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Study of Waves at a Plasma Vacuum Boundary

by P. Boulanger1) and N. Ashby

University of Colorado, Boulder, 80302, USA

(31. III. 71)

Summary. We consider in this work the behaviour of waves at a plasma-vacuum interface.
Under the specular reflection condition for electrons at the boundary, the dispersion relation for
surface waves is calculated. The disappearance of the so-called surface plasmon effect is shown
when proper boundary conditions are taken. The generation of transverse waves by longitudinal
waves striking the plasma-vacuum transition is obtained as well as the longitudinal waves created
by an impinging electromagnetic wave.

1. Introduction

In the absence of an external magnetic field a homogeneous plasma can sustain
two kind of waves: longitudinal and transverse waves. In analogy with surface
transverse wave which can propagate along a plasma vacuum interface many
workers [1, 2] have postulated the existence of surface longitudinal waves (or surface
plasmons) which would exist at a frequency near co copj\'2 where cop is the plasma
frequency. Ferrell [3] studied the dispersion relation for such surface plasmons in a
plasma slab and the dispersion relation for a semi-infinite media was calculated taking
Landau damping into account [1, 2]. They solved the Vlasov-Poisson equations in a
semi-infinite plasma assuming specular reflection for the electrons at the plasma
vacuum interface.

It is the purpose of the work to show how the spurious resonance corresponding
to surface plasmons is identical to surface transverse waves (at least under the specular
reflection condition), when one takes into account retardation effects, or the full set
of Maxwell's equations coupled with the Vlasov equations, instead of only the Vlasov-
Poisson equations.

Furthermore the problem of surface waves is closely related to the study of the
generation of waves at a plasma vacuum boundary. If surface plasmons could be
excited by transverse waves, the Fresnel equations for the transmission and reflection
coefficient would be strongly modified at frequencies close to co <y/l/2. The problem
we are concerned with, the generation of longitudinal waves by transverse waves and
conversely the generation of transverse waves by longitudinal waves has been studied
for slowly varying density gradients [4] or for a sharp discontinuity but small gradient
[5, 6] but we consider here a sharp and large density variation, a plasma vacuum
boundary, considered as a perfectly reflecting wall. In the limit of zero temperature,

x) Adresse actuelle : Centre de Recherches en Physique des Plasmas, Lausanne (Suisse).
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when longitudinal waves are not propagating and the plasma not spatially dispersive
we shall obtain Fresnel equations as we should.

2. Solution of Vlasov Equation in a Semi-Infinite Media;
Extension to the Whole Space

We shall consider a plasma in the half space x > 0 where 0 x is normal to the
plasma vacuum interface. The ions are considered as a positive smeared uniform
background, there only to preserve electrical neutrality (electron gas approximation).
We shall only consider the dynamic of the electrons and assume specular reflection for
the electron at x 0 on the interface. If fx is the electron density fluctuation in phase

space this condition is written

/i (x 0, y, z, vx, y, vz, t) =fx(x 0, y, z, -vx, vy, vz, t) (1)

The error associated with the specular reflection assumption is difficult to estimate.
However Reuther and Sondheimer [7] considering the problem of the anomalous skin
effect in metals used both specular and diffuse boundary conditions; in their special
case of normal incidence and Fermi Dirac equilibrium distribution function for the
electrons, the difference between the results due to the two reflection conditions is
small and the experimental results lies in between.

To idealize a plasma vacuum transition which takes place over a Debye length
(in the absence of an external magnetic field) by a step discontinuity is valid when the
wavelength of the waves considered is larger than the Debye length. This is not a

very strong restriction as longitudinal wave propagates in a plasma without being too
strongly Landau damped only when their wavelength is bigger than the Debye length.

We shall only consider specular reflection and the dynamics of the plasma is
described by the linearized Vlasov equation

ah dfx e df0
-r, + v ¦ — Ex ¦ —— 0 2
Ot dr m dv

in which /0 is the equilibrium distribution function for the electrons, taken as Max-
wellian in the rest of this work. We shall take a e'ikl1 ' Hu-"><) dependence for all
quantities, as the tangential component of wave vectors are continuous across the
boundary. klx is the tangential component of the wave vector and Rxx the component
of the position vector parallel to the plasma vacuum interface. We shall omit this
space time dependence from now on and the Vlasov equation is written

(-» co + ,' kxx ¦ vxx) fx + vxd^=-Ex-^A (3)
Ox m dv

Generalizing to three dimensions a method due to Landau [8], this equation is solved
for /j in terms of the electric field, using (1) and assuming finite fields at x + oo.

