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Spectral Concentration for the Helium Schrödinger Operator

by P. A. Rejto1)
Institut de Physique Théorique, Université de Genève and School of Mathematics, University of

Minnesota, Minneapolis, Minnesota 55455, USA

(23. IV. 70)

1. Introduction

According to a well known discovery of Stark the spectral lines of an atom in an
electric field split. For the case of the hydrogen atom, Schrödinger [1] used his
perturbation theory to compute these split levels. His results coincided with the
experiments with great accuracy. Then Oppenheimer pointed out \2] that according
to physical intuition the entities computed by Schrödinger cannot be point
eigenvalues of the corresponding Schrödinger operator. Later this intuition was established
rigorously by Titchmarsh. At the same time he proposed an asymptotic description
of Schrödinger's problem.

It was observed by Riddell [13, 14] and elsewhere [11] that the phenomenon of
spectral concentration holds for a large class of abstract operators, including the family
of Schrödinger operators corresponding to hydrogen in an electric field.

In this paper we show that the phenomenon of spectral concentration also holds
for the family of Schrödinger operators corresponding to helium in an electric field.
Actually instead of the helium atom we could consider a heavier atom but we shall
not be concerned with this fact. Specifically we show that near any isolated eigenvalue

of the helium Schrödinger operator we have concentration of order p, foi each

positive integer p. For the important special case of p 1, this is implied by a
theorem of Hunziker [20c] which says that the point eigen-functions corresponding
to isolated eigen-values of multiparticle Schrödinger operators die out at infinity
faster than any power of the independent variable. Another special case was treated
elsewhere [21].

In Section 2 we summarize some known facts about the helium Schrödinger
operator. Then we apply the abstract concentration theorem [11, 13, 14] to the
family of Schrödinger operators corresponding to helium in a weak homogeneous
electric field. This application is carried out in Theorem 2.1. The key assumption of
this theorem is that near each isolated eigenvalue, for each integer p, the first p formal
perturbation equations do admit solutions.

*) This reseanch was supported by the Swiss and U. S. National Science Foundtions under
grants GP-12361 and GP-21331.
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In the short Section 3 we consider an abstract perturbation problem and
formulate two lemmas. They are versions of two other lemmas formulated elsewhere [21a].

In Section 4 we return to the proof of Theorem 2.1. In Theorem 4.1 we formulate
a property of our perturbation problem which allows the application of Lemma 3.2.
This yields the validity of the key assumption of Theorem 2.1. Roughly speaking, it
describes the effect of each of the electron-nucleus potentials on the helium bound
states. For special circumstances Theorem 4.1 was formulated elsewhere [21b]. The
novelty of the present Theorem 4.1 is its generality. In particular that it holds for
each isolated eigen-value. Its proof uses an elegant observation of Combes [22b]
concerning commutators of abstract operators. At the same time we make essential
use of Lemma 4.1. The proof of this lemma, in turn, makes essential use of the fact
that the electron-electron potential is repulsive.

For related work on spectral concentration we refer to the forthcoming papers of
Veselic.

It is a pleasure to thank Professors Jauch and Zinnes and Mr. Salah for valuable
conversations. In particular the author appreciates his introduction to the works of
Hunziker and Combes.

2. Formulation of the Concentration Theorem

For the unperturbed operator we take the helium-Schrödinger operator. To
describe it in more specific terms let (£t»(£3) denote the class of infinitely differentiable
functions with bounded support in £3, the real Euclidean space of dimension 3. The
Schrödinger operator in atomic units [5], corresponding to the helium ion He+, is

given on (£oo(£3) by

(He+)/=-|/l/-2M^j/, /eéoo(£3). (2-1)

Here and in the following we use a dot to emphasize that a given operator is defined
on (£co(£3). In equation (2.1) A denotes the Laplacian and M(l/r) denotes the operator
of multiplication by the function

