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On the Asymptotic Condition of Scattering Theory
by J. M. Jauch, B. Misra

Institut de Physique Théorique de l'Université, Genève

and A. G. Gibson
University of California, Hayward, California

(24. I. 68)

Abstract. A new and more general asymptotic condition for scattering systems is formulated.
It is based on a physically motivated topology in the set of all states. This topology turns out to
be the same as that induced by the trace norm. The existence of wave operators is demonstrated in
this more general setting and the relation of these generalized wave operators to the conventional
ones is clarified. A simple example is mentioned of a system which satisfies the new but not
the old asymptotic condition.

1. Introduction

The purpose of this paper is to analyze the so-called asymptotic condition of

scattering theory. This condition expresses the physically essential property of a

scattering system, viz. that it behaves like a system of free particles in the remote past
and in the distant future. The mathematically rigorous scattering theory dates from
the time that this condition was first expressed in a mathematically rigorous form by
one of the authors [2].

The problems which such a formulation must solve are : to give a physical motivation

for the choice of a topology in the set of the states of the system ; to formulate the
asymptotic condition in this topology ; and to render explicit its consequences.

The previously used definition of the asymptotic condition did specify a topology
and did furnish a starting point for scattering theory which is mathematically
completely satisfactory. However, the physical motivation for this topology was not
sufficient. Indeed certain rather trivial cases, which one could hardly exclude on
physical grounds, are in fact excluded by the asymptotic condition of Reference [2].
For example, such a case is the one characterized by two evolution operators H0 and
H — H0 A c I, where c I is a real-valued constant times the identity operator.

For these reasons we reexamine here the asymptotic condition, keeping in mind
the physical motivation for the choice of topology in the state space. This space is the
set of all density operators W, that is, the set of all positive, self-adjoint operators in
Hilbert space with trace 1. These operators are a subset of the linear space of all
nuclear operators (sometimes also called traceclass operators). The nuclear operators
are all those operators which admit a finite trace norm (to be defined below). We shall
show in this paper that the topology induced by the trace norm is the natural topology
which admits a simple physical interpretation.

We then examine the question to what extent the new asymptotic condition
determines the M0ller wave-operators and the scattering operators. We shall prove
that the new asymptotic condition defines generalized wave operators and scattering
operators, and we examine and clarify the nature of this generalization.
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2. Mathematical Preliminaries

Throughout this paper we shall be concerned with a separable Hilbert space 11

over the complex scalars. Of particular importance is the trace class of linear operators
(cf. [1], [4], or [5]). If T is a compact operator which maps H into ?/, then T has the
form T U \T\ where | T\ ]/T* T is a positive-definite compact operator in "U, and
U is an isometric operator which maps the range of T into li [1, p. 29]. If Xx, X2, are
the non-negative eigenvalues of the operator | T\, then the trace norm of T is defined
by

oo

iiTiii=z%=7>m- w
* 1

The set of all T with || T\\x < oo is the nuclear space Bi(?/). Since the convergence of
the series EXk implies the convergence of the series 27Af., the nuclear operators form a
subclass of the Hilbert-Schmidt operators T}2CU).

We summarize some of the properties of nuclear operators [1], [4], or [5]:
(a) Bi(-M) is a noncommutative Banach *-algebra with the norm ll-lk.

(b) The product ST of any two Hilbert-Schmidt operators is a nuclear operator, and,
conversely, every nuclear operator is the product of two Hilbert-Schmidt operators.

(c) || TU, 17*1, 117111!.

(d) |7>T| <||r||1.
(e) Tr(S+T) TrS+TrT and Tr ST Tr TS

(f) || £/71|j || TU\\X I T\\x for any unitary operator U

(g) ii n <imii-
(h) If Te BxCU) and S e B(1i) (the bounded operators), then

\\ST\\X <\\S\\ ¦ \\T\\X and \\TS\\X <|r||1-||S||

(i) If T e Bi(-W) is symmetric, || T\\x is equal to the sum of the absolute values of the
repeated eigenvalues of T.

For convenience in terminology we define a ray to be a projection with one-
dimensional range, i.e. P2 P* P and || PL dim P 1.

