this gives

Ba Sin (8, — b)) = — f PVe) R |5 R - YR | de=s. 9

0
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In a similar way we obtain

Qo
1

o, Sin (8 — &) = — 2 / V¥ (0) RY; (o) [3 RiN(o) — VTZ RY (9)] do = y1- (74)

0

Equations (73) and (74) are only used in the perturbation treatment of Section 5.

Returning now to equation (72), we can choose a4 and (5, so as to construct two
independent sets of regular solutions of equations (70) and (71). In the same spirit as
in the purely nuclear case we choose the « solution to correspond to a3 =1, f; =0
giving

RIN _ RN X3a RN
L ST N AR L

0 = 0o (75)
RIN _ X1a N

— R
e Sin(dy —6,)  °®

where y,, and y,, are given by the implicit relations (73) and (74) with REY and RIY
substituted for RIN and RIY. Similarly, we choose the § solution to correspond to
o = 0, f; = 1 giving

RIN _ X3p RN
° Sin (8 — 6,) 7’
e = Qo (76)
RIN _ RV X18 RN
15T G, 0y

The most general regular solution of equations (70) and (71) can now be written
in the form

Ry (o) 1 Ry (e) Ry ()
N =4, / + 4, IN
R (o) | 0 Ri5(0)
where 4, and A, are arbitrary constants. Proceeding as before, using equations (75)
and (76) together with the known asymptotic forms of Ry, and RY 5, We can obtain

in the 3/2, 1/2 basis the s-wave S-matrix elements in the presence of the nuclear and
inner Coulomb potential. The values are

Sin (8; — 6,) Sinz (3, — ;)

S?ﬁ 12 _ _ 24 Ya g g0+ D;;T , 5%3/2 s Jof Yia g0t ) D;z\}

5%\2[3/2: [82i63+ __X§¢__+ Lip g0t 4 X3a X1p — X3p X1a 621'(51] DI—AI

; «t X (8, + Xsa X18 — X3 X1a 2i -
Sliz1/e _ [62261+ X3 ALE  Li(8a+6) a ALf B 32“53] Dl 77
1N Sin (6, — 6,) T Sine(s, — 6y) w7
where

6’:(63“51 63_61)

X3a

) +,X1ﬁ*e_i( Xsa X150~ X3 p X1a ' (78)

D, =1 X
w =t Sin (8; — 6,) Sin2 (85 — 6,)
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Thus, these S-matrix elements are specified completely in terms of the two
nuclear phases d; and d, and the four constants ys,, x14, %35 a0d 21 4. These constants
can be obtained by solving the coupled equations (70) subject to the boundary
conditions (75) or (76), adjusting y;, and y;, or y34 and y;, until the regularity
condition is satisfied. Alternatively, equations (73) and (74) can be used to give
perturbation expressions for these constants.

The form of these S-matrix elements is unchanged in the case of general / and
again perturbation expressions for the y’s can be obtained from the general / equiva-
lents of equations (73) and (74). These have the same form except that the general /
radial wave functions must be substituted for the s-wave radial wave functions.

c) Full Coulomb Corrections

Finally, we consider the case when, in addition to the nuclear potential, the full
Coulomb potential is present. We now work in the —, 0 basis and we see from equation
(44) that the s-wave radial wave functions obey the equations

2RO {8 2w 5 7 -
— 2(9) + (1— T U—5 Uit Vﬁ“)RT_OT( ) = '/ (Us — Uy) RI%(g)
e
0 < Qo (79)
dZRTOT( ) 2 - 1 N Vé" - -
S (1= O 0) B - B 0a- G0 B
f%)_, + (1 + V.,) R™(g) =0,
g
2 RTOT 0 = Qo (80)
ﬂ“_(?_)_ + RIT(g) = 0
d@z 0 Q — ‘

Transforming equation (70) into the corresponding equations for R’ and RN
and comparing with equation (79), we see that, for o < gy, R*%T and RI°T are
solutions of the same set of coupled equations as RN and RI¥. Thus, transforming

RIVR 3, RIY, RIY, to the charge basis we can write

R7(0) R™, (o) R™(0)
TOT =il IN + Ay IN Q < Qo (81)
Ry, (e) Ry (0) Rys(0)
where 4, and A ; are arbitrary constants.