Setting a — i co + i kxx ¦ vxx we obtain for vx < 0:

X

U —^— e'"1** / eax'lv* Ex(x') ¦ -A dx' (4)
mvr dv
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and for v, > 0,
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/i
m vr

- oc*/t) e«*'lv* Ex(x') --AALdx'
dv

oo

+ / e

o

(5)

Knowing /x we may calculate the charges and currents as functions of the electric
field. For the currents:

jx= — e f fxv dv

or for the normal component :

(6)

lu dv. dvx dx' e«l-x'-x)lv*Ex--jA

OO OO

iv. /dx'e«{x'-*)lv*Ex--^-\+ dvx I dx' e-«<*'+*>/»* E *k

d/,
'u dw,

(7)

Defining for | > 0 the kernels K{(£) as:
oo

o

and introducing the matrix Mf.

/-10 0\
MJ 0 10

\ 001/
the current /lir may be written from (7)

X X

K[ (x' - x) M\ Exl(x') dx' + / K\ (F - x) Exi(x') dx'

(9)

hx
e*

m

K[ (x + x') M\ Exl(x') dx']

(10)

In the previous formula jXx is defined only for x > 0. The specular reflection condition
and the form of the matrix M\ which corresponds to a symmetry with respect to the
x 0 plane, tempt us into using an image method to extend the problem to all space.
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We shall define fx in the non-physical region x < 0 in such a way that (10) is still
satisfied for x > 0; the easiest extension is to take the plane x 0 as a 'mirror' for all
phenomena and define fx for x < 0 as

fx(-x, y, z, vx, vy, v2, t) fx(x, y, z, -vx, vy, vz, t)

With this definition it is easy to verify that all scalar quantities are symmetrical with
respect to the change xj-x, the normal component of vectors (like the electric field)
antisymmetrical while the parallel components are symmetrical and the normal
components of pseudo-vector (like the magnetic field) symmetrical while the parallel
components are antisymmetricals.

To satisfy (1) we shall take fx continuous at x 0, and to take into account the
fields that may exist at the boundary we shall take the normal component of the
electric field discontinuous at the boundary as well as the tangential components of
the magnetic field. They will be related by Maxwell's equations, as we shall see later.
We shall define the kernels for x < 0 as:

K[(-\x\) -M\K\(\x\) (11)

then the expression of the normal component of the polarization current simplifies
into:

+ oo

jXx(x) -- [k\ (x - x') Efx') dx'. (12)
mj

-oo

The advantage of the extension to the entire plane is now clear as jXx(x) behaves as if
the boundary did not exist, and is given by a convolution extended to the whole space
which will give an easy to calculate Fourier transform. We shall define the other
kernels as

oo

Ki / dvxx \ dvxe~«c7"* /° -»- dvr (131
./ ./ ov, vr

K\ / dv,, / dvx e-«*lv* -~ — dv, (14)
' J J dv{ vx

0

and by a similar procedure we obtain

-oo

jXy(x) -~ \K\ (x - x') Efx') dx (15)

+ OO

jXz(x) - e2- \K\ (x - x') Efx') dx (16)
m /
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Similarly for the charge density q(x):

: OO

„2 r
q(x) - — / U(x-x') Efx') dx' (17)

m I
-OO

in which
CO

f C e'^^x di
L'(f) / dvxx / /0

dvx. (18)
J J vx av,

U

Defining Fourier transforms as:

A eik*'A(x)dx (19)

— oo

we obtain after some algebra

J tco e0
k E

(1-et) E + k - (sT - el) (20)

Q tSn(l-sL)k-E (21)

in which fc klx + kx, st is the transverse dielectric constant

^l + -^-f /0\ • (22)
m s0co J — i co + i k ¦ v

and ê£, the longitudinal dielectric constant

i
^g2 [_kfjWv {rK.eL=l — / ; ——— dv (23)

m e0 kL J — i co + i k v

Equations (20) to (23) describe completely the dynamics of the plasma.