Lemma 1

If E and F are rays, say E (<f>, ¦) (f> and F (ip, •) y>, then

||£- Fli 2(1- | (<f>, xp) j2)1'2 2 (1 - IIFFFIJ!)1'2
and

||E - F|| 1/2 IE - Fui (1 - IE Fp)1'2.

Proof

By property (i) above ||E — F||x is equal to the sum of the absolute values of the
repeated eigenvalues of (E — F). Furthermore, ||E — F|| is equal to the magnitude
of the maximum eigenvalue of (E — F). Therefore, we calculate these eigenvalues.
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Letting g (E — F) / in (E — F) g ((f>, g) <f> — (y>, g) y>, we obtain

(E - F)2 f [(</>, f) - (y,, /) (<f>, y)] </> - [((/,, /) (y,, <f>) - (y,, /)] y,.

Now equate (E — F)2/to X2 f, let/ oc ^ + /3 ^, and equate the coefficients of cf> andy>
to obtain

A2 1 - | (0, y>) |2.

Thus the eigenvalues of (£ - F) are ± (1 - | (<p, y>)\2)112. It follows that || E - F||

(!- l(^.y)l2)1/2= (l-||^-f||2)1/2. and ||E - F||x 2 (1 - |(ç5, y»)]2)1'2 2 (1 - Fr
Êjp)i/2 2 (i _ ]| EFE y1'2, q. e. d.

3. Topology in State Space

The essential property of a scattering system is that the actual time-evolution of
the states of a scattering system becomes nearly indistinguishable from the time-
evolution of the free particle states in the remote past and in the distant future. We
shall now transcribe this property into appropriate mathematical language. The main
problem is to give precise meaning to the heuristic expression 'nearly indistinguishable'.

The expression clearly refers to an asymptotic limiting property. If such a property
is to be made precise, we need a topology in the set WÇH) of all the states. This set
consists of all density operators W on "U, i.e., all W for which W* W > 0 and

TrW^l.
The topology in a set is determined if the class of open sets is specified. A standard

way to define the open sets is to give a family of neighborhoods which generate the
open sets through the processes of unions and intersections. In the present context the
neighborhoods can be defined through a numerical valued distance function which
measures in terms of real numbers the distance between two states. How this distance
function is defined depends on the physical interpretation of the limiting processes we
wish to express.

The distance between two states must be a quantity which manifests itself through
the expectation values of observables. Roughly speaking : Two states are close to each
other if all the expectation values of observables are close to each other. If A is an
observable and Wx, W2 e WÇU) are two states, we may write for this difference

<A >x - <A >2 Tr(Wx A) - Tr(W2 A) Tr(Wx- W2) A (2)

This quantity is, however, not yet suitable for defining a distance function in
state-space. The fact that it is indefinite is relatively easily corrected by replacing it
by the absolute magnitude. More disturbing is the fact that it is unbounded. Indeed
if A is an observable, then X A with X real is one too, and the substitution of A by X A
multiplies the above expression by a factor X. Thus, it is justified to admit only
normalized observables. This we do by restricting ourselves to bounded observables
with bound 1. Another difficulty stems from the fact that in general the set of all
(bounded) observables is mathematically an ill-defined concept since its extent
depends essentially on the skill of the experimenter. In order to obtain a mathematically

more suitable set of operators we shall admit for A all operators of bound 1.
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Further, in order to assure that no measurement whatsoever distinguishes two
neighboring states to an arbitrary predetermined degree of precision, we need to
require a uniform approximation with respect to all operators A.

With these motivations in mind we are led to consider the following functional on
pairs of states

g(Wx, W2) sup | Tr (Wx -W2)A\, (3)
IWI-i

where the supremum is taken with respect to all operators of norm 1. This distance
function is in fact a metric, and the space Ïl9(tt) of all states FF is a metric space, i.e.,
the mapping of WÇW) x W(H) into the real numbers "R satisfies:

(i) q(W, W) 0 and q(Wx, W2) > 0 if Wx =f= W2

(ii) Q(WX,W2)=Q(W2,WX),

(iii) Q(WX, W3) < q(Wx, W2) + Q(W2, W3)

The choice of this topology which we have introduced in the state space WÇH) was
motivated by the proximity of the observable quantities for neighboring states.
There is however a slight blemish in this formulation since we have had to introduce
the supremum over all bounded operators of bound 1, and not just the observables

(that is, the self-adjoint operators). This goes beyond the original intention and was
done primarily for mathematical convenience.