1 1

- W tt. xe£a.
r \x\

According to Kato [3, 13i] the operator He+ is essentially self-adjoint on (£oo(£3) and
the domain of its closure equals the domain of the closure of A. That is

X)(He+) D(A)

Next define the function q on £6 by

q(x) ((x, - x3)2 + (x5 - x2)2 + (xx - xx)2)-V2 (2.2)

and let M(q) on (£oo(£6) be the operator of multiplication by this function. Using the
usual notations for the Kroneker product of operators [17], the helium-Schrödinger
operator in atomic units is given on (£oo(£e) by [5b]

He He+ ® 7 + 7 ® fle+ + M(q) (2.3)
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where 7 denotes the identity operator on 22(£j). Actually, it would be sufficient to
define this operator on

<£»(£,) ® (£oo(£3) <= éoo(£6)

but we shall not be concerned with this fact. Remembering definition (2.1), we see that

He - ^- [A ® I + I ® A] + -2 M (jj ® I - 2 I ® M (j\ + M(q)

According to Kato [3, 13g] this operator is essentially self-adjoint on Eco(£6) and the
domain of its closure equals the domain of the Laplacian. More specifically for the
domains of the closures of these operators we have the following inclusions,

»(He) » (A ® I + I ®A) (2.4)

»(He) c » (m (—) ® A »(He) <r. X> (i ® M (—\\ (2.5)<1»<2>

»(He) c 5>(M(q)) (2.6)

For brevity, we shall set

M«> (—) M (—\ ® I, (2.7)«

M<2> (—) I ®M (—\ (2.7)(2>

and

A^v A ® I + I ®A (2.8)

Note that superscripts correspond to the decomposition

£2(£8) £2(£3) ® US,) ¦

For the perturbation F we take the operator corresponding to a homogeneous
electric field. More specifically it is the closure of the operator V given by

Vf(x) (xn + xn)f(x), xe£6, /e <£«(£,). (2.9)

We define the family of perturbed operators on £oo(£6) by setting

He(e) He + e V (2.10)

More specifically, we denote by He(e) an arbitrary self-adjoint extension of this
operator. Since the operators He(e) commute with conjugation, the existence of such an
extension is ensured by a theorem of von Neumann [8]. We do not know whether such

an extension is unique or not. The corresponding question for the hydrogen Schrödinger
operator was treated by Ikebe and Kato [9]. They showed that in this case the
extension is unique. Note that at least formally, the operator He(e) is the Schrödinger
operator corresponding to the helium atom in a homogeneous electric field of intensity
e [5c].
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Next let 77(e) be a given family of self-adjoint operators acting in an abstract
Hilbert space. For a given Borel subset Be of the real line let E(e, "Bf denote the spectral
projector of 77(e) over Be- Following a terminology used elsewhere [11], we shall say
that near a given point X0, the spectrum of the family of operators 77(e) is concentrated
to order p, it there is a family of sets Be, such that

E(e, Be) -> E(0, {X0}) as e -> 0

and
| Be | o(e») at e 0.

Here, the left member, denotes the Lebesgue measure of Be and convergence means
strong convergence.

After these preparations we return to the family of Schrödinger operators in
(2.10). The theorem that follows is our main theorem and it says that near isolated
eigen-values of the helium Schrödinger operator the spectra of these operators is
concentrated in this technical sense.

Theorem 2.1. Let the helium Schrödinger operator He be defined by equation (2.3)
and let the family of operators He(e) be defined by equation (2.8). Suppose that X is an
isolated point eigen-value of He. Fhen for each positive integer p, near the point X the

spectra of the family of operators He(e) is concentrated to order p.