If we now transform equation (71) into the corresponding equations for R, R}V
and compare with equation (80), we see that RI%7T also satisfies the same equation as
RIN for o = o,.

Thus, we can write

Ry () = 4., Roylo) + 45 Ryj(o) - 0 > 0o (82)

Matching value and derivative of RI%T at g,, using equations (81) and (82) we then
obtain

A’:A, A,BzAﬂ'

4 o
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Finally, we consider the Coulomb equation (with Coulomb parameter — #)

d®u(g)

Tt Vo) ule) =0 ‘ 83)

and define two independent solutions u, and u4 such that

#{0) _ RTUe

ua (Q) 2=0o RI—‘VOL(Q @=0o

u; R

.J‘,(ﬂ o ﬁﬁﬁ(g‘) - (84)

%ﬁ(g) Q=0 R'—A}g(g) 0=0g
and with asymptotic behaviour

(o) ~Sinfo — oo+ nln20 +17,), (85)

g—00

ugl0) ~Sinfo — oy +nln 29+ 74 .

0—>00

Comparing equations (80) and (83), we see that R?97 satisfies the same equation as u
for p = g, and so we can write

R™(g) = Ay uy(0) + Af uglo) 0 = 0o (86)
Defining constants X, and X, by
y(eo) = X' RZ(0o) , ugloo) = X5 RT4(oo) (87)

we can match value and derivative of RT9T at g,. Using equations (81), (84), (86) and
(87) we obtain

Ay, =X, 4,, Ag=Xz4,.
In this way, we have obtained the general regular solution of the coupled
equations (79) and (80) in the form

R:-I‘—OT(\Q) ch Uy (Q) Xﬂ M’ﬂ(\g)
— A, , + Ay, 0 =0 (88)
Ri” (o) Rya(e) Roj(0)

0o’
amplitudes of the incoming and outgoing radial Coulomb and free waves. However,

these are related via equation (47) and so we can obtain the s-wave S-matrix elements
in the —, 0 basis. The values are

. 3 m—— PP —i (85— 6y)

Using the known asymptotic forms of u,, R}, uy and R} we can then obtain the

3 Sin (§; — &)
; . éw I/IB XIoc + l/ﬁ x3agi(53—51) :l —1
_ X, i rpr ) : VAL - Dk,
£e { V3 * Sin (8, — 0,) ror

St =— 21X, X,Sin(z, — 1, e'®+% DL (89)
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Stor = [{VT V2[3 135+ V13 gape % }
ToT 3 g R ™ st | B

Sin (6 — 6,)
3 Sln (05 — &)
B V L+ V1B a2+ V2[3 oo €77
3 Sin (85 — 0;)

3%3;9“1‘“ V]/3X ﬂel(és ) 58, =i
3 Sin (3, — &) o | Pror

il 1 3 Xsp + H/ gl %= 1 o,

S _ | X iz —0) = . A !

70T [ o B {|/3 + Sm(é—a) @

( 2 ]/T/§ Xig T+ 1/2/3 At 2'&} 1
— X, it /2 4. = L gzin]| po1
g {V3+ &m%nm I w0

where
Dyor =X, 8 — ity —04) V}‘ s V2/3£3ﬁ+ I/IB_L&EM__ﬁ
3 - Sin(d4 — 9,)
(¢ 5 2 | V1/3 g1+ V23 y3, ¢ %%
e X g0 Koo O o ot WG, R wal .. SR 90
pe” {V3'F &m%ﬁa) (0)

Thus, the s-wave S-matrix elements in the simultaneous presence of the nuclear
and full Coulomb potential are specified by the purely nuclear phases d; and ¢;, the
four x’s related to the inner part of the Coulomb potential and the constants X, X,
and phases 7, and 7,4 defined by equations (84), (85) and (87). Similar results are
obtained in the general / case, the S-matrix elements simply being obtained by sub-
stituting the general / equivalents of the %’s, X’s and 7’s.

We show in Appendix I how these results go over into the results of Van Hove [4]
in the limit of vanishing inner Coulomb potential and in Appendix II we demonstrate
explicitly that the matrix elements given by equations (89) and (90) correspond to a
symmetric unitary matrix.