The most satisfactory topology would have been the one generated with a distance
function with the supremum taken over bounded self-adjoint operators only, or better
still, projections. The projections are indeed the most important observables. They
represent the so-called yes-no experiments and every other quantum mechanical
observable (even unbounded) can be constructed from them via the spectral theorem
[3, sec. 8-5]. For this reason we shall also define the metric

Q0(WX, W2) sup \Tr (Wx -W2)E\. (4)

Of course it is hardly to be expected that the metric q0 defined with such a restricted
class of operators should be identical with the metric g which is defined for all bounded

operators. However, it is not the distance function itself which is of primary interest
but the asymptotic convergence properties based on the neighborhoods, defined with
such functions. We shall show in the next section that q and g0 imply the same
asymptotic convergence properties.

We note that the right side of Equation (3) is meaningful for a larger class of
operators than WCH)- In fact, we shall prove:

Theorem 1

For any pair S, T of nuclear operators

Q(S,T) \\S~T\\X.
Proof

Using property (d) and then (h) we obtain

\TrTA\ <\\TA\\X <||F||1||^|j \\T\\X
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Thus,

q(T, 0) sup \Tr TA\ <\\T\\X.

If Fe BX(U), then T has a polar decomposition T [7 |F| where |F| ]/T*T
and U is an isometric operator which maps the range of |T| into U- Using the fact
that U*U is the identity operator on the range of \T\, and property (e), we obtain

|| T\\x Tr\T\ Tr U* U \T\ Tr U \T\ U* Tr TU* <q(T, 0)

It follows that

or
e(T, 0) \\T\\xiora.ilTeBxCU)

q(S, T)=q(S-T,0) \\S- T\\x for all S, Fe Br(U) q.e.d.

Corollary

The metric space W(U) is a closed convex subset of the Banach space BX(U) and
hence is complete.

Proof

Suppose that Wx, W2 e W(U) and 0 < a < 1. Define W aWxA- (1 ~ a) W2.
Then

W* a W* A- (1 - a) W* a Wx + (1 - a) W% W
and

Tr W Tr a Wx + Tr (1 - a) W2 a + (1 - a) 1

Hence W e WCU) and WÇU) is convex.
Suppose further that Wn e WCU) is a sequence of density operators converging to a

limit point W eBx(U), i.e., o (Wn, W) -> 0 as n -> oo.

By properties (e) and (d)

\l~TrW\ \TrWn-TrW\=\Tr(Wn-W)\ <\Wn-W\x-*Q

as n -> oo. Therefore, Tr W 1. Further, by the Cauchy-Schwartz' inequality and

property (g), we have for all unit vectors 0, <f> e ?/

| (W 0, 0) - (0, W$ | < | (W 0, <f>) - (W„ 0, $ | + | (0, TF„$ - (0, W<f>) |

<||(w-wg0|| -\\<f>\\ + |0|| -IK^-h7)^!!
<2||P7„- 1F| <2\\Wn- W\\X->Q

as « -> ex). Thus (IF 0, ^) (0, IF^), i.e., W* W. Positivity of W can also be as

easity proved. Consequently, W e WCU), and W(U) is closed, q.e.d.
It follows that the metric q on W(U) may be extended to all Bi(U), where it is in

fact a norm. This result is particularly useful because it enables us to express
physically-motivated convergence properties in terms of the trace-norm topology, about
which many theorems are known.



518 J. M. Jauch, B. Misra and A. G. Gibson H. P. A.

4. The Asymptotic Condition

In the preceding section we have introduced a physically-motivated topology in
the state space W(U)- Equipped with this topology we are now in a position to formulate

the asymptotic condition for scattering systems. This condition must express the
characteristic property of a scattering system, which is that the system evolves in
the remote past and in the distant future like a system of free particles.

Let H0 denote the evolution operator for a free particle and denote by H the evolution

operator for the scattering system. Further, let U, e~îB°(, Vt e~lHt, and if
W e W(U) is any state, let Wt s U, WU* and Wt Vt WVf.