According to a theorem obtained by Riddell [14, 13i] and elsewhere [11], the
phenomenon of spectral concentration occurs under general circumstances. To
describe these circumstances, following Kato [13a], we say that a given subset S of

»(T), is a core of the given operator 7Tf the closure of its restriction to <3 equals F.
In particular, if Tis essentially self-adjoint on S then S is a core of T. Using this
notion the assumptions of the abstract spectral concentration theorem adapted to
our operators, are implied by the following ;

X is an isolated point eigen-value of He of finite m-multiplicity, (2-11)

as e converges to zero, the operators He(e) converge strongly
to He on a set which is a core of the unperturbed operator He, (2.12)

the first p formal perturbation equations corresponding to the family He(e) at
the point X admit m linearly independent solutions for each positive integer p. (2.13)

Thus to establish Theorem 2.1 it suffices to establish these three conditions.
To verify condition (2.11) we need a theorem of Zhiclin [7] and Hunziker [20].

This says that the essential spectrum of the operator He consists of an interval.
Hence each isolated point eigen-value is of finite multiplicity and condition (2.11)
follows.

To verify condition (2.12) recall that according to Kato the operator He is

essentially self-adjoint on (ta>(£6). It is clear from definition (2.10) that for each vector
/ of this set

lim He(e) / He /

Hence condition (2.12) follows.
It remains to verify condition (2.13) which we shall do in the two sections that

follow.
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3. A Sufficient Condition for the Solvability of the Perturbation Equations

Let 77 and F be possibly unbounded symmetric operators acting in some abstract
Hilbert space §> and assume that the intersection of their domains is dense. Define the
family of operators 77(e) by

77(e) 77 + e V on »(77) f~l »(F) (3.1)

Suppose that X0 is an isolated point eigen-value of 77 and formally set

CO

X(s) ~ZXJ £i (3-2)
7 0

and
00

f(*)~EfjeJ <3-3)
7 0

and

77(e) /(e) ~A(e) /(e). (3.4)

Carrying out the multiplication of the formal power series in this relation and equating
the coefficients of the like powers of e, we obtain the following set of recursive equations,

(H - X0) /0 0 (3.5)0

n

(H ~ X,) fn =£Xj fn_j - V fn_x n l,2 (3.5).
7=0

This set of equations is called the set of formal perturbation equations corresponding
to the family 77(e) at the point X0. Note that in general /(e) is not an eigen-vector and
X(e) is not eigen-value of 77(e), in fact such formal power series need not exist. The
lemma that follows is a version of a lemma formulated elsewhere [21a] and accordingly
we state but do not prove it. It gives sufficient conditions for the solvability of these

equations. These conditions are implied by the ones of Riddell [14b].

Lemma 3.1. Let X0 be an isolated point eigenvalue of § of finite multiplicity, and let

E{X0} denote the spectral-projector over X0. Suppose that there is a subset S of §> such that

E{X0} § c S (3.6)

and

FScS (3.7)

and

(X0 - 77 + E{X0})-i S c S (3.8)

Then for each positive integer n the first n formal perturbation equations corresponding
to the family (3.1) at X0, that is equations (3.5)0 through (3.5)„ do admit solutions. Furthermore,

the number of linearly independent solutions equals dimE{A0} §>.

The assumptions of Lemma 3.1 are rather general and it is difficult to verify them
for specific operators. The lemma that follows, is again a version of a lemma formulated
elsewhere [21a] and accordingly we state but do not prove it. It formulates assumptions
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which are adapted to our perturbation problem and which imply the main ones of
Lemma 3.1. In it 23(5) denotes the space of bounded operators defined on all of § and

q(T) denotes the resolvent set of a given operator T.

Lemma 3.2. Let the operators Aox, be self-adjoint on the given domains »(^40,i) in
§ and let X0 in q(A0) be an isolated eigen-value of A0 + Ax of finite multiplicity with
spectral-projector E{X0}. Suppose that

Ax(X0-A0)-ie %(§>). (3.10)

Suppose further that an infinite sequence of sets, 930 §, 93j,..., is given such that for
each integer n

Ax (23„ fl T>(AX)) c 23„+1 (3.11),

and

(Ao - ^o)"1 »„ c ®„. (3.12J

Then the set

OO

S=fï23„ (3.13)
»-0

satisfies assumptions (3.6) and(3.8) of Lemma3A with reference the operator H A0 + Ax.