3. Maxwell's Equations and Their Extension to the Entire Plane

Using the Lorentz gauge and taking retardation into account the potentials are:

00

u f P eli'"'c) \r~r'\
A p- / dRf dx' j(R'u,x') (24)

4nJ J \r- r'\ JK " '
d

oo

0 - r^enjdR» Jdx' -^v\ Ä- x'] ¦ (25)

0

It is to be noted that the integration over x extends only over the half space x > 0,

j and o being the currents and charge in the 'physical' space. Using the e'kn 'Rn
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dependence for o and j we obtain after some simple algebra, for co2/c2 > k2xx

Il i f piVa'/c'-k* \x-z'\
A(x) t±*. dx' "_ j(x')W 2 7 yco2fc2-k2x

0

0(x)
2e0

pi K«J2/c2 — k 2 | x — X' I

dx' _= q(x'
ym2fc2-k\ii

We shall now calculate the fields at x 0+. The electric field is:

dA
E V®

dt

(26)

(27)

(28)

we calculate first Ev

OX 04- Z, £q
AVW-^f*'] e{x,)dx (29)

Extending as we did before the definition of all quantities to x < 0, dtfijdx will be odd
and discontinuous at x 0. The jump A(à<f>jàx) due to the charge in the plasma is:

d$\ d(f>m dx o+ dx

oo

— [e^'^i q(x') dx', (30)

m- i]/tà*ic*-k\x r g(kx)dkx
2 n e0 J k2 — cFjc2

In the same way for the normal component of the vector potential:

(31)

dt

dArdAr
dt 0+ dt

l /J,0CO f K iAh)
2nffo2Yc2^^x J k2'-co2\c2

dkr (32)

Combining (31) and (32) the jump for the normal component of the electric field due
to the currents and charge in the plasma is:

à(Ex)=-
dkr

2tis0 yco2/c2-k2n J k2 - co2jc2
Ki Q(h) kx 1x(K, ¦ (33)

In summary the charges and currents in the plasma create an electric field Ex \

0+ at
the boundary; we have added the mirror image so that the Fourier transforms are
defined over all space for the extended definition of p and^'; then the normal component
of the electric field is discontinuous and its jump at x 0 due to the charge and
current in the plasma is given by (33).
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We shall only consider to simplify the algebra, 'ft polarized' transverse wave such
that the magnetic field is parallel to the plane x 0. From symmetry considerations
it is easy to show that ,s polarized' transverse wave can not excite any longitudinal

wave in the plasma [6], and it is well known that transverse surface waves exist
only in the ,p polarization' mode [9]. Thus we have not restrained the generality
in any physical sense, the s polarization case not giving rise to any interesting physical

phenomena. We take the magnetic field along the Oy axis, and then kxl kz

By
dz

dAz
dx

/J,nl dx' ë |7a>"/e \x-x'\

ik,
T5=tT M Sign (x - x')jz(x')

yco2fc2-k\

the jump for the tangential component of the magnetic field is :

A(By) BJ0+ - /3j0_
-rOO ^

*>o [ ^ Khi*- K/c2

(34)

2nyco2/c2-k2
dk.

kl) Ù

k2 - co2jc2

(35)

The jumps of Ex and By at the discontinuity are twice the values of the fields at
x 0+, those field being created by the charges and currents in the plasma in resftonse
to driving field. We now write Poisson's equation

r/E (36)

in the physical space (vacuum for x < 0, plasma for x > 0). Taking the Fourier
transform we have

ik-E àT(Ex, (37)

in which AT(EX) is the jump for the total electric field consisting of the driving electric
field A(Ex)dIiving and the response of the medium A(Ef

AT(Ex)=A(Efdilviag + A(Ex). (38)

Similarly combining Ampere's law with Faraday's law,

VxB ftJ-T E,
c2

V x E= —ia>B

we obtain after tedious algebra

(-3 ifi0 c2k.
CO

(K ix A kz jf + i co /in jx
i K kz

JL^c2Ac{B
OJ

(39)
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'f-o C2k,
(K h F kz jf

+ ia> /u0 jz — c-•>>f-fS^B,
(40)

As a consistency check we may notice that adding the last two equations the first one
multiplied by kx and the second one by kz, and combining with Poisson's equation,
we obtain:

AT(Ex)=kzA-AT(Bylc
m

which may be written explicitly using (33), (35), (38)

dk.