We shall say that H satisfies the asymptotic condition (A) if for every state We W(U)
there exists a pair of states W± (unique) such that :

(A): q(Wt, Wf) ||WJ- Wf\\x->0 as *_> Too.
It is clear that the condition (A) is a restriction on H since H0 is given explicitly as

the evolution operator of a free particle. Furthermore the condition (A) translates the
physical characteristics of a simple, non-relativistic scattering system into precise
mathematical language. The condition (A) is thus the point of departure of the entire
scattering theory. A main objective of this theory is to extract the physicaUy observable

quantities from condition (^4) and to relate them to the properties of the evolution

operator H.
By property (/) we can transform (A) as follows:

\\Wt - Wf\\x s || Ut WUf - Vt W± Vf \\x || X, wx* - w±i
where Xt Vf U,. Thus (^4) is equivalent to

(A): \\XtWX* - PT± |[ -> 0 as *-» y oo

We shall write for the above relation

W± tr - lim Xt WX* (5)
t—>-=F oo

and refer to W± as the trace-limit of W(t) Xt WX?.
The two limits t -> Az °° have very similar properties and most of the theorems

derived below are identical in wording for the two cases. Thus to simplify the notation
we shall omit in the following the double index y and replace it by a prime. Furthermore

we shall omit the designation t -> y oo which may be replaced at its proper
place together with the double index at the end of any of the formulae to be derived in
the following, to yield a correct and complete formula.

In this simplified notation the formula (5), for example, appears as

W' fi(W) =tr- lim Xt WX* tr - lim W(t) (6)

The mapping /j. is thus defined on W(U) and maps WÇU) into WÇU). We now show
that the correspondence W ->W' maps pure states into pure states.

Lemma 2

If W is pure (W2 W), then W' is pure also.
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Proof
Since W2 W, it follows that W(t)2 Xt W2 Xf W(t), i.e., W(t) is also pure for

all t. Now

W'2 - W'\\x < || W'2 - W(t)2\\x + j| W(t)2 - W'\\x

2

+ \W®-W'\X

[W - W(t)] W'+2W{t) + W-^L [W _ w{t)] h + || W{i) _ W\\x

W'+W(t)< 2 j] IF'- W(t)\\x

3\\W(t) - W'\\x.

Here we have used || W' + W(t)j2\x 1 which is true since W 1/2 (W + W(t)) e

W(U) and hence || W\\x Tr W 1. Since || W(t) — W'\\x tends to zero by condition
(A), we have || W'2 — W'\\x 0. This implies that W'2 IF', or that IF' is pure, which

proves the lemma.
Let us now investigate the effect on the asymptotic condition if we had chosen the

distance function g0 or the operator norm as the metric on W(U) instead of g || • \\x.

We shall say that the evolution operator H satisfies the asymptotic condition (A^) or
(A'), respectively, if for every state W e WÇU) there exists a pair of states W±
(unique) such that :

(A0) Qo(Wt,Wf)-^0 as t-+T°o.
(A') \\Wt - Wf\\ || W(t) - W±\\ -» 0 as t -> Az oo

Theorem 2 The three asymptotic conditions (^4), (A0), and (A') are all equivalent.

Proof We note that

g0(Wx, W2) sup | Tr (Wx - W2) E \ < sup | Tr (Wx - W2) A \ *= \\WX - W2\\x
E'=E-E* Pll-l

by Theorem 1. On the other hand, if we take the supremum only over those projections
pa p* — p whose range has dimension 1, say P <f> <p, we observe

eo(^i. W2) > sup j Tr (Wx - W2) P\ sup | (</>, (Wx - W2) <f>) \ \\WX - W2\\

p'-p*-p ll*l|-idimP-l

Therefore, ||T^ - W2\\ < g0{Wx, W2) < ||W^ - W2\\x.