4. Application of Lemmas 3.1 and 3.2 to the Helium Schrödinger Operator

We start by defining two different splittings of the helium Schrödinger operator
and applying the abstract Lemma 3.2 to each of them. To describe these splittings,we
introduce two operators by setting

(t)7*i>«) He - M*1»2' — on éco(£6) (4.1) (1)(2)

and defining F(1>-(2> to be their closures. In analogy with previous notation we also set

Mlf(x)=xlf(x) xe£e, /e <£»(£,), 1=1,2,...,6 (4.2)

and define the operator Ml by closure. Note that subscripts refer to the decomposition

ß.(£e) fl,(fi) ® £2(£i) ® ß.(£i) ® fi2(£i) ® fii(fi) ® S2(£i) •

The key fact in the application of the abstract Lemma 3.2 is formulated in the
theorem that follows. It extends a result formulated elsewhere for any isolated eigenvalue

of the hydrogen Schrödinger operator [16] and for the lowest eigen-value of the
helium Schrödinger operator [21]. The proof of this theorem is based on an elegant
observation of Combes [22b] used in connection with his study of the decay of the
eigen-functions. In it as before for a given operator 7\ve denote by q(T) the resolvent set.

Theorem 4.1. Let the operators F(1)'(2) be defined by equations (4.1)<1,(2). Suppose
that the real number X is an isolated eigen-value of the helium Schrödinger operator He.
Then,

Xeo(FV)r\Q(FM) (4.3)
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and for each positive integer n

(X _ f(i),(2))-i $>{MÏ) er »(Mf) (4.4)"

To verify conclusion (4.3) we need a result of Zhislin [7] and Hunziker [20a].
This says that the essential spectrum of the helium Schrödinger operator is given by

o-,(He) [inf or(He+),oo)

Hence for the isolated points of the spectrum we have

X < inf <7(He+) (4.5)

At the same time it follows that X is of finite multiplicity, although we shall not make
use of this fact. As is well known [23], under circumstances more general than ours,
the spectrum of a Kronecker sum is the sum of the spectra. This yields

ai- — A ®7+7® He+ J [inf ff(He+), oo)

Remembering that the operator M(q) is positive we obtain from these relations that

o(FW) c [infcr(He+),oo) (4.6)

Insertion of this relation in (4.5) shows that X is in ß(F(1)). A repetition of this
argument, that we shall not carry out, shows that X is also in q(F&)). This establishes the
validity of conclusion (4.3).

To verify conclusion (4.4)" we first note that for each positive integer n

(i + MA-" £2(£6) D(i + M,)' »(Mf)
Next in analogy with Section 2 we denote by 23(£a(£e)) the space of bounded operators
defined on all of £2(£6) • Hence remembering the definition of the product of unbounded
operators we see that conclusion (4.4)" is implied by

(i + Mjf (X - F»»«)-1 (i + Mj)~" e 93(£2(£6)). (4.7)"

To verify the validity of this relation for n 1, following Combes [22b] we note
that there is an elementary relation between the commutator of the inverse operator
(X — F(1,)_1 and the commutator of the original operator (X — F(1)). Specifically we
have

[(i + M,), (X - F^)-1] (X- F»))-i [(i + Mj), (X - F<»)] (X - F<-»)-\ (4.8)

on (X - Fm) <£«,(£,.).

