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Formal Scattering Treatment of the Neutral K Meson System1)2)

by L. P. Horwitz and J.-P. Marchand
Departments of Mathematics and Physics, University of Denver, Denver, Colorado 80210

(26. VII. 69)

Abstract. Resonance and decay phenomena associated with the neutral K mesons are discussed
in the context of a modified formal scattering system. The master equation for the time evolution
of the K mesons under weak interaction is obtained and the resonant structure of the scattering
cross sections is established. Within the pole approximation the generalized Wigner-Weisskopf
formalism and simple Breit-Wigner forms for the scattering resonances may be valid in the case
of CP conservation. Deviations in the case of CP violation are discussed in detail for an explicitly
soluble model. The regeneration problem is discussed in an Appendix. It is concluded that the
validity of the generalized Wigner-Weisskopf formulation should properly be a subject for
experimental investigation and not a basic assumption for the description of neutral K meson decay.

I. Introduction
The neutral K meson system can be described in terms of a scattering system [1] [2]

with Hamiltonian H H0+ V, where H0 contains the strong interactions under
which the K mesons appear as stable particles with mass X0 and where V induces their
decay into the continuous spectrum of H0. The spectrum of //„ therefore consists of

the discrete eigenvalue X0 and the continuum of final states. We denote by P and P
the complementary and orthogonal projection operators on the discrete and continuous
parts of the Hilbert space 11 with respect to H0; the subspace3) P "U of H is spanned

by Kx and K2 (or, equivalently, K°, K°).
In order that V may induce the decay of the K mesons, it suffices that P V P =t= 0.

In this case the total Hamiltonian H is not reduced by P and therefore the total
evolution U(t) e~tHt does not conserve the subspace P ?/. We further require that
(H, Hq) forms a scattering system in which the K mesons emerge as resonances. This

may be assured, for example, by assuming [2] V to be of trace class. We shall treat in a
later section an algebraically soluble model for a F of finite rank. We define a decay
system as a scattering system in which H0 and V have the structure specified above [3].

Supported in part by a Summer Research Grant, University of Denver Research Institute.
Part of this work has been reported at the Boulder Conference on High Energy Physics,
Aug. 18-22, 1969.
In this paper we study the decay laws assuming that the initial K meson state is pure but
arbitrary within P ?/. The formalism can easily be generalized to take into account mixing due

to incoherence in the production of K° and K°.
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Our principal results are based on the properties of the reduced resolvent R'(z)
P R(z) P. In fact, these properties determine both the time evolution of the K meson
subspace and the structure of the scattering amplitude.

We first discuss in Section II the analytic properties of the reduced resolvent
(the 'propagator' in the K meson space) and the properties of its pole residues on the
second sheet. We find that, in general, the pole residues are non-orthogonal rank one
operators. The projection associated with the range of each of these is a pure state;
these are identified with Ks and KL. In the case of CP conservation the residues
would be themselves orthogonal projections corresponding to the CP eigenstates Kx
and K2 ; the problem would decompose into a direct sum of independent decay
systems corresponding to the CP eigenspaces.

In Section III we discuss the time evolution of the K meson subspace, i.e.
the reduced motion. A master equation is derived which describes this motion.
It is clear from this result that the evolution of the system may differ significantly

from that which can be described by a phenomenological theory with an
effective time-independent non-Hermitian Hamiltonian (the generalized Wigner-
Weisskopf formalism). For example, the transition probability has zero slope at
t 0 and the approximate exponential behavior builds up gradually. The process is

analogous to phenomena in statistical mechanics where the true evolution of a sub-

space differs from the exponential form which could be obtained through use of the
repeated random phase approximation. In pole approximation, the time evolution of
the subspace is represented by the poles of R'(z); the non-orthogonality of the pole
residues is another reflection of the lack of semi-group property. The unitary sum
rule of Bell and Steinberger [4], however, is consistent with our results in pole
approximation.

To obtain more detailed results in the case of small symmetry breaking (CP
violation) we introduce in Section IV a model [5] [6] which admits an explicit solution.

It consists essentially of omitting the part PVPotV, i.e., of neglecting weak direct
continuum interactions. An explicit form for the reduced resolvent is obtained and a
detailed correspondence with the unitary sum rule is established.