It follows that (A) ^. (A0) => (A'). It remains only to prove that ^4') => (A).
If Px and P2 are two rays (projections with one-dimensional range), then by

Lemma 1

II p _ p II __ o || p _ p II
II rl ^2 111 ~ ^ || ^1 -^211 •

Furthermore, if FF is a pure state and |j IF' — W(t) || -> 0 then FF' (recall that FF' FF±)
is pure too (proof is similar to the proof of Lemma 2). Hence for pure states

[j IF' - W(t) || -> 0 implies | W' - FF(<) L-> 0
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Next let FF be an arbitrary state and Xr the positive (possibly repeated) eigenvalues of
FF arranged in descending order so that

w=2jxrpr 2Jxr=i.
r r

Then

W(t) 2JXr Pr(t) where Pr(t) X, Pr Xf
r

Because of condition (^4') all the Pr(t) tend in the norm to some limit P'r, and thus

W'=£XrP'r.
r

We may thus write

W'~w(t)=ZK(K-Pr(t))
r

and therefore

II W - W(t) || 1 <2JK 1 K - Pr(t) I x 22% 1 P'r - Pr(t) || • (7)

Now for any two rays Px, P2 we have by Lemma 1 || Px — P2\\ — j/l — | (<f>x, ^2)l2>

where (f>x is a unit vector in the range of Px and <f>2 a unit vector in the range of P2.
Hence \\PX- P2\\ < 1.

Considering now the sum at the right of Equation (7) we can divide it into two parts

00 N oo

r-1 r-1 N+l

For the second part we choose N so large that
00 00

ZK\\P'r-Pr(t)\\ <ZXr<ej4.
N + l N + l

For the first part we choose a x so large that for dl\ t > x and all r < iV we have
|| P'r - Pr(t) || < e/4. With this choice we find

N
II W' - W(t) \\x < ej2£Xr A- e/2 < e

r=l
Since e is arbitrary the left side tends to zero. This finishes the proof of Theorem 2.

The condition (^40) is the closest mathematical transcription of the physical
content of the asymptotic condition. The equivalence of (^40) with the other two
formulations is thus a very satisfactory result. Throughout the remainder of this
paper we shall restrict ourselves to the asymptotic condition (^4).

5. Consequences of the Asymptotic Condition

Equation (6) defines a mapping /j, of W(U) into W(U). We now show that this
mapping can be extended to BX(U). First, we note that any A e BX(U) may be written
as A Ax + i A2 where Ax 1/2 (A + A*) and A2 1/(2 i) (A - A*) are self-adjoint.
Second, any self-adjoint nuclear operator A t (i 1,2) may be written as A{ At — At
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where Af > 0. For this we take |^f| (A2)1'2, and Af 1/2 (|^,.| ± A{) (i 1,2).
Finally, if Af > 0, define Xf Tr Af ^ 0. Then

*

Af Xf Wf where Wf
(Xf)-1 Afe W(U). Therefore, 'we define pi(0) 0, p(Af) XfpÇWf), pi(A%{)

p(Af) ~ p(At) (i 1,2), and fi(A) p(Ax) i pt(A2). Note that with this construction

every A e BrÇU) is the linear combination of at most four states.
It follows that

fi(A) tr - lim Xt AX* =tr - lim A(t) (8)

A(t) Xt AXf, is a mapping from BX(U) into Br(U). Recall that the trace-limit is the
limit in trace-norm as t -> y oo, and we omit the designation t -> y oo since the two
cases are entirely analogous.

Lemma 3 The mapping ix(A) has the following properties:

W IIM-4) 111 Mli
(ii) ^ (<xx Ax + a.2 A2) u.x /i(Ax) + a.2p(A2)

(iii) p(AxA2)=fi(Ax)fi(A2)
(iv) /a(^*)=/M(^)*

Proof We indicate the method of proof by proving (iii). The other proofs are similar.
Since (Ax A2) (t) Ax(t) A2(t), property (iii) follows by taking the trace-limit of

\\p(AxA2) - p(Ax) pi(A2)\\x <\\pi(AxA2) - (AXA2) (t)\\x

+ || Ax(t) [AS) - p(A2)] ||a + I [Ax(t) - p(Ax)] p(A2) \\x.

Corollary 1 The mapping /j, is continuous with respect to the trace-norm topology.

Corollary 2 The mapping /u maps pure states into pure states.

Proofs By properties (ii) and (i)

\\/i(A) - p(An)\\x \\fi (A - An)\\x \\A- An\\x,

hence, Corollary 1. Corollary 2 follows from properties (i), (iii), and (iv) since ^(FF)2
pt(W2) p(W) n(W)*\i W2=W= FF*, and \\fi(P)\\x= 1 if || P\\x dim P 1.