Remembering definition (4.1)(1) we see that

[(* + Mj), (X - F«)] [(f - Mj), Zl»'2>] on (Éoo(fe) • (4.9)

Combining these two relations we obtain

[(* + Mj), (X - F<i>)-i] (X- F<«)-i [(» + Mj), A^2)] (X - F«)-1, (4.10)1

on (X - F<«) (£co(£6).
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Next we define a set fX(1) by setting

Œ« (i + Mj) (X - F<«) <£„(£,) (4.11)1

and an operator Qm(X) on it by setting

çm'X) (X- F«)-1 + (X - F»))-1 [(» + Mj), A^)] (X - F«)-1 (i + Mj}-1 (4.12)1

Inserting these two definitions in equation (4.10)1 we arrive at

(« + Mj) (X - F««)-1 (* + Mj)-1 Q0i(X) on <P (4.13)1

The lemma that follows will imply that this set is dense. In it, for a given set (3 we
denote by S its closure.

Lemma 4.1.2) Suppose that the number X is an isolated eigen-value of the helium
Schrödinger operator He. Then for each positive integer n

(i + Mj)" (X - F1»2') 6oo(£6) £2(£6)2) (4.14)«><2>

To verify this lemma we introduce some notations. Let Br denote the ball in £6
of radius r, specifically set

Br {x: \x\ < r xe £n}

In analogy with previous notation we define the class f£oo(Br) and the space fl2(Br).
For a given operator T we denote by Tr the £2(Br) closure of its restriction to £oo(Br).
As is well known [13d] a densely defined symmetric operator does admit a closure.

2) A dded in proof.
Since Fl1''2' is essentially self-adjoint on (Lo(£6) it follows from conclusion (4.3) of Theorem

4.1 that

(X - F<D<2)) (M£6) £2(£6)

In other words this set is dense. It is an interesting fact observed by McCarthy that the operator
(i + Mj)" need not map any dense subset of its domain onto a dense set. The following
counterexample is due to him. For brevity let n 1 and let M denote the multiplication operator on
£2(£i). Define the set m by

r931 ¦j/:/££2(£i) and the support of/is compact and / f(x) dx

An elementary argument that we shall not carry out shows that JR is dense. At the same time we
see that for every / in 9JÎ we have

oo

f ti + M) f (X) ¦ -ri— dx Cl.
J i + X

— oo

In other words the function

g(x) -r--l — X

is orthogonal to the set (i + M) 3JI. Therefore this set is not dense.
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We first maintain that in analogy with relation (4.6) we have

a(Ff) c [inf <r(He+),oo) (4.16)r

For, according to a result of Kato [13g] to each positive number e there is a number
y(e) such that for every function / in (£oo(£6), in particular in (too(Br),

\(-2Mm(1\ +M(q)\f\\ ^eljzl«1-2»/! + y(«)||/||. (4.15)

In other words, the restriction of the operator on the left is e-bounded with reference
the restriction of the operator on the right. As is well known [13g] the restriction of
A°-2) to (Éœ(Br) is essentially self-adjoint in fl2(Br). According to a theorem of Rellich
and Kato [13e], these two facts together imply that the sum of these two operators is

essentially self-adjoint on CCoo(Br) in £2(Br)- At the same time it follows that in this
case the closure of the sum is the sum of the closures. Remembering definitions (4.1)(1)

and (2.1) we obtain the essential self-adjointness of Ff on (£oo(Br) in £2(Br).

We see from this essential self-adjointness that the numerical range of Ff1 is

contained in the closure of the numerical range of its restriction to (L»(Br). Since F(1)

is essentially self-adjoint on (£oo(£6) and (Éoo(Br) is a subset of f£oo(£6), we obtain that
the closure of the numerical range of Ff is contained in the closure of the numerical

range of Fa). In symbols,

v(Ff) c v(F<«)

It is an elementary consequence of the spectral theorem that the convex hull of
the spectrum of a self-adjoint operator is closed and that it equals the closure of the
numerical range. Applying this fact to the operator F(1) we obtain,

v(FW) c [info-(He+),oo)

These two relations together yield

v(Ff c [info-(He+),oo)

Combining this relation with the essential self-adjointness of Ff we arrive at the

validity of relation (4.15).