2ne0 ycjfifc2 - k\ J k2 - co2jc2

+ A(E

Maxwell's equations in vacuum gives

k,c2
A(E#/driving MBf driving '

(41)

°2

- À
,2 ')

/~ (kI + kI)\]

^/driving ^T Waving =0

(42)

(43)

Thus p kx jx + kz jfco which is the Fourier transform of the continuity equation

remembering that jx | 0+ 0 due to the specular reflection condition.
Using the dynamics of the plasma described by (20) into (39) and (40) we obtain:

kxkzc2 [ 1

cok2
+

co2jc2

e.^-iAFA,
el k2 — st co2jc2

k\w2\c2

AT(By)

co k2 \ sl
'

k2 — st co2jc2 ' 1J

and we may also express At(Bv) in terms of A(B )dllvitlf

—\ \ y/drivingà'(B\
1 + 2ti\ yco2/c2-k2

dK
k2

^¦(-"«/driving

(tH
k\ (1 - ST) dkx

c4 ycjFfc2 - k\ J k2 (k2 - ET co2/c2) (k2 - co2jc2)

(44)

(45)

(46)
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4. Surface Plasmons
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In addition to the poles in the complex k plane which correspond to longitudinal
and transverse waves we have an extra resonance when:

kt r dkx

2 ti | |/co2/c2 - k2 J k2
— OO

1

ez,
1)

k'i (1 - et) dkx

yCù2/c2 - k'j J k2 (k2 - ET (02JC2) (k2 - C02fc2)
0

(47)

Some authors [1, 2, 3] have found a dispersion relation of this type neglecting
retardation effect. Letting the velocity of light being infinite we get:

2n \ V
'

el
dkx

k2
(48)

which was obtained by [2]. For non spatially dispersive plasma, or neglecting the k

dependence of el we would obtain the dispersion relation:

el= —1 or co (49)

which was used in [1, 3].
It is our claim that to neglect retardation is a grave error and leads to non

physical results. We shall calculate the second integral inside the bracket in (47),

taking the transverse dielectric constant not spatially dispersive or et e 1 — cop/co2

which is correct for non relativistic plasma [10]; we obtain:

1 +

+

k: dk.
2 71 yoFjc2 - k\ J k2 \ EL

171

yco2ß2-k2 (t-) y£ w2/c2 - k\
+ yco2\c2 - k\ 0

(50)

To obtain the first approximation for the resonance frequency corresponding to the
so-called surface plasmons we consider el as not spatially dispersive; then sl s and

we can see that the integral in the bracket is cancelled by the next term due to the

retardation effect. The resonance occurs for

1 + IV s oFfc2 - k\
co2lc2-k2

(51)
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or

2_ sco2/c2

' ~ ~ FF ~
1 + £

which is the dispersion condition for surface transverse waves.
Taking el spatially dispersive in the long wavelength approximation modify

slightly this result to give

e co2\c2

1 + s

V«/6~
e5/2

c j/l 4 e (1 - e2

where el was taken

co/ 3 k2vl
el= 1 •

coa 2 co2

The so-called surface plasmon is therefore a surface transverse wave treated incorrectly
by neglecting retardation; this is substantiated by the result of Stern (Equation 16

of Fcrrell's paper [3]) who gets (51) in a slightly different form, when considering the
effect of retardation for surface plasmon.

Furthermore, if those surface plasmons could be excited for s — 1 this would
occur even for a usual dielectric as well as a plasma and would greatly modify Fresnel's
equation which has not been observed experimentally. Another point of view is to say
that in all those papers the proper boundary conditions are not taken into account;
the tangential component of the electric field is continuous at the plasma vacuum
interface and there is therefore a varying electric field in vacuum (for x Of which
creates a magnetic field. For nonmagnetic material the magnetic induction B is

continuous and there is therefore a magnetic field acting on the particles in the plasma
which cannot be neglected. This magnetic field is very important near the boundary
because, when the charged particles are reflected, this creates a curl in the current
which in turn creates a very large magnetic field near the surface. It is, in fact, the
presence of this magnetic field which explains why a longitudinal wave striking a

plasma vacuum boundary generates a transverse wave outside through the
intermediary of the magnetic field created by the 'bending' of the particle trajectory.