In Section V we show in this soluble model that the pole residues are non-orthogonal
to first order in CP violation (amplitude).

We conclude in Section VI with a discussion of the two-channel scattering theory
in the soluble model. Explicit formulas for the total cross-sections are obtained.
If CP were conserved, the pole approximation could yield a superposition of Breit-
Wigner resonance forms. However, in the case of CP violation, a deviation from Breit-
Wigner form (in the restricted sense of a Lorentz distribution) occurs even within the
pole approximation as a consequence of the non-Hermitian structure of the residue
operators.

In the Appendix we formulate the regeneration problem. The results differ from
previous formulations which assumed the semi-group property in that there are
additional parameters to be experimentally determined.

It appears, therefore, that the validity of the generalized Wigner-Weisskopf
formulation should properly be a subject for experimental investigation and not a
basic assumption for the description of neutral K meson decay.
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II. Properties of the Reduced Resolvent

The resolvent R(z) of the total Hamiltonian H is defined as

R(A - Z_H (2.1)

and is analytic on the entire complex plane except for the spectrum of H. Since the
discontinuity of R(z) is unbounded across the cut along the spectrum of H, the cut
forms a natural boundary and the resolvent cannot be analytically continued across.

For a suitable V, however, the discontinuity of the reduced resolvent R'(z)
P R(z) P can be regular on some open set belonging to the spectrum A of H; there

may then exist an analytic continuation of R'(z). We give an example in Section IV
where this condition is satisfied ; in the following we shall assume it [7].

For sufficiently weak coupling we may assume that the degenerate discrete
eigenvalues in the spectrum of //„ appear as two poles in the second sheet of the
reduced total resolvent which are non-degenerate due to the different strength of
coupling (and phase space) to the decay channels. "We further assume that the rank of
R'(z) remains two for small enough couplings, in its domain of regularity, and hence

R'(z) admits an inverse. To investigate the properties of the residues, we note that the
identity

R'(z) h(z) h(z) R'(z) P (2.2)

where h(z) is the inverse of R'(z) in P H, is also continuable to the second sheet.

Integrating (2.2) around the pole in the second sheet, we obtain

gph(z/l h(zp)ngp 0, (2.3)

where gp are the residues of R'(z)u at the pole positions zp. If gp 4= 0, then det h(zp)u 0,

i.e., h(zp)u has rank one if it is not the zero operator; conversely, gp is also of rank one,
and for any cp e P H, gp cp is in the null space of h(zp)u.

In general, gp gp, =t= 0 for p 4= p' ; we estimate this product in a later section using
a specific explicitly soluble model. To understand this non-orthogonality, we consider
here a point of view somewhat analogous to the introduction of a phenomenological
Hamiltonian, i.e., we define a two dimensional matrix W(z) by [8]

Ä'M=,-^>- <2-4>

If the eigenvectors of W(z) are linearly independent, we can construct a unique
decomposition of R'(z) in the form

*'M=£7--^Ö'W' (2-5)

where wp(z) are the eigenvalues of W(z), and

Qp(z)=\p(z)><p(z)\, (2.6)

<p(z) | p'(z) > dpp, (2.7)

The operators Qp are therefore orthogonal idempotents. However, the equations

z - wJz) 0 (2.8)
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have roots at, in general, zp 4= y. In the absence of a symmetry which enforces

orthogonality, <p(zp) | p'(zp-)> 4= 0, for p 4= p', and hence Qp(zp) Qp4[zp.) 4= 0. In fact
as we shall show in our model, this product is formally of the order of the amplitude
of CP violation.

As is clear from the result (2.6), the state \p(zp)} spans the one-dimensional range
of gp if the zero of (2.8) is simple. Let Pp be the corresponding projectors. They
represent pure states which we identify with KL and Ks, the resonant states of the
K meson subspace.

It follows from equation (2.3) that the resonance energies and widths are
determined as expectation values of the Hermitian and anti-Hermitian parts of the
operators W(z)u at the corresponding poles zp in the states Pp, i.e.,

h(zp)n z„- W(zp)u (2.9)
and hence

[zp - W(zp)u] gp 0. (2.10)

The residue gp is proportional to Qp(zp) \p(zp)> <p(zp)\.
Calling

zp Xp-iFpj2, (2.11)

W(zp)n W{zpf} + 1 W(zp)1! (2.12)

where the subscripts + refer to Hermitian and skew-Hermitian parts, we find from
(2.10) that

Xp Fr(W(zp)1} Pp) <W(zp)*>p (2.13)
and

-Fpj2 Fr(W(zp)u Pp) <W(zp)u>p (2.14)

We may identify, from this result, the matrices W11 and WlJ_ as the mass matrix and
the decay matrix, respectively.