Relations (4.5) and (4.15) together imply that X is the resolvent set of Ff. This,
in turn, implies that

(X - F«) <£„(&) £2(Br) (4.16)

if we remember that Ff is essentially self-adjoint on (Xoo(Br) and that on this set the

operators Ff and F'1' are equal. Clearly for each positive integer n the restriction of
the operator (i + Mj)n to £2(Br) is bounded and admits a bounded inverse. Hence this
operator maps a given dense subset of fl2(Br) onto another dense subset. Inserting this
fact in relation (4.10) we obtain

Mj)" (X - F<«) (£oo(Br) £2(Br)
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From this, in turn, we obtain

(i + M,)" (X - F<«) (£«,(£„) d (J £2(Br) (4.17)
r-0

if we remember that the closure of a union equals the union of the closures and that
oo

U doo(Br) <£»(£,)
r-0

Since the right member of (4.10) is dense in £2(£6) we arrive at

(.' + Mj)" (X - F»») <£„(£,) £2(£6

That is to say, conclusion (4.14)(1) holds.
Replacing the operator F(1) by F(2) in the present argument we arrive at the

validity of conclusion (4.14)(2). This completes the proof of Lemma 4.1.

In conclusion let us remark that this lemma extends a result of Combes [22c],
inasmuch as his result shows that the intersection of the ortho-complement of the
set in (4.14) with » (i + Mj) consists of the zero vector only.

We return to the proof of conclusion (4.4)1. First we claim that the closure of the
operator Qm(X) of definition (4.12)(1) is bounded and it is defined on all of £2(£6). That
is to say,

QV(X) e »(£,(£,)) (4.18)i

To verify this relation we first note that

[(i + Mj,A^] -Dt on <M£6).

Insertion of this fact in definition (4.12)1 yields

Q1(X) (X - F'«)-1 - (X- F«)-1 Dj (X - F«1»)-1 (i + Mj)-1, on (E1 (4.19)1

As is well known [13, 18] the operator D, is bounded with reference to the
operator A{1-2). Relations (4.16) and (4.6) together with definition (2.1) show that the
operator F(1) is bounded with reference the operator A°-2\ Combining these two facts
we obtain

(A - pw)-i Dte 23(£2(£6)) (4.20)

Inserting this fact in relation (4.19)1 we arrive at the boundedness of Q{1)(X) on Ê1.

From this, in turn, we arrive at the validity of relation (4.19)1 if we remember that
according to Lemma 4.1 the set d1 is dense.

Next we insert relation (4.18)1 in the key equation (4.13)1. This shows that

(i + Mj) (X - F»))-1 (* + Mj)-1 is bounded in &
To complete the proof of relation (4.7)1 we need an observation of Kato [13b]. This
implies that if the closure of the operator A on 91 admits a bounded inverse and C

on (£ is closable and such that
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then the closure of the product of A and C equals the product of the closures, that is

AC =Ä-C.
Applying this abstract proposition to

A (i + Mj), %= (Lo(£6)

C (X - F<»)-i (i + Mj)-1, <£=(* + Mj) (X - F««)-1 êoo(£6)

we obtain that the CEAclosure of the above triple product equals the product of the
closures. Remembering that this triple product is bounded on G1 and that Ê1 is dense

we arrive at

(* + Mj) (X - F<«)-i (i + Mj)-1 e »(£,(£«)).

This establishes the validity of relation (4.7)1 if we observe that in the arguments
leading to it the operator F(1> can be replaced by F(2).