5. Generation of Waves at a Plasma Boundary
We shall call B0 the magnetic field at x 0- (in vacuum). As the tangential

component of the magnetic field is continuous across the boundary we have, By |

0+

being the total magnetic field at x 0+:

AT(By) 2BT\0+ 2B0

then (44) and (45) are written:

- - 2 i kx k.c2 [ 1 oFlc2
E - < + —

co k2 \ el k2 — et co2jc2
B0, (52)

- 2 i c2 { k\ co2lc2 kl
E> —bF - - T2 8/, *o • (53)

co k2 [el k2 — et co2/c2
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Landau's case
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Landau [8] treated the case when a longitudinal field strikes a plasma vacuum
boundary. This situation does not correspond directly to a physical phenomena as a

longitudinal field can not exist in vacuum, but it can be simulated [11]. Considering
the one dimensionnal problem when the electric field at x 0+ E0, is normal to the
surface, we must create this field by a surface charge density

a=2s0E0 (54)

on the boundary plasma vacuum. This corresponds to an extended current

g i co s0 E0 Sign (x) (55)

Expressing (39) in terms of E0 instead of AT(B and adding the Fourier transform of
(55) we get after simplification

E 2iE0
el (t)

where P stands for principal part. Taking the inverse Fourier transform we obtain in
Landau's notation:

el= -Kk,

iE- P
» J k(l-Kf

dk
i En

71 S

K0-Kk
k (1 - Kkl

+ c

i En f—-p /
71 E

A- eikx dk

dk

Ha f K°-K*
TIE J k(l-Kf)

¦dk

(56)

(57)

which is Landau's result.

Fresnel's equation

From (53) we obtain the tangential component of the electric field

ic2BR
k2

3_
EL

co2jc2 kl
k2 — ET oFlc2

dk,. (58)

et is taken non spatially dispersive, st s. If we take the longitudinal dielectric
constant non spatially dispersive, then el s and the plasma is not different from
common dielectric. We may then close the contour of integration in the upper half
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plane and

-c*B0
E (0 H-Ez — k2 é y " "''Ie

z

P. Boulanger and N. Ashby H. P. A.

(59)

We take an incoming transverse wave in vacuum as shown in Figure 1.

^ f wc

Figure 1

Wave aspect at the boundary.

Bo

where

k\x

From Maxwell's equation in vacuum we have

co

klxC2
(El ~ Ef

COSOXT ¦

(60)

Up to now we have used only the continuity of By. Writing that Ez is continuous
across the boundary we obtain

Z
1 + r 1

KzE f kl sin02t cos02ï'

sm t)x t cos t)x T
(61)

where r ErJE\ E\T\E\T is the reflection coefficient andZ the surface impedance.
Solving for r we get

COSOjT SinOjT — COSÖ2y SrnOnT

cosdXT sin6xt + cos02t sind2T
(62)

which are the usual Fresnel's formula for the reflection coefficient of a ft polarized
wave.

Long Wavelength aftftroximation

Without considering Landau damping co2 for frequencies (y < co < cofy' 2 we

may develop el as:

£l= 1
œ ft2 3 k2vn

CO"
(63)

Then el is spatially dispersive and this introduces a new pole in the upper complex kx

plane. Setting

k'i. s - - and
c2

we obtain from (58)
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ft) Bn
kTx el kTx * -| — ei *Lx

kLxs co2\c2

From the continuity of Ez across the boundary we now get

(64)

Z
KxE

kz

kLX

smö2r cose
I - Uv: sin2 dx t

sin6xt cos6xt

in62T cos62t 1/3 v0

in dx t cos 6X t <2c
sin
sin

2 c e3/2 cos62l cos6xt

sin2 6X t
£3'2 COS02£ cos 0xt

(65)

1 +
sin02T cos62t )/ 3 vg sin2 0j t

(66)

sin ux t cos fj y '2c e3/2 cos 02 l cos 6X t
We may calculate a transmission coefficient for transverse waves

sin 0, t cos 0, yZ^^y
E'"T smo2T coso2t

and a transmission coefficient for longitudinal waves

EL 1/3 vn sin2 0, t 1

to n S2B2L E3'2 (A-r)

(67)

(68)

vfc is small but e is small too, so that the overall effect might be observable
experimentally.