5. Perturbation Expressions for the Multichannel Coulomb Corrections

In equations (89) and (90) we have obtained expressions for the s-wave S-matrix
elements when both the nuclear and Coulomb potentials are present. To evaluate these
matrix elements we need values for the y’s, X’s and t’s as well as the two purely
nuclear phases d; and §,. As described earlier, the y's can be obtained by solving
numerically equation (70). Alternatively perturbation expressions can be obtained by
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substituting the charge independent limiting values of R and RI¥ into equations
(73) and (74). In this case, to first order in the Coulomb parameter, we obtain

Qo
]_ n
B ==~ / Vi¥(0) (Ry,(0)2 do + 0(n?) ,
0

Qo

2 ;
X3p= " X1a = vz fVW(Q) Ry (o) RY(e) do + O(n?) ,
0
o)

2 -
Xip= 3 / V(o) (Ri(e))? do + 0(n?) . (91)

0

Using these values together with equations (75) and (76) we can calculate RN,
and R™; from

- V}_ R; Vl/—3 L R?ﬁ _ 1/27?; Yo RY,

3 i Sin (8, — &)
_— 0 = 0o (92)
RIN _ __ Vg RN 4 ,V},BJEEJ B V2/3 xj;_;;
=2 g Sin (85 — ;)
Now equations (84), (85) and (87) imply that
R™(0o) = X, {Cost, Fo(—1, 05) + Sinz, Go(—1, 00} ,
RT,(eo) = X, {Cost, Fo(—1, g¢) + Sin, Go(—n, g0)} (93)

where F; and G, are the regular and irregular / = 0 Coulomb wave functions (note
that the Coulomb parameter is — %). Thus using equations (92) and (93) and matching
value and derivative of RN at g, we obtain

Fo(—n, 00) R™,(00) — Fo(—m, Q)R’N (00)
T = 94
T TG 00) R (00) — Gol—11) 00) R™%(00) &4
X - R, «(00) (95)

* Costy Fo(—mn,00) + Sinz, Gy (—7, @)

Values for 7, and X, can be obtained from similar relations involving R’ in place of
R™™ . The correspondmg expressions for general / are obtained by substltutlng the
appropnate Coulomb and radial wave functions in place of F,, G, and R'Y. Pertur-
bation values for the ¢’s and the X’s can be obtained with calculating the Coulomb
wave functions by use of the results of Ref. [11]

Fi(—mn,0) =01.0) — 7 fi(0) + 0(n?,

Gy(—mn, 0) = —o n,(0) — n g,(e) + 0(n?)
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where

oo

A
filo) = 20 1,(0) / o' 7,(0") mylo’) do’

4

1 1 r 227 1 ’
+ 20 n,(0) [—Z"lnzé"zno'z“* (Q ]l(Q)_ZQ,)dQ]’

o0

g:(0) = 2 0 n,(0) f 0’ 1.(0") n,lo") do’

e

o0

: 1 1 r L 2¢ 7 1 ’
+207,(0) 2 1112@‘5;0;— (Q ny(e’) — 29,) dg ]

e

The values thus obtained for the y’s, X’s and 7’s when substituted into equations
(89) and (90) then give the Coulomb corrected S-matrix elements. We have seen in
Section 3 that these S-matrix elements can also be expressed in terms of two real
eigenphases and a mixing parameter, and it is of interest to obtain perturbation
expressions for these three quantities. :

We saw in equation (50) that the mixing parameter ¢ had a finite limit in the case
of vanishing Coulomb interaction. For calculating perturbation expressions, it is more
convenient to define a new quantity w such that
V2/3 —V1/3 Tan w

Sing = C 96
e 1+ Tanza))”z 0S¢€ (1 + Tan? w)llz (96)

The limiting value of Tan w is
LiTanw = 0. ‘ (97)

n—0

In terms of the eigenphases, 7, = (/2 and 7, = 7§/, and Tanw the S-matrix elements
are given by

g (V1/3 + V2/3 Tanw)? e2i* + ()/2/3 — /1/3 Tan w)? ¢2i

S
= 1 =+ Tan? w
G=0 _ g0- _ (V2/3 — 1/1/3 Tan w) (]/T/_?—, + V2/3 Tan w) (e2i% — e2im)
TOr = Dpor = o
o _ (V2]3 — VI3 Tan w)? &% 4 (/I3 + Y23 Tan 0)? 2
Stor = 08)
1 -+ Tan? w