To verify relation (4.7)" in the general case we employ induction on ». We have

already seen that it holds for n 1. Accordingly assume that it holds for n k — 1

and we show that it also holds for n k. To verify this wé first need a generalization
of relation (4.10)1. Specifically we need that for each positive integer k

[(i + Mj)k, (X - F»»)-1] (X - F««)-1 [* + Mj)\ zl<i.2>] (X - F»»)-1 (4.10)*

on (X - F»>) (£oo(£6)

A repetition of the arguments leading to relation (4.10)1 shows the validity of
this relation and for brevity we skip the details of the proof. In analogy with definition
(4.11)1 define the set £* by

& (i + Mjf (X - F<») Goo(£6) (4.11)*

and the operator Q(k)(X) on it by setting

QW(X) (X- F««)-1 + (X - F'«)-1 [(i + Mj)k, zl«-2»] (X - F'«)-1 (i + M,)~* (4.12)*

Inserting these two definitions in equation (4.10)* we arrive at

(i + Mj)k (X - F»»)-1 (i + Mj)~k QM(X) on (£*. (4.13)*

Remembering definition (4.11)* we see from Lemma 4.1 that the set (£* is dense. Next
we maintain that the operator Q{k)(X) is bounded on it. More specifically we maintain
that

ÇW(Â)e »(£,(£,)). (4.18)*

For, it is an elementary fact that

[(i + Mj)k, A^2) =-k(i + Mj)«-1 Dj-k(k-l) (i + Mj)k~2 on (£oo(£6)

Inserting this fact in definition (4.12)* we obtain

<?<*>(A) (X - F«)-1 -k(X- F«1»)-1 (i + MjY-1 Dj (X - F'1»)-1 (i + Mj)~k

-k(k-l)(X- F»»)-1 (i + Mj)k~2 (X - F'»)-1 (i + M,)-k. (4.19)*
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We see from the induction hypothesis that the third term on the right is a bounded
operator. To see the boundedness of the second term, note that

[(i + M,)*-1, D,] -(k-l) (i + Mj)k~2 on (Lo(£6)

Hence on d* we have

(X - F»))-1 (* + M,)*-i Dj (X - F««)"1 (i + Mj)~k

(X - F'1»)-1 Dj (i + M,)k~1 (X- F«)-1 (i + Mj)-k -
- (k - 1) (X - F»»)-1 (i + Mj)k~2 (X - F®)-1 (i + Mj)-"

The induction hypothesis together with relation (4.20) shows that each of the two
operators on the right are bounded. Hence the second term on the right of equation
(4.14)* is also bounded and according to the already established conclusion (4.3) so
is the first term. Inserting this fact in equation (4.19)* we arrive at the boundedness
of the operator Qh(X) on £*. From this, in turn, we arrive at the validity of (4.18)*.
Relation (4.18)* implies relation (4.7)* similarly to the way relation (4.18)1 did imply
relation (4.7)1. Thus relation (4.4)" holds for each positive integer «and this establishes

the validity of conclusion (4.7)". This completes the proof of Theorem 4.1.

Next we derive the main Theorem 2.1 from Theorem 4.1 and from the abstract
Lemma 3.2. According to the arguments of Section 2 it suffices to verify condition
(2.12) only. To verify this, in turn, we first maintain that the assumptions of Lemma
3.2 hold for the pair of operators

F<« and Af -2M®{— \ (4.21)<:

with reference to the sequence of sets

93<i>w D (j + Af3)* k 0, 1, 2, (4.22)<1>(*>

For, we see from conclusion (4.3) of Theorem 4.1 and from relations (2.4) and (2.5)(1)

that

WyW-F<i>)-ieS(£a(£6)).

That is to say assumption (3.10) holds at each eigen-value X of the helium Schrödinger
operator He. The validity of assumption (3.12) is the statement of the other conclusion
of Theorem 4.1. To see the validity of assumption (3.11) we first claim that

/ e » |M»> \ \ implies M<« (—\ feX)(i + Mf) (4.23)(1»1'