We note that if Q is any isometry of Hilbert space, then the mapping A -> ß A Q*
has all the properties (i) — (iv) of Lemma 3. The following theorem establishes the
converse.

Theorem 3 Let A -> /u(A) be a mapping of the Banach algebra BXÇU) into BX(U)
which satisfies (i) — (iv). Then there exists an isometry Q such that p(A) Q A Ü*.
Furthermore, the projection F Qu* reduces all the operators p(A) and it is the
smallest projection with this property.

Proof Any A e BrÇU) has a canonical expansion or polar representation of the form

oo

A=Z**(Yk.-)fa (9)
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with I A \\x ZXk < oo (cf. [4] or [5]). Here {(f>k} and {y>k} are orthonormal sequences,
and the Xk's are the positive eigenvalues of ]/A * A.

By Corollary 2 of Lemma 3, if F is a ray, then p(P) is also a ray. For any unit
vector (f> e U, P (<f>, •) <f> is the ray such that P <p <p. Since Q /u(P) is also a ray,
there exists an co e U such that Q (co, •) co. Thus the mappings associates an element
a>eU with every (f>eU- The unit vector m is unique up to a phase factor (a scalar
multiple of modulus 1).

Now select some fixed (ß0eU and decide on the phase factor for the corresponding
co0. If (j) is any unit vector of U, define A0 (<pQ, •) <p. Then A* (cf>, ¦) (f>0. Also,

A*A0 (<f,,(<f>0, .)(/>)(/>, P,o,
and

A0 A* ((f>0,((f>, .)</>„)(/> P^.

Therefore, by properties (iii) and (iv)

fu(A0)*p(A0) p(A* A0) p(P^) Qao,
and

p(A0) Li(A0)* p(A0 A*) pi(PJ Qm

It follows that p(A0) is an operator which maps the one-dimensional space {ooa} into
the one-dimensional space {œ}. It may be written in the form p(A0) a (a>0, ¦) co,

where a is a complex constant of modulus 1.

We now keep <p0 and co0 fixed, and for each unit vector (f> e U we choose the phase
factor for the corresponding co in such a way that a 1. Then

pt(A0) (o)0, co for all <f> e U- (10)

For any unit vectors <p{, <j>jeU define

Aij (<f,j,.)(f,i,i,j 0,l,2.
Then

AX2 ((f>2, <px (^0, ((f>2, <£„) (f>x Axo A02. (11)

By property (iii) and Equation (10)

p(A12) p(AX0) p(A02) (m0, (co2, co0) C0i (coa, wx. (12)

Thus, the choice of the phase factors for mx and co2 (with respect to the fixed co0)

produces the mapping:
(<j>2, (f>x-+ (co2, ojx for all^1;^2e U ¦

Furthermore, if y is any complex number of modulus 1, let <f> </>x + y </>2, and
A {(f>, ¦) (f>. Then by property (ii)

p(A)=pi(P^ AP^A-2 ReyAX2) Qa% A QaA 2 Rey p(AX2) (co, co (13)

where co wx + y co2. Now \\A\\X || ^j|2 ([5], p. 41), so that property (i) gives

||^i + r^||2=M|i \\p(A)\\i= \\ojx + y co2||2. (14)
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Expanding the squares in the left and right sides of this equation and simplifying,
we obtain

Re((f)x, y (f>2) Re(mx,y co2)

Here y may take the values 1 and i, hence

(^1,^2) K.«2) (15)

for all unit vectors (j>x, </j2 e U-
We define Q to be that operator which maps (f> into co, i.e., Q <f> m. Clearly, if

the range of Q is closed, then Equation (15) implies that Q is an isometry. But the
range of Ü is closed by the following argument. In Equation (14) put y — 1, <f>x (f>m,

p2 P„, »1 mm, and co2 con, then ||^m - <f>n\\ |jcom - co„||.

Therefore, if Q <f>n wn converges to co, then {(f>n} is Cauchy and there exists a.<f>eU
such that Q <p w.