Discussion of the results

We suppose co fixed so that s 1 — co|/co2 is given and we shall discuss the
meaning of the results obtained previously in functions of the angle 6xt- We take
e > 0; we may write

m /i / w n
2 to -kxTx — COS0lT k2Tx l/fc- COS02T %!, -z Ke COS02L

C C 3 Z>0

and from the continuity of the tangential component of the wave vectors

(69)

>2T
sin 6Xt sin 0 iL

3 Vq-_ 1,
2 c i/p

sm0iT •

Case a: 0 ^ sinOjT ^ |/e
Then |sin02T | < 1 and cos02r is real, as well as cos02i. Then rr is real and all

the waves propagate in the region x > 0. We should remember that £ is small for this
theory to be valid.

l/3 Vn 1
Case b: l/g < sin 0, t <! V ~r=

r 2 c i/p|£
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This corresponds to an internal reflection for the incoming transverse wave in the
plasma. We have a transverse surface wave, such that

cos02t i Ksin202i — 1

and using (66)

1 - ß - i a

1 + ß + i a
(70)

with

K 3 Vn sm* tjXT

1

2 C £3'2 COS 0j t COS 02 L

4ß

sin02T J/sin202T — 1

sin 0X t cos Qx t

(1 + ß)2 + a2

| r |2 4= 1 as, although the transverse wave is internally reflected, some of the energy is

stored in the longitudinal mode.

n 1/3 v0 1
Case c: sin 0, t > I/1 V 2 c l/pye

cos Q2l is now imaginary as sin02£, > 1. The longitudinal wave is a surface wave
and r 1 - *' (a + /3)/l + t (a + ß); \r \2 1, as it should.

Fransverse wave excited in vacuum by a longitudinal wave in the plasma

a. —
Figure 2

Eïl Wave aspect at the boundary.

We shall consider a longitudinal wave arriving on the boundary from x + oo

at an angle 02jr,. The wave vector k2L and the normal to the boundary define the plane
of incidence x — 0 and the problem is twodimensional. We assume again as a starting
hypothesis that we know the fields at x 0~ in vacuum, equations (52) and (53) are
still valid the only difference are the boundary conditions at infinity which corresponds
to a different path of integration in the complex kx plane to obtain the inverse Fourier
transform.

The four poles in kx corresponding to el 0 (in the approximation (63)) and
k2 — st oj2/c2 0 lie in the complex kx plane as shown in Figure 3.

We shall relax one degree of freedom and take into account the pole — kLx which
corresponds to the wave coming from the right by taking as contour of integration the
linear combination.
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Contour ® -

sfK Fisure 3

—Re(k Contours of integration in the
ContourCC-J "V. T* ' complex k* plane.

A X contour ® ± B x contour ®. The pole +krx is included in both contours
such that B is continuous across the density discontinuity. A and B are subjected to
the constraint A + B 1. For both contours we close the contour by a half circle
in the upper half of the complex kx plane, and calculating the residues we obtain in the
region x > 0:

E x
2* _ 919s coy2

k2Txeik2Txx — A —— e-ik%tx* + B—— eik2ix' (71)

Applying Maxwell's equation in the region x < 0 and expressing the continuity of Ez
we obtain the transmission coefficient:

2 cos 02 L sin dx t
E'xt sin2d2L

tT Z: ~^^ (72)

1/3 1>o l/fi cosQxt cos62l + cos62t eosd2L
V 2 c \ sin2B2L

Discussion of the Results

In order to have a propagating transverse wave in the region x < 0, we must
have | sin 0! t| < 1. As

1/2 £ C

sin0lT I/ — sin02L (73)
1 3 Vn

The angle 02£ must be inside a small cone aroung the 0^ axis. The effect of cfv0 is
somewhat attenuated by the factor £ which is small. For |sin01r| >1 we have a
surface transverse wave in the region x < 0. If sin02L < 2/3 cfv0, we have a propagating

transverse wave in the region x > 0. This condition is much stronger than the
previous one as there is no factor of £ multiplying cfv0. For sin02£ > 3/2 s v0/c no
propagating transverse waves are generated - neither in the region x > 0 nor in the
region x < 0 - and the longitudinal wave is totally internally reflected as cos6xt and
cos02y are pure imaginary.