Making use of the limiting values of equations (49) and (97), equation (98) gives
Stor + Sgor = €™ 4 &7

Tan w

8

0— i/?)g_ (62121'3 e

-0 _ 2171
Stor = Stor = ]

(677% — &%) + O(?) . (99)
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We now define A’s and &’s such that

Ta=63+A3 Tﬂ:61+A1
X 1 1 X 2_1 100
5= g( + &) i g 3( + &) (100)

and note that the A’s and &’s vanish in the limit of no Coulomb interaction. Sub-
stituting equation (100) into equations (89) and (90) we then obtain the first order
results

, Ay — 2 43, 24, +
S;O}% STOT_E 1,63(1+ 2 m*““'"'?; 753‘ )+ 210, (] |_2 ﬁm_l_gﬁ&i) —|—O(772)

_ V2 ,en s & + 24 A — 4, 24, + Ay
S 0 _ VP& 200, 219, 1+ o T e
TOT (e ¢ )( . 3 I_Tan(é—é)_!_z 3

2 250 €7 + 1y """’)
_ L0 . (101
Sm(é oy - 0(n?) (101)

In obtaining these results, we have also used the fact that the y’s vanish in the limit
of no Coulomb interaction and that
Xspt X1 =0
(see Appendix II, equation (A2.4)).
Comparing equations (99) and (101), we then obtain the first order results
A3 —2 X3a
3

24, + Xip

13:63+ 3

+ 0%} Ty =0; + + 0(n?) ,

. - 24, 2e,+ ¢ \

Similar results can, of course, be obtained in the general / case.

APPENDIX 1
Outer Coulomb Corrections Only

In the case of #+ p scattering, the vanishing of the inner part of the Coulomb
potential implies from equation (19) that

tﬁi} £ 6”/

Then, using equation (29), the outer Coulomb corrections are obtained by calculating
(+) f
;%) from

¢ 7ule) — Tan 6P o n,(0) F (o) + Tan 7;}’_ G

)
(07:(0)) — Tan 6% n,(0)) |,-0n  Filo) + Tan 742) Gilo) |,_,,

this result agreeing with the work of Van Hove.
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In the case of the processes 7~ p —n~ p and 7z~ p — #° n, the vanishing of the
inner part of the Coulomb potential implies from equations (73) and (74) that the y’s
vanish. Thus, using equations (75) and (76) and forming the o and f solutions for R™
and R!N, we have

T 2

R e AR TER

RIN - __2_ RN RIN o 14 RN | (A1 1)
Oot 3 104 03 '§ 18 ..

Now in the case of only outer Coulomb corrections, Van Hove defines two
independent solutions of equation (83), u; and #%,, such that

us(e) ~ Cy ' Ry, (o) , (o) ~ Ci* Rio) (A1.2)
e—>00 0>
and with asymptotic behaviour

ug(o) ~Sin(p — oy +nln2p 4 7, ,

0—>00

uy(0) ~Sin(p — oy +nIn220 + 17) . (A1.3)
0—>00
Comparing equations (Al.2) and (A1.3) with equations (85) and (87) using equation
(A1.1), we see that in the case of no inner Coulomb corections

Ta=‘53 Tﬂ:-cl,

= _
X, = ]/3 L Xy=— V% c, . (A1.4)

Substituting these results into equations (89) and (90) and setting the y’s equal to
zero we obtain the s-wave S-matrix elements for the case of only outer Coulomb
corrections

1 ; 2 :
So_ut_ = |:§ C3 61(Ta+‘53) + ? Cl 61(11-}—61)] . D_]

out
S = [V—Z €, Cy &0+ % 24 Sinfz, — rl)] . T

3 out

§o0- _ V32: (621‘53 . ez«;a})_ D—‘1

out out

(A1.5)

SOO

out

1 : 2 . .
= [_%._ C3 61(61_73) _{__ ‘3, Cl 61(68‘71)] et((33-+~l§]} . I)”‘1

out

where

1 : 2 .
D ; = ? CS e“l(fa'aa) + ? Cl 8_7'(71_‘51) . (Al())

ou
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These results when used to calculate the scattering amplitudes agree with
Van Hove’s outer Coulomb corrections for 7z~  elastic and charge exchange scattering.