If
n

An =Z^(fk, -)<f>k,
*-l

then by Equation (12) and property (ii)

n

p(An) £Xk(QWk, Q <t>k Q AnQ*
*=i

In general, A e BXÇU) is of the form (9). Thus, given e > 0, choose iV such that
I An - A \\x < e/2 for all n > N. Then

\\p(A) -QAQ*\\X <,\\[i(A) - n(An)\\x+ \\Q AnQ* - Q A Q*\\x

2\\A„ - A\\x <s
It follows that

00

p(A) QAQ*=£Xk(Qy>k, .)Q<f>k (16)

tor zìi A e BAU).
Clearly,

Q Ü* p(A) p(A) p(A) Ü Q*

so F QQ* reduces p(A). Suppose there exists a projection E < F which also
reduces all /j,(A). Choose cox in the range of E and co2 in the range of F — E. Then for
the operator p(AX2) (co2, •) cox we have

0 /j,(A12) E E fi(Ax2) /i(AX2) 4= 0

Therefore, F fiß* is the smallest projection which reduces all the operators p(A).
This proves Theorem 3.

Theorem 4 The asymptotic condition (^4) is satisfied if and only if, given a vector (/>,

there exists a vector y> (y> Q (f>) and a complex function £( of modulus 1 such that

as t ->- y 00.
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Proof

Suppose g(t) Xt p ->-y> strongly. Using Lemma 1 and the fact that X, P^ Xf and

P, are projections with one-dimensional range, we observe

|| Xt P+ X* - PJX 2 (1 - | (Xt P, y>) I2)1'2 (17)

since

||P, Xt P, X* Pf\\x= Tr P+ Xt Pj Xf (y,, Pf Xt P^ X* y) (Xf y, Pj Xf y>)

(Xf y, (</>, Xf y)<p) \ (Xt p, y) \2.

Now Ç(t) Xt<f>+y strongly implies | (g(t) Xt<p, y) \ | (Xt</>, y) | -> || y> ||2 1.

Therefore, \Xt P^ Xf - Pf\x -> 0 by Equation (17).
In general, any FF e WCU) is of the form

Z^Pu A

where (f>x, p2, are a sequence of orthonormal states with respective probabilities
Xx, X2, Xk > 0 for all k, and

If we take

z-
k-1

h x

where% s — lim S(t) Xt <f)k, then

W'
CO

-ZK
k-1 \

1*. WXf -- W li
CO

\\ZXk(XtP
k-1 h

Xf--^ 111

N

<Z** IIx' ph x* -Kkh+ Z ^ II x>\ x* - pvjii
£ 1 £=iV + l

Given e > 0, we choose N sufficiently large so that
CO

Zh < e/4
N+l

then choose F sufficiently large so that || X, P^ Xf — P, ||x < e/2 for all \t\ > T and

for all k= 1,2,..., N. Then
N oo

i| Xt WXf - FF' [j, < eßZK + 2 £Xk<e.
k-1 k-N+1

It follows that the asymptotic condition (^4) is satisfied.
Using Theorem 3 with the asymptotic condition (A) and Equation (8), we obtain

\\XtAXf -QAQ*\\x^0 (18)

for all A e BXÇU). In particular, for all rays P Px

\XtPXf-QPQ*\x->0. (19)
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If we define Yt Xf Q, then the continuous one-parameter family of isometric
operators Yt satisfy

\\PYt-YtP\\x->0. (20)

But by Lemma 1 (compare Equation (17))

j|PY(-y(P||1 2(l-|(^,Y^)|2)i'2,
so that

\(<p, Y,4)\ [l - 11| PY(- YtP I)2]1'2 -> 1 as ^ T oo.

If we choose

(^,yt0)

then |£((0)| 1, and

as t -> y oo, and for all peU. But then

|| S*0) Y^ - ^||2 2 - 2 F<#, $ (*) Yt<p) -> 0

i.e.,
||Yi ^ - **(#) ^|| -»- 0 as <-* =F oo (21)

We now show that £, f, (^) is independent of <f>. For a fixed cyclic vector <^0 4= 0

the set {A <f>0 \A e Bx(U)}, is a dense linear manifold Tfl in U, i.e., {^4 </}„} U,
A e Bi(7/). Given any vector <f> e Tfl, we choose .4 e Bi(#) such that p A ^>0. Then
since |, fo£0) 0 $t(<f>0) A(f>0 A £t(<f>0) <f>o>

|| Yt(f> - ff(^) ^|| < || Y(4 ^,-47, ^01| + || A Yt </>0 - A St(to) <PoI!