Reflection coefficient for a transverse wave general case

The solution given in a previous paragraph was only valid in a certain frequency
domain. For co arbitrary we must take Landau damping into account and in order to
invert Fourier transform (52) and (53) we must discuss more cautiously the properties

0ULsl=1-Kl=1 *[[LW*L dv
ms0k2 JJ k ¦ v — co

where Kl is the polarization kernel.
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The integral is not defined over a line in the vx, vz plane where

kxvx + kzvz-co 0

The denominator becomes infinite.
We shall rotate the coordinates such that the axis u is perpendicular to the line

k ¦ v — co 0. The rotation is written as follows, where v0 2 K T/m and u and v
have been normalized:

f*=-r- (K Vx + K vf v — (- kz vx + kx vf

Setting Q cofk v0, the polarization kernel may be written, using

KL
71 v\ k2

kue-iu'^v">dudv
k u — Q

2 co\

TT1'2 V% k2

k u e~ui du

ku — Q
(74)

The integral is not defined for u QJk. To give it a sense we suppose, as customary,
that Q has a small positive imaginary part, v, ultimately taken equal to zero, but such
that for k ftositive the contour of integration will go below the pole in the complex u
plane.

Jm(u)

-Re(u)

Figure 4
Rotation of the coordinates
in the velocity plane.

Figure 5

Contour of the integration in the complex
« plane for k positive.

To take the contour as shown in Figure 5 is equivalent to applying Plejmel's
formula

lim - P —
c ^. (J "> Ir Ci A/

inô(x)

to (74) which gives for k > 0 and real,

Kt-Kx- -2M»
TC1'2 V2 k2

k u e~u' du in Q -Q*lk*

ku — Q

(75)

(76)

For k < 0 we shall take the same formula for Kx, but in this domain Kl does not
reduce to Kx.

'Ap \
p f kue~uidu inQ _{Q,m

(_

Kx(k) {k s] 0, oo [ } (77)
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<4_\
'«8*» V

+ oo

We shall now consider KL for A < 0. The contour of integration will now go above

the pole in the complex u plane, such that for k < 0, Kl K2:

Jm(u)

k

Figure 6

Contour of the integration in the complex
-Re(u) m plane for k potitive.

— 2 ft)2, I f kue~u%du inQ _(qW
2

jr1'2i#2A« j y ku-~Q ÜT"
Ê

V —oo

and extending the definition of K2 for /e > 0, using the same formula as above,

i+oof
kue^u'du inQ ,,,.,„

Pl-ku-ü---k e-{,)

t +00
2 (Op \

t, f kue-"'du inQ ^o'lv)K2(k){ks]-oo,0[}=--^l- \rj-jrr_-_-Q-+ lkl
e~

With those definitions we have the equality

Kx(-k)=K2(k)
for k real and different from zero.

We shall now consider the analytic continuation of the function Kx(k) for Q real
and k complex which reduces to (77) on the real k axis. It may be defined as

KJH—gLtf^e..ti1'2 Vq k2 J ku — Q
r>

The contour Fx consisting of the real k axis plus a contour passing below the pole
u Qjk of Im(Qjk) < 0. Similarly for the analytic continuation of K2.

2C02, f kuer*' j

The contour F2 consisting of the real k axis plus a contour passing above the pole

u Qjk if Im(Q\k) > 0.

With those definitions Kx(k) and K2(k) are analytical functions of k in the entire
complex k plane and

[##*)]* Kx(k) [Kx(k*f* Kfk).
Kx and K2 have an essential singularity at the point k 0.

48
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Knowing the properties of the polarization kernel we come back to the fields.
Taking et not spatially dispersive we obtain for the tangential component of the
electric field:

i B0 c2 | ^ f e< «**(!-(1-Kl)Ie) ^n co

tn
(1 - KL)

(79)

The first term in the bracket corresponds to a longitudinal field and the second term
to a transverse field. To take advantage of our study of Kl as a function of k and not
of kx we change the variable of integration from kx to k introducing a branch cut in
the complex k plane between — kz and +kz with the following determinations:

kx < o, k\=- yk2 - k2, k yk2x+k2,

K > o, k2 + y¥- k2, k yW+ k2.