In case CP were not violated, then the operator W(z) would be automatically in
diagonal form for every z in the basis in which CP is diagonal. Hence the eigenstates
\p(z)y would be orthogonal, and the pole residues would have this property also.
The non-orthogonality of the residues may therefore be considered a reflection of
symmetry breaking (this phenomenon should not be confused with the well-known
lack of orthogonality between \KLy and \KS>; the structure of (2.6) has already
taken into account the fact that W(z) has non-orthogonal eigenfunctions).

III. Time Evolution of the K Meson Subspace

The transition probability for a state cp belonging to the K meson subspace P H
to decay into the continuum of H0, P ?/, is the integrated sum of absolute squares of
the spectral amplitude 0<A, c\<p) of cp with respect to H0. The labels c here correspond
to a decomposition of the continuum states of //„ into CP ±1 subspaces and into
specific channels such as 7171, n n tc, ti I v. At any given time, a state which is initially
cp e P -W decays into channel c with energy X with probability (we absorb phase space
factors into the amplitude)

\0<X,c\U(t)<p)\2, (3.1)
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and the total decay probability is

X [dX | q<X, c j U(t) cp) \2 1 -£ | (Kt, U(t) cp)\2. (3.2)
c -' i

To determine the decay rate as a function of time, it is therefore of interest to investigate

the evolution operator
U'(t) P U(t) P (3.3)

inducing the reduced motion of the K meson subspace.
While U(t) e~lHi satisfies a differential equation (Schrödinger equation with

total constant Hamiltonian //), the reduced motion U'(t) is a solution of an integro-
differential equation (master equation). To obtain this result, we observe that the
identity

z J—._l_.ff-J_ (3.4)
z — H z—H

implies that

z R'(z) - P PH R'(z) + PH P R(z) P

zP R(z)P=PH R'(z) + PH PR(z)P (3.5)

Eliminating P R(z) P from this system, one obtains

z R'(z) -P PH P R'(z) + PHP J- — PH P R'(z) (3.6)
z-PHP

The unitary time development of the complete system is given by

U(t) -~~. é R(z)e-"*dz, (3.7)

where the path of integration encloses the spectrum of H. The evolution of the reduced
motion (3.3) is therefore expressed in terms of the reduced resolvent as

U'(t) ~ é R'(z) e~izt dz (3.8)

Carrying out this inverse Laplace transform on equation (3.6), we obtain the master
equation for the time evolution of the K meson subspace

* -^ U'(t) PH P U'(t) -ifdxPHP e'iFriFr PH P U' (t-x). (3.9)

o

The solution of this integro-differential equation does not satisfy the semi-group
property and can therefore not be generated by a generalized Wigner-Weisskopf
equation with non-Hermitian constant Hamiltonian. For example, in the neighborhood

of t — 0, the contribution of the second term on the right hand side is negligible.
The subsystem therefore develops according to the projected complete Hamiltonian
and therefore there is intially no decay. That the decay rate vanishes at t 0 can be

seen directly by examining the time derivative of equation (3.2). The decay rate is

given by

iZfdX \q<X,c\ U(t) <p)\2=- jzZKKt, U(t) cp) \2. (3.10)
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The right hand side contains the norm in the subspace P H of U'(t) cp, and we therefore
evaluate

4i l^'Oç-P- i (V(t)<p,u'(t)cp)ill

at t 0. In this limit one obtains

i \U'(t)cp\\2\t__Q 2Im(<p,PHP<p)=0. (3.11)

Furthermore, if a measurement (such as detection or regeneration) is made at any
time t > 0 which destrovs the coherence between the K meson subspace P H and its

decay product space P H, then the balance established between these by equation
(3.9) and the other equations similarly derived from equation (3.5) is destroyed and
the evolution must build up again to a new equilibrium.