<\\YtA-AYt\\ .ii^ii + ii^i •||Y^„-^o)^oll
< || YtA-AYt\\x- ||^0|| Ar\\A \\x. I Y^-Mtà U-

Letting t -> + oo, the first term on the right goes to zero by Equation (18) and the
second term goes to zero by Equation (21). Therefore,

|| Yt p - St(<t>0) <p || -> 0 for all (f> e M (22)

For any given </} e U choose {pn} such that p„ -> <f>, pn e Tfl-

Then

||Yt<p - it(</>o) <t>\\<\\Yt(f>-Yt pn[j + || Yt <f>n - i,(fa) <f>„|| + j)U<Pè <f>n - f,(&) ^II

<2||^-<y+||Y^„-^0)<y->0.
Consequently, £( f j(<^0) is independent of <f> and

W^X^-QP^IYJ-^PW^O
for all peU, q. e. d.
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Corollary The asymptotic condition (A) implies

(i) for some real constant a.

lim - %-T ei<xr for all t(-?Too St

(ii) the intertwining property holds in the sense

elatQUt= VtQ.

(iii) Çt is a différentiable function of t.

Proof By Theorem 4 we know

and

_Hm \ÇtXt<p-Q<f>\ 0 (23)

lim 11., T X,+r è - Q A\\ 0 for all t (24)
i-»=Foo "

By the group property of U, and F( we have

Xt+r Ff+r <7(+T Vf Vf U, UT FT* Xf C/T.

Then

|| I St+i QUTP-VrQp\\<\\i çt+r QUrP- it+T Xt Urp\\

+ Ut+TxtuTp-vrop\\
\\Qy>-ÇtXty,\\ +\\èt+TXt+T<f>-Q<f>\\

where %p UT p in the first term on the right.
Letting t -> + oo and using (23) and (24) we obtain

hm fiJt+TQUTP~Vrupi=0. (25)
t—> --p OO

Therefore, given e > 0, there exists a T > 0 such that \t\, \t'\ > T implies

\lf,+t -1", £,+t| |Üf,+t -1 f,+,I • IQ urp\\

\ìtSt+tQUx4-ìr$e+xQUx4\\

<\\iït+TQ Urp - VrQp\\ + \\VrQ p -l,ïf+rQ UTP\\ < e

i.e., (£;£(+T) is Cauchy convergent. Thus

lim lui lim J(|(+i=co(t) (26)
*—>-=Foo £* (—>Too

exists, and

j| o)(t) Û C/r ^ - FT ß ^|| < I co(t) ÜUrp-l Sl+t Ü UTP\\

+ \\Îtït+TQUrP~VzQ<f>\\^0

as t -> + oo. Since the left side of this equation is independent of t, we have

co(t) Q Ut <f> Vr Q P for all (f, e # and all t (27)
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It foUows from Equation (27) that co(t) p U* Q* VrQp is continuous in t since
Ux and Vx are strongly continuous in t. Also,

I \ r S C + fi-t-T,) ^(«4-Ti + To) f (*H-T.) / \ / \w (Tl +T2) Ä «i Ä. -l^i -7w w(Tl) W(T2) •

Consequently, co(r) etaT for some real constant a. With this substitution, Equations
(26) and (27) become respectively (i) and (ii).

By the definition of Çt we have

t t IX \ _ JAAVtpoL {XtPo,&<f>o)
?iW |(*.y«*)| |(^^,ß4)|-

Since X( ^0 Ff C7t <^0 is différentiable for <^0 e D((7().
(X'f p0 i Vf (H — H0) Ut pA, it is clear that |, is a différentiable function of t,

q.e.d.
Theorem 4 shows that the new asymptotic condition is equivalent to the old

asymptotic condition (cf. [2]) with the addition of a phase factor f(. Also, it is clear
that H0 and H H0 + ci will satisfy the new asymptotic condition because, in this
case, |, eict. We point out that this is not the only possible choice of phase factor.
For example, £( exp (ic ¦ logt), c a real constant, is allowable.

Finally, we remark that the isometries Q± obtained by Theorem 3 for the two
limits t -> y oo are a slightly more general definition of the so-called wave operators
introduced into scattering theory by M0ller. Also, the scattering operator may be
defined by S Q* Q+ as was done in [2].
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