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Influence of Magnetic Order in Insulators on the Optical
Phonon Frequency

by W. Baltensperger and J. S. Helman
Seminar für theoretische Physik, ETH, Zürich

(11. IV. 68)

Summary. The frequency shift of long wavelength optical phonons in ferromagnetic insulators
due to magnetic order is calculated. The relative frequency change is expected to be of order
10"3 to 10-2.

Introduction

The theory of the superexchange interaction responsible for the order in magnetic
insulators, does not yet allow a prediction of the superexchange coupling constants
with resonable accuracy. The rough estimates which can be made are based on
oversimplified models [1], In these circumstances it is helpful to realize that the
theory should furnish not only one constant, but a set of related parameters which are
accessible to measurement.

Measurements of the magnetization under pressure or of the expansion coefficient
determine the dependence of the superexchange interaction on the lattice constant
[2, 3]. We show here that the effect of the magnetic order on the long wavelength
optical phonon frequency can provide further information about the superexchange
interaction. This is due to the fact that optical phonons involve the relative displacement

of a non-magnetic lattice, which transmits the interaction, with respect to the
magnetic lattice. This displacement is large enough so that second derivatives of the
spin energy become important.

The Model

The Hamiltonian H Hl + Hm contains the 'pure lattice' energy H' including
anharmonic terms, and the spin energy

H"'=^IijSi-SJ (1)
i< j

where I(J is the superexchange coupling constant between magnetic ions i, j and S
the ion spin operator. Single ion spin dependent terms [4] will be neglected.

Specifically we treat compounds with Europium Oxide structure, and we suppose
that the Curie temperature Tc is much smaller than the Debye temperature TD.
We confine ourselves to the nearest neighbour (n.n.) spin interaction. We consider an
arbitrary magnetic ion with index o, and denote by the index n the n.n. spins (n
1, 12 for EuO structure).
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The n.n. superexchange coupling constant Ion we suppose to be of the form

4,=^/ff,C^') (2)
r

where d\" and d\r are the distances between the n.n. magnetic ions o, n and the

adjacent non-magnetic ions r (r 1, 2 for EuO structure), and xnr cosa"r, with a"'
the angles between these links (Fig. 1). / is a symmetric function of dx and d2.

r=2

d,"'

Figure 1

Symbols used in the description of the n.n. superexchange coupling constant Ion.

The Frequency Shift

In crystals with two atoms per unit cell optical phonons in the limit of infinite
wavelength are described by the relative displacement y of the two sublattices [5].
The 'pure lattice' Hamiltonian therefore becomes for each mode a linear oscillator
with the inter-sublattice potential V1 and the reduced mass /j, of the sublattices.

V Vl y2 + anharmonic terms (3)

where V^ is related to the optical phonon frequency co0 (longitudinal or transverse)

by Vl jjLwl within the harmonic approximation (T 4, TD). The displacement y is

counted from the equilibrium position determined by the 'pure lattice' lattice
constant a0. Experimentally a0 is obtained by extrapolating a(T) for T^> Tc, where

no magnetic contribution occurs, to T — 0.

In magnetic crystals the lattice potential is perturbed by the order dependent spin

energy. Its development in terms of displacements around a0 contains a linear term,
so that the lattice constant changes to a new equilibrium value a0 + Aa a. The

harmonic term of the development of the spin energy in the displacement u around
this equilibrium position reads

\ V™ u* (4)
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The volume change Au produces a frequency shift through the anharmonic terms
of the lattice potential, which is given by [6]

A,a> AQ „ zia ,_.—- -yi-ö-=-3y,— (5)

within the usual approximation of considering a unique lattice Grüneisen constant yl.
The total potential then becomes

V — p\ (w0 + Ax co)2 H V2m\ u2 + anharmonic terms (6)

Since we are interested in the temperature range 0 < T ~ Tc <^ TD the
anharmonic terms of (6) can be neglected, and the total relative frequency shift becomes

cu0 cu0 2 /j. cog

disregarding terms of order (AxojIco0)2.

Our next task is to relate the quantities Axco and V2m with the Hamiltonian Hm

given by (1) and (2). Since all n.n. magnetic ion pairs are equivalent and the final
result must include a thermodynamic average <... > over the spin system, we can
work from the beginning with the average spin energy

U"> -J <S0 ¦ Sx > 2J J(d[", d?, xnr) (8)

where <50 • Sx> is the n.n. spin correlation.
Let us first consider a uniform expansion [7] of the lattice. In this case dx ' d\"

(a0 + Zia)/2 (the interatomic distance is a/2) and xnr 0. The dependence of the lattice
constant on the magnetic state is found from the Gibbs thermodynamic potential for
zero pressure

<S0-SX>]T J(d\\ df, x"') + ^A {^f-TS«S0-Sx» (9)

where Kt is the lattice compressibility (without magnetic contributions [2]) and a\jA
the volume per unit cell. We consider Aa and {S0 • Sxy as parameters with respect to
which G is a minimum. From dGjdAa 0 we have

4^--r-:2-<*V*V (io)
a0 o a0

where the subindex of / denotes a partial derivative. From symmetry^ Jdi Jd.
All functions are taken at a0/2, a0j2, 0. The frequency shift due to the lattice expansion
follows from (5) and (10).