Let us now turn to the large time behavior. After sufficient time has elapsed, the
behavior of U'(t) may become exponential [9], in which case the reduced motion can
be approximately described by a Schrödinger equation with non-Hermitian effective
Hamiltonian. Initial conditions at t 0, however, are not applicable to its solutions.
In order to see this, and to develop a useful phenomenological formalism, we may,
instead of using the master equation, start from the equation (3.8).

Equation (3.8) may be approximated by deforming the contour of integration
into the second sheet [6]. The pole contributions dominate the long time behaviour
(up to the order of lifetime of the long lived state). We obtain in this pole approximation

U'(t) gse-st + gLe-"x-t (3.12)

where gs and gL are the rank one residua introduced in Section II. As remarked there,
in general (contrary to the conclusion one would reach from a solution of the generalized
Wigner-Weisskopf formalism)

gs eL*0, (3.13)
and

U'(0) =gs + gL* P. (3.14)

The initial states which formally exhibit exponential behavior at finite times are not
the resonant states Ps and PL, but rather P — PL and P — Ps.

To illustrate the deviation from semi-group property, consider the effect of a

measurement at time tx > 0 which destroys the coherence between P H and P H-
For initial state cp e P 11, the state at time tx is given by the configuration

U'(tx) cp in PH,
PU(tx)tp in PH.

After the measurement, the first part develops as follows :

\ U'(t- tx) U'(tx) cp in P U]
U (tx) cp -> \ - -\PU(t- tx) U'(tx) cp in PH]
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while the second part develops incoherently with these. However, U' (t — tx) U' (tx) 4=

U'(t) (cf. equation (3.3)). In the pole approximation, we obtain from equation (3.12)

U' (t - tx) U'(tx) gl r"*' + gl fU* + gs gL e-f^s P-»+'^
+ gLgsr{ZL{t-tl)+zsh)-

As an example of this phenomenon, we treat the regeneration process briefly in an
Appendix.

For times large compared to | Im zs \ ~x, an arbitrary initial state cp in the K meson

subspace goes over into gL e~%ZL cp, i.e., an element in PL P H PL H.
We finally turn to the unitary sum rule of Bell and Steinberger [4]. What we

shall show is that if a transition operator T exists, then the unitary sum rule in the
usual form is not inconsistent with the pole approximation and the lack of orthogonality
of the idempotent residua. From

di U'(t)<p\\2=]A dX\oa,c\ FU'(t)<p)\2 (3.15)

for arbitrary <p e P H, it follows that [10]

- lfU'(t)<U'(t) U'(t)'yU'(t), (3.16)

where

y=PF'PFP. (3.17)

In the pole approximation equation (3.12), the independence of the exponential
time factors implies that

- * (** - V) 4 Sr Sp 7 gp- ¦ (3-18)

Since, as pointed out above, the g^'s are proportional to idempotents of the form (2.6),

we may write, for example,

- i (zt - zs) <L(zL) | S(zs) > <L(zL) | y | S(zs) > (3.19)
and

rp <P(zp) | y ] p(zp) > (3.20)

the usual statement of the unitary sum rule.

IV. An Algebraically Soluble Model

Explicit solutions for the reduced resolvent R'(z) can be obtained in a model for a

decay system in which4)

PV P PV P 0 (4.1)

The second of (4.1) is introduced for mathematical convenience in the present
exposition; it is not essential to the solubility of the model, although its consideration

Note that all strong interactions, including strong final state interactions, are included in H0.
V is only the weak interaction part of the Hamiltonian.



1046 L. P. Horwitz and J.-P. Marchand H. P. A.

would be interesting for the study of a 'superweak' theory [11] in which it is assumed
that only P V P is CP violating. The first condition of (4.1) corresponds to the deletion
of weak continuum interactions ; they could in fact be included in H0 without altering
the general structure of the theory [12] [13].

What remains of V is P V P + P V P; for P H of dimension 2, F is therefore of
rank 4. Kato [2] has shown that a potential of finite rank generates a scattering
system, and hence this model (H0, H) corresponds to a decay system as defined in
Section I.