Then

i c2 B„
"- I k2

e-iYk'-k2zx(l-(l-Kx(k))ls)
kyW^'k2 (1 - KAkJT

dk

eifk<-k2X(l- (1-Kx(k))js)
k yk^ki (i^Kfk))~

dk
i n kn

ßi kj-x x

(80)

-> ~^<

Using Kx(— k) K2(k) it is easy to see that with the contour Cx and C2 defined as in

Figure 7 we have

c2 B

con
o | t2 /¦*/*-*•« (1-(1-*,(*))/«)

kyk2-ki(i-K2(k))
dk

eiVv - k*x (Kx(k) - Kfk))

cf
kyk2-k2z(i-Kx(k))(i-K2(k))

dk
i n Ay

ßi kTx x

(81)

The reflection coefficient for the incoming transverse wave r and the surface impedance
are determined using the continuity of Ez.

Bx

i c2 Bx k2 1 - (1 - K2)js

nstn | J kyk2-k\(l- K2)

Kx - K2 dk

dk

kTx c2 Bx

c>

hxC''

kyk2-k2(i-Kx)(i-Kn)

- (Ei - Ef

(82)
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1 - ((1 - Kx)fs) dk1 + r
Rt, H k

kyk2-k\(i-K2)1 — r sk.

+
(Kx - Kf dk

kyk2-k2(l-Kx)(t-K2)

and by numerical computation of Zg we would know r.

cl

(83)

-Contour C,

Jm(k)

-LContour C1

==_Re(k)
Figure 7

Contour Ct and C2 in the complex k plane.

We shall now stress the fundamental importance of the principal Landau pole kx.
Due to the essential singularity at k 0, 1 — K, 0 has an infinity of roots in the

upper half of the complex k plane, we denote them by k{ and we may write:

1 - Kx(k)
27-

i
d/dk Kx(k) |

(84)

Furthermore it is easy to show using Nyquist criteria [6] that for e > 0,1 — K2(k) 0

has no solutions in the upper half of the complex k plane and for £ < 0 one root only.

In the case £ > 0, the integral over the contour C2 vanishes by pushing the contour of
integration to infinity and we obtain

Zs
EkXx

1 dkl_h2 y
n z f& d/dk Kx(k) \h^hi J kfk2- kt (k - kt)

(85)

It is easy to show that if we take only the first Landau pole we reobtain (65) and when
£ -> 0 the major contribution comes from the principal Landau pole as d/dk Kx(k) |Ä_t.
vanishes only for this value. This does not justify completely our procedure as we
have an infinity of other poles and although each contribution may be small the sum

may be comparable to the term corresponding to the first pole. All we can hope is to
have this theory at best valid asymptotically when e -*¦ 0. Although some progress
has been made in calculating higher order Landau poles [12], no calculations are
obtainable for poles of higher order than 4 and this is insufficient to decide over
convergence of series of inverse of derivative evaluated at all Landau poles.

In brief we have calculated a formal but exact expression for the surface impedance
from which the reflection coefficient may be obtained.
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Remark

If we have a dielectric of dielectric constant sx outside the plasma, we could
imagine that there is a small slab of vacuum between the dielectric and the plasma
and relate the field in vacuum to the fields in the dielectric to obtain Ex This easy
generalization could be obtained readily.

6. Conclusion

The problem of creation at a density gradient of a longitudinal wave by a

transverse wave and of a transverse wave by a longitudinal wave has been studied
in this work considering a one-dimensional density gradient, a Maxwell-Boltzmann
equilibrium distribution function and no external magnetic field. The various
approaches used could be generalized to other types of geometry rather easily (such as

cylindrical and spherical boundaries, plasma slabs, etc.). In the case of a solid state
plasma it would be more proper to use the Fermi-Dirac equilibrium distribution
function instead of the Maxwell-Boltzmann or even better to treat the problem
quantum mechanically. In the case of a plasma-vacuum interface it would be
interesting also to consider diffuse reflection instead of specular to measure the approximation

made assuming the latter condition.
But possibly the most interesting continuation of this work is to consider the

identical problem of wave creation in the presence of an external magnetic field; this
introduces some complications as longitudinal and transverse waves are no longer pure
modes, but it will be very interesting to know how a light wave could excite an Alfvèn
wave, for example, and the experimental confirmation would be easier as it would
correspond to a much more physical situation in which the plasma confinement would
be due to an external magnetic field.
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