APPENDIX II

Symmetry and Unitarity of the S-Matrix with Full Coulomb Corrections

We first prove the symmetry by showing that S;%-and S%4; given by equations
(89) and (90) are equal. From these equations we have

- = o z .. 22y
Dror (Sgor - STOOT) = 245t [%— Sin(d; — d0y) + L_.g_ié
V2 (10 X3 — Xsa X1 p) : 431
o 3 Sin (6,  8,) + X, X4 Sin(7, —7p) | . (A2.1)
38— 01

Now, by construction, #, and #u4 are two independent solutions of equation (83) and
so their Wronskian must be independent of p. Evaluating this Wronskian using the
asymptotic forms given by equation (85), we have

Wln,, ug] = Sin(z, — 74) .

However, from equation (87) we have

W[ua’ uﬂ] = (Xoc Xﬂ)—l W[RIA RY] ﬂ]Q Q °
Using equation (92) and equating the two expressions for the Wronskians we then
obtain

. 2 . 2 a_+_
Xo: Xﬂ Sln(Ta - Tﬁ) = - V?‘ Sll’l((ss — 51) -+ 11 Z3ﬂ

3

V2 (e Zap— Xza 2ap) (A2.2)
3Sin (3, — 0,) ' '

Substituting equation (A2.2) into (A2.1), we have
Dyor - (Stor — Stop) = 24" (o, + X3 p) - (A2.3)

We now make use of the fact that the sets RY, RIY and R}, R{} are two independent

3o’
regular solutions of the coupled equations (70). Thls means that

WIRL, R;ﬂ}r] + W[RE R{fg =0

1o

and when we evaluate these Wronskians at g, we obtain
X1e T X35=0. (A2.4)

Finally, substituting equation (A2.4) into (A2.3), we obtain the desired result
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We now wish to prove that the S-matrix is unitary. For this, it is sufficient to
prove the three relations

| Stor |2+ | Spor|E=1, (AZ2.6)
| Sror |2+ | Stor2=1, (AZ.7)
| Szor Stor*® + Ster* Sor|2=0. , (A2.8)

First, we rewrite equation (A2.6) in the form

| Dror * Szor|* = | Dror [* — |Dror - Stor|? - | (AZ2.9)
Using equations (89) and (90), we have

| Dror [* — | Dror - Sror?=—4X, X4 Sin(r, — 7p)

V2 X1at 2 Xsp V2 (Y1o A3 — Xsa X1 p)
{ iy =0y ¥ 3 + Sin (95 — &)

which, on using equations (A2.2) and (A2.4), becomes
|DT0T[ - IDTOT Sror|? =4 Xi X;% Sin?(r, — Tﬁ) .
However, equations (89) and (90) give

and so
| Dzor - Stor|® = | Dror|? — | Dror - Stor |- Q.E.D.
In order to prove equation (A2.7), we note from equations (89) and (90) that
(Dror + Stor)* €% = (Dyop  S7o7) (A2.10)

and so, using equation (A2.5), we see that equation (A2.7) is equivalent to equation
(A2.6) which we have just proved to be true.
Finally to prove equation (A2.8) we note that

Dy * Spop=— 214 X, X, Sin(t, — 7p) gt (A2.11)
But, using equations (AZ2.5) and (A2.10), equation (A2.8) is equivalent to

| Dror* Stor Dror - Stor)* + (Dyor + Spop) €721 2 =< 0. (A2.12)
Since X, , Xg, 7,, 74, 0; and d; are all real, we see at once from equation (A2.11) that

(A2.12) is true.

Thus, we have checked that our explicit form for the S-matrix elements in the
simultaneous presence of the nuclear and Coulomb potentials corresponds to a
symmetric and unitary S-matrix. Similar results follow at once in the case when only
outer Coulomb corrections are included. In the case when only inner Coulomb
corrections are taken into account, the S-matrix elements given by equations (77)
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and (78) can also be shown to correspond to a symmetric and unitary S-matrix. The
symmetry follows at once by comparing the expressions for S32 /% and S} *? using
equation (A2.4). The unitarity can be established by proving relations analogous to
equations (A2.6), (A2.7) and (A2.8).
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