The second resolvent equation

R(z) Rq(z) + Rq(z) V R(z) (4.2)

together with (4.1) implies

R'(z) P Rq(z) P+ P Rq(z) PVP R(z) P
and

P R(z) P P Rq(z) PV R'(z) (4.3)

Eliminating P R(z) P from the equation (4.3) yields

[z- Hq- PVP Rq(z) PV P]R'(z) P. (4.4)

Comparing with (2.2), and assuming that H0 P X0 P, i.e., the discrete spectrum
of Hq is degenerate (equal masses for Kx, K2), we obtain

h(z) (z - Xq) P - P V PRq(z) PVP. (4.5)

In the CP basis for F H,

hu(z) (K,, h(z) K}) (z - Xq) dtJ - f Ay§- (4.6)

where

XU(X) 2Jq<X, c\VKj) q<X, c | V A',) (4.7)
c

It is clear from this result that R'(z) can be continued into its second sheet if we
assume, for example, that X(X) is an entire function. In view of (4.4), the continuation
of R'(z) into its second sheet is equivalent to the explicit continuation of h(z) into its
second sheet. To see this, we note that

R' (X + i e)1 [h(X + i e)1]"1 R' (X - i e)" [h (X - i e)"]-1 (AS)

where the designation It11 is specified by definition through the continuation of R'(z).
It follows from (4.8) that

h (X + i e)1 h(X- i sf (4.9)

Hence h (X — i e)" is h (X — i e)n. From (4.6) it follows that

h (X - i E)n =h(X+i e)1 -h(X- i e)1 4 h (X - i e)1

(X - Xq) P - [-*!*]% +2 m X(X) (4.10)
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Continuing (4.10) we find that

h(z)u (z- Xq) P - f *( j1 f1' + 2 ti i X(z) (4.11)
J ZA

We note that comparison with (2.10) yields

Mi_ : d fX(V)dK
Zp-k'

W(zp)u XqP+ --;^--"a - 2 tt t X(*,) (4.12)

The operator X(z) is at most 0(g2) where g ||| F | is the weak coupling constant;
assuming | Im Zp\ 0(g2) also, we may approximate (4.12) by

W(zp)n ^XqP + ff> W* _ re i x(Xp) (4.13)

Hence it follows from (2.14) that

^- n Fr(X(Xp) Pp) (4.14)

The assumption that \Imzp\ 0(g2) is therefore consistent, and (4.14) provides an

explicit connection with the decay matrix X. We note in passing that

*P=Tr{(XQP+fX£lf-)Pp}. (4.15)

We conclude this section with a discussion of the unitary sum rule. We find that
the matrix y of equation (3.17) is proportional to the decay matrix X in the limit of
weak interaction when the discrete spectrum of //„ is degenerate to 0(g2) (no y would
exist if these conditions were not satisfied). To derive the unitary sum rule in our
model, we note that equations (2.3) and (4.11) imply that

o) _ £ XWM + n X{X^ ^ 0 (4 16)

in the weak coupling limit. Taking the adjoint of (4.16) for the pole at zp,, and
multiplying on the left and right respectively by g\, and gp, then subtracting, one obtains

7tg\,[X(Xp) + X(Xp,)]gt,,. (4.17)

If the discrete spectrum of //„ is degenerate to 0(g2), then Xp and Xp, differ by at most
0(g2); in this case, neglecting terms of 0(gi) in (4.17), we obtain (3.18) with

y 2 n X(Xq)

V. CP Violation

In this section we investigate the structure of the residues of R'(z) tor CP non-
conservation. We have emphasized that in case there is no symmetry enforcing the
orthogonality of eigenvectors of R'(z) at the distinct poles, the residue idempotents
may not be orthogonal. In the context of the explicitly soluble model discussed in the
previous section we can calculate these residues explicitly and, within order of

X
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magnitude, show that their structure qualitatively does not depend on the value of
the weak coupling constant in the limit of weak interaction. It depends only on the
relative strength of symmetry breaking, and it is to this order that the residues are

non-orthogonal.
To estimate the effect of weak symmetry breaking, we assume that

q<X, + \VKx> 0(g)

Q<X,-\VKxy=0(ga),
oa,+ \VK2y 0(ga)

q<X, - \VK2y 0(g)

where a is the relative strength of the CP violation (oc2 ¦

is of the form
0(1) 0(a)

0(a) 0(1),

(5.1)

10-3). It follows that X(X)

X s2 (5.2)

where we denote matrix elements in order of magnitude only.
To find the form of the resolvent residues, we note that