Let us now consider a relative displacement u of the non-magnetic sublattice with
respect to the magnetic one and develop (8) up to order u2. To that end we have to
know the quantities d\", d™ and xnr as functions of the components u^ (ju 1, 2, 3)

of u. We shall demonstrate the calculation for a given pair of magnetic ions (o and
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n 1) and one non-magnetic ion r 1. We choose a coordinate system with the
magnetic ion o at the origin and the three orthogonal axis in the directions of the
equilibrium positions of the n.n. non-magnetic ions. With the arrangement shown in
Figure 2 we have

and then

d"= \2 + Ml' M2>M3)

^=K! !(i +

d? (- -w, 3)

df ^1=1(1
d}1 • d\l

ux 1 u2

"a~ji + Y a2/4

U2 1 M2

"o72~ + Y a2/4

d? 41
it.

~a~J2 a/2 a2/4

1 u\ \
2 a2/4/

1 «I \
T a2/?J

_ Mj w2
^ a2/4~- (ID

r 2

d,Mr l

a/2

n l

Figure 2

Symbols and coordinate system used in the development of the superexchange coupling constant I0 „
in terms of the relative sublattice displacement u.

Analogous calculations have to be made for the second path of interaction r 2
and for the twelve n.n. magnetic ions (n 1, ,12). All these expressions are used
in the series development of (8)

U" N Ç Ç \ Vi T J_ t T dd"r du" _l T dd2r duf
*o ¦ *i>Zi \J + [U yy- -g£- + Jd, -for -for

n,r v f f
T -X"L ÀUA 4_ [ 1 ldd"' du»\2 1 r ldd*r du»\

Jx
duM ô« j + |Adl \ du^ du / + ***** \ du„ du

j idxnr du* \2 j ddtf dd%r dUp duv
J" yOu** AfoVJ + l J*i*2 ~fo^ ~dul~ ~d!T ~du~

+ 21

du*1 du

ddf Òxnr

A Ja,

I

*** duß duv du du

d*df

A,. A~ 4 Jd.x

duß duy jàu/j duv du du "

du,.

dup duv

duv

du du

** àup duv du du

à2x"r
du àuv

duy duv
du du H4
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The coefficients of products of the direction cosines (du /du) (dujdu) vanish when

p 4= v, and the sum of the remaining terms becomes independent of the direction of u.
Finally we obtain, using the symmetry properties of /,

U" y <S0 ¦ Sx > J24 / + [16 fdd + 32 (/, + Jdx) 4

+ i6(/I+/j(|)2]!4 (12)

The spin correlation has been assumed independent of u, since the spins do not
reach equilibrium during the time of a lattice vibration. The linear term in u vanishes
because of the inversion symmetry of the crystal. From (12) and (4) we identify

V? y^ < V ^ > [al fdd + 4 «0 (Jd + Jdx) + 4 (/, + /„)] • (13)
a0

Up to terms linear in the derivatives of J we can replace a by a0.

Results

Replacing (5), (10) and (13) in (7) we finally obtain for the relative frequency shift

~^ - Tg? {4 * [(1 + ^ *** L A /,„] +4(fx + JJ + al Jdd) (14)

with p0 fjtjN the reduced mass per unit cell. As expected, the result does not only
depend on Jd and Jdd, which can be measured through the pressure dependence of the
Curie temperature [3], but also on the angular derivatives in the combination
a0 Jdx A Jx + Jxx ¦

Numerical Estimate

To estimate the order of magnitude of zlco/a>0 we disregard the angular derivatives
of J since we have no information about them. For the remaining terms we use typical
values for EuO: p0 2.4 ¦ 10~2S g, co0 as 3.15 • 1013 sec-1 (transverse optical phonon
frequency), a0 5.14 Â. The values Kl 0.94 • 10~12 erg-1 cm3 and yt 1.9 are taken
from Reference [2]. Using the experimental curve Tc vs. AQjQ of Reference [3] we
obtain dTcjda - 2.9 • 1010 °K cm"1 and d2Tcjda2 7 • 1018 °K cm"2. From the
relation Ion — 3 k0 Tcjz S (S + 1) given by the molecular field theory, with z 12

and S 7/2, we deduce / - 0.75 • 10-16 erg, Ja 3.15 ¦ IO"8 erg cm"1 and Jdd
— 16.2 erg cm-2.

Replacing in (14) the above numerical values we get

^^°5- as -2-10-3 <S0-SX). (15)
cu0

The spin correlation function is well known theoretically at very low temperatures
T <g. Tc (spin wave region) and also for T > Tc. In the temperature range in which
we are interested, namely 0 < T as Tc, only approximate theoretical results exist
(molecular field theory, Cluster expansion [8]). We can also obtain this function
empirically for EuO from measurements of the magnetic specific heat which give the
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relative change of the magnetic energy with temperature [2]. Within the n.n.
interaction it follows from (8) and (10) that

U»(T) <V-V
U"(0) s2 0(/„) • (16)

Based on the values of the specific heat of Reference [2], Figure 3 shows the relative
frequency shift (15) and also the partial contributions due to the thermal expansion
(5) and to the harmonic terms of the magnetic potential.
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Figure 3

Estimated relative frequency shift of a transverse long wavelength optical phonon vs temperature
in EuO.

Contribution due to the thermal expansion. Contribution due to the harmonic
terms of the magnetic potential. Total shift.
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