For, the elementary inequality

1 + xl 1

< 1 +
%l ~T~ %2 ~i~ ^3 -^i i #2
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yields for each g in Koo(£6),

|| (i + M3 || MM I— jgp ^ || g || a + || M«1)/-1-) g p. (4.24)«™

Since by definition C£oo(£g) is a core for each of these two unbounded closed operators,
the validity of (4.22)1 on all of »(M<x'(l/r)) follows by closure. Next we claim that for
each positive integer k and each / in f£oo(£6)

|| (i + M3)*M») (jjf\\2 <Ë II (*' + ^s)1 /II2 + ll M^ (l)f\\2- (4-44)

For, evidently for each positive integer /,

(i + Ms)' Mm (-\ (i + Mf) Mm (1 \ (i + Mn)'-1, on Çœ(£6) (4.25)

Hence for / in (£co(£6) setting

g (i + M3y-if

in relation (4.22)1 we obtain

|| (i + M3y Mm /ij /||« <^ || (,¦ + Mf)1-1 /||2 + !| Mm /i) (,¦ + Mf'-1 f\\2.

The validity of relation (4.22)* follows by induction if we use relation (4.23) again.
From this, in turn, it follows by closure that for each integer k

A ] D » ((»' + Ma)k) implies Af« —/e» [Mm I— n » ((i + M3)k) implies Af<« - /e» ((» + M3)k+1). (4.23)'

That is to say assumption (3.11) of Lemma 3.2 holds for the pair of operators (4.21)(1)

with reference the sequence of sets of definition (4.22)(1)(*'. Thus we see from Lemma 3.2

that setting

/ o

we have

S»> Q » (*' 4- Msy (4.26)
; o

.ave

E{X} S<« c S (4.27)<«

and

(X - He + EIX})-1 m Q c S<« (4.28)«

A similar argument, that we shall not carry out, shows that Lemma 3.2 applies to the
pair of operators

A® F<2> and A[2) -2 M^i--) (4.21)®
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with reference to the sequence of sets

93<2><*> »(*"+ Mfk (4.22)<2><*>

Thus we see from Lemma 3.2 that setting

oo

S<2>=n »(*'- M.y (4.26)<2>
t-o

we have

E{X} S<2> c S(2> (4.27)<2>

and

(X - He + Elk})'1 S<2> c S<2>. v4.28)<2)

Combining definitions (4.26)<«, (4.26)<2» and relations (4.27)'1», (4.27)<2», (4.28)'1»,

(4.28)(2>, we see that setting

S S'1» D S'2> (4.26)

we have

E{X} S c S (4.27)

and

(X - He + EiX})-1 S c S (4.28)

In other words, at the isolated eigen-value X the operator He satisfies the assumptions
(3.6) and (3.8) of Lemma 3.1 with reference the set of definition (4.26).

Note that relation (4.27) is a version of a result of Hunziker [20b] inasmuch as

our set S is larger than his. Actually he showed that this holds for a class of potentials
including the Coulomb potential, but we shall not be concerned with this fact.

Finally we maintain that with reference to this set assumption (3.7) of Lemma3.1
holds for the perturbation V of definition (2.7). For, suppose that / is in S, which in
view of definition (4.26) means that for each positive integer k

f[(l + 4)" + (1 + xlf] |/(*) |2 dx c oo (4.29)

Since

(x3 + Xn)2 < 2 (xl + x\)

and

^ xs,e (i + y 3) ^ y 6 + (i + y 3)

we see that

(*, + xf2 [(1 + x\)k + (1 + y)*] < 2 [(1 + xt)2k + (1 + xl)2k]

Insertion of this inequality in assumption (4.29) yields, for each integer k,

J(x3 + x,)2 [(1 + x\)k + (1 + xl)k] |/(x) |2 dx e 00
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Remembering definitions (2.7) and (4.26) this estimate says that V f is in S. Hence

FSc6,
that is to say, assumption (3.7) holds as we have maintained.

Therefore we can conclude from Lemma 3.1 that for each positive integer n the
first n formal perturbation equations corresponding to the family He(e) of definition
(2.8) do admit solutions. In other words we have established the validity of condition
(2.12). This completes the proof of Theorem 2.1.
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