R'(z)n [Afc)11]-1 -

h22(z)n - h2X(z)u

M*)u *u(»)ndet h(z)n

In the neighborhood of z zp,

det h(z)11 =(z- Zp) {h\\ Ag + h\\ hlj - h\l h\\ - h{\ hg},_,

(5.3)

(5.4)

To estimate the size of the elements hij(z)11, we consider the pole closest to the zero of
hxx(z)n and identify this pole as zs. From

det h(zs)u (h\\ h\\ - h11 h11)
12 n2l)z- 0

we have

M*s)

According to equation (4.13),

h2X(zp)n and hX2(zp)u 0(g2 a)

(5.5)

(5.6)

Since for small symmetry breaking, h22(zs)n 0(g2), it follows from (5.5) and (5.6)
that

hxx(zs)n=0(g2cF). (5.7)

Finally,
h\\ and h$ 0(1)

h\l h\\ and h\\ Ag' 0(g2 a2) (5.8)

and hence in the neighborhood of z zs, (5.4) yields

det h(z)n =(z- zs) 0(g2) (5.9)
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These results, together with (5.3) imply that the coefficient of (z — zs)~x is

Similarly, we obtain

.0(1) 0(a) \
Rs \o(a) 0(t,2)}' (5'10)

fc-f^^Y (5.11)
\0(a) 0(1) j

For small a, it therefore follows that

gs gL 0(a) (5.12)

VI. Scattering Theory

The mass shell scattering amplitude (F S — 1) can be expressed in terms of the
resolvent as follows :

Q<X,c\F\X',c'y0 ô(X-X')Fcc,(X),
FCC,(X) -2nilim 0<A, c\V+VR(X + ie)V\Xc'y0. (6.1)

We restrict ourselves in the following to a scattering theory in the model of Section IV,
where the scattering amphtude is expressed entirely in terms of the reduced resolvent.

In fact, for P V P P V P 0, equation (6.1) becomes

TCC,(X) -2 n ilim q<X, c I V R' (X + i e) V \X, c' >0
6->0+

- 2 n ilim Frp [X"(X) R' (X + i e)] (6.2)

where

X'if (X) q<X, c\VKt) oa, C F Kf) (6.3)

and FrP is carried out over the indices (i, j). Let us define

h[±\X) lim h(X±i e)1 (6.4)
6—>0+

Then, the total cross-section, up to kinematical factors, is

o(X)=r\Z\Fcc,(X)\2- (6.5)
4

c, c

It therefore follows from (6.2) and (6.3) that

a(X) n2 FrP [X(X) tt+^X)-1 X(X) h^(X)-1] (6.6)

where X(X) is defined by (4.7). Furthermore

2 tc i X(X) A<+>(A) - U-\X) (6.7)
and therefore

a(7\ -a(X) ^ FrP [X(X) W+^X)'1 - ^(A)"1)] (6.8)
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In pole approximation, we may replace A(4)(A)_1 by

ht+)(Xj-i=£j^-, (6.9)

and hence (for X near the resonance energies Xp)

aW * *r~^ _ A-7*- -{- (6-10)

i.e.,

X {(A - Xp) FrP [X(Xp) (gp - gl)] - i '] FrP[X(Xp) (gp + $]]. (6.11)

In case CP is conserved, the QAz.) are self-adjoint. If we assume that, furthermore,
gp gp (i.e., w'p(Zp) is either real or negligible compared to unity; cf. equations (2.5)
and (A.12)), we may use the relations (2.14) and (4.13) to obtain

TrP(X(Xp)gp) Ä^-, (6.12)

and hence

™*?lF$^T=kü- (6-13)

The last factor ('inelasticity') would be unity if, for example, gp gp, ôpp, so that the
propagation law (3.12) could have the semi-group property.

In the absence of CP conservation, the Qp(zp) are not, in general self-adjoint.
Equation (6.12) is then not valid, and the first term of (6.11) will contribute. Hence
a(X), in this case, is not the sum of simple Breit-Wigner forms. This is analogous to the
situation in the time dependent theory in which the reduced evolution (3.12) is

compatible with the generalized Wigner-Weisskopf formulation only if both the pole
approximation (with no 'inelasticity') and CP invariance hold.

Appendix: Regeneration

The phenomenon of regeneration is useful in determining the mass difference
Am XL — Xs and the phase of, for example,

amplitude (K^-?- n+ n~) _ -,
7] (A.I)' + ~ amplitude (Ks -> n+ 7i~)

It is generally induced by placing a slab of material, such as copper, in the K meson

beam. Since the K° and K° interact differently with nuclei, a KL state passing into
the slab will emerge as a linear combination [14] of KL and Ks. The efficiency of
regeneration of the Ks component is usually very small, and therefore one may observe
the interference between the two pi meson decay from the regenerated Ks and that
of the relatively unperturbed KL component. We shall show in the following how the
analysis of experiments of this kind can be carried out in the context of the theory
discussed in the main part of this paper.
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Let us assume for simplicity that the beam is initially a pure state entirely in P H-
Then, at time t < £Ä, where tR corresponds to the time required for the beam to reach
the first surface of the regenerator, the wave function for the system is

<p(t) U(t) q>(0) (A.2)

Wc assume, as in the usual treatment of regeneration [14], that the relation
between <p(tR) and <p(t'R), where t'R is the time required for the beam to reach the second
surface of the regenerator, is described by a linear transformation A determined by
the characteristics of the regenerator relevant to strong interactions. Hence, for

t>tR
cp(t) U(t-t'R)A U(tR) a.(0) (A.3)

Since the strong interactions do not connect the subspaces P H and P H, A is

reduced by P and P. The part of cp(t) lying in P H therefore may be expressed as

P tp(t) U' (t- t'R) A U'(tR) cp(0) + PU (t-t'R)PAP U(tR) <p(0) (AA)

We shall ignore the second term of (A.4) in what follows.
For simplicity we treat here the case of tR ^> Fjj1; in this case, the long-lived 2 ti

mode interferes with regenerated short-lived Zn mode. Differences from previous
formulations similar to those which we shall find in this case also occur in the analysis
of experiments [15] in which tR ~ 5 Fg1, where the regenerated short-lived 2 tc mode
interferes with the short-lived 2 n mode in the original beam.

Under these conditions, in the pole approximation (3.12),

PU(tR)cp(0)^gLcp(0)e-1ZLtK (A.5)

since rs > FL. We normalize this wave function and call it KL:

The phase of KL is therefore specified only up to the phase of <p(0) ; however, its phase
relative to the short-lived component is determined if we define

Ks=1^%rSPsH. (A.7)

A knowledge of the strong interaction characteristics of the regenerator then

suffices to determine the coefficients oc, ß in

AKL S.KL + ß Ks ; (A.8)

here a x 1 and ß is essentially the usual regeneration parameter. At time t > t'R the
wave function of the K meson system is given, in pole approximation, by

P W) (gs e~"S (t~'R) + gL e~iZL {t-'R)) (a KL + ß Ks)

S Qs Ks e~"s ('"'*) + ql KL e~"L (("4) (A.9)
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where

Qs âaSL + ßass, ql â aLL + ß aLS (A.10)

and the overlap coefficients app, are defined by

gpKp, app,Kp. (All)
In the generalized Wigner-Weisskopf formulation, aSL aLS 0 and ass

aLL 1, so that qs ß and ql k 1. If, as suggested in Section V, aSL is of the order
of the CP violation (amplitude), then the first term of qs in (A. 10) could make a

significant contribution. The quantity ql may also differ from unity, since the pole
residues (see (2.5)) have the form

gp=-mj-, (A.12)
V l-1»p(Zp)

if the zero of (2.8) is simple. It is possible (see (4.11) and (2.4)) that w'p(zp) is 0(1), and
hence app [1 — »^(y)]-1 4= 1. In this case, the resonances described by (6.10) will
reflect 'inelasticity' (e.g. (6.13)).

Proceeding in the usual way [14], we find that

dN+_ „ f, ,„ .„ -r, (t-t'F) ,„ -rq !t-t'p)

f's/2 (<-'r)1
dt --.s,+- i\Qlv \n+-re + \Qs\

2 \Ql\ ¦ \Qs\ ¦ \f}+-\ cos(Am (t - t'R) - <Pn+_-%L + %s) <f's"^j, (A.13)-A

where /s,+- is the rate f°r Ks -^n^n". Note that, in case the first term of the
expression (A. 10) for qs makes a significant contribution, <pe would not be entirely
determined by the strong interactions.
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