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A Measurement of the Relative Decay Rates of the K° Meson
into its Principal Charged Modes

by Mark Pepin
Physical Institute of the ETH

(29. VI. 66)

Abstract. An experiment to measure the relative decay rates of the K\ meson has been
performed with the help of a large magnet cloud chamber placed in a nearly monochromatic beam of
K2 mesons. As the kinematic analysis did not allow a large fraction of the events to be identified,
Monte Carlo events have been generated and used to study the recognition probabilities of events
belonging to the different K\ decay modes. The comparison of the Monte Carlo events to the real
decays has permitted the relative decay rates of the K\ meson into its principal charged modes
to be evaluated via a maximum likelihood fit. The values obtained are compared to the predictions
of the \AI\ 1/2 rule.

1. Theoretical Introduction
The study of K meson decays gives some information about weak interactions

involving strange particles. Comparison of the partial decay rates of different members

of the isospin multiplets into corresponding decay modes allows the validity of
the | A11 1/2 selection rule to be tested, both in leptonic and in non-leptonic
decays, while study of angular correlations in the leptonic decay modes throws some

light on the nature (scalar, vector, or tensor) of the interaction between leptons and

strange particles. This work is a report of the analysis of such an investigation, carried
out on the K\ meson1). Kinematic analysis alone did not allow a sufficient number of
leptonic events to be unambiguously identified for a meaningful study of either
angular correlations or related decay rates. However, by comparing with Monte Carlo
events, we were able to estimate the relative decay rates of the K2 into its principal
charged decay modes and so check the j AI \ 1/2 rule in leptonic and non-leptonic
decays.

1.1 Quantum Numbers of the K Mesons

The phenomenon of associated production is most easily described by the
introduction of a new quantum number S, called strangeness, which is taken to be conserved

The author was mainly responsible for the analysis of the photographs and the evaluation of the
results.
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in strong interactions. If the strangeness of the A particle is by definition taken to be

— 1, the assignment of S + 1 for the K+ and K° mesons, and S — 1 for the K~
and K° mesons is consistent with all the observed experimental data. Conservation of
isotopie spin / in strong interactions also allows the K mesons to be classified in two
isospin doublets:

1 h S I I3 S

K+ J- J- 1 K° J- J- -12 2 2 2

K° r Ir 1 K- JL _ JL - 1.
2 2 2 2

The strangeness and third component of isotopie spin of a particle are not
independent, but are related through the relation of Gell-Mann and Nishijima: Q

I3+ [B + S]/2, where Q charge and B baryon number 0 for mesons.
Gell-Mann and Pais first pointed out [1]2) that the neutral components K° and

K" of the two isotopie spin doublets do not decay independently, but are mixed by the
decay Hamiltonian. There are two states of undefined strangeness, Kx and K2,
mixtures of K° and K°, which diagonalize the Hamiltonian. It was thought that
CP was conserved in weak interactions and that the Kx and K2 were CP eigenstates,
with eigenvalues respectively equal to + 1 and — 1. The decay into two pions is
allowed for the Kx, but was thought to be forbidden for the K2, since a zero-charge
two-pion system in the S state necessarily has CP + 1. The K2 was therefore
expected to decay predominantly through three-body modes, and consequently with
a much longer lifetime. This prediction was verified by the experiment of Bardon,
Lande, Lederman, and Chinowsky [2], which demonstrated the existence of a long-
lived neutral kaon of approximately the same mass as the K\, decaying into three
particles, and which was identified with the Kf.

Recent experiments [3-6] have shown that the long-lived neutral kaon also decays
into two pions, with a branching ratio of approximately 0.2%- The theoretical
situation is being reconsidered, but in any case the apparent CP violation does not
seem to be large enough to produce detectable effects in a measurement limited to the
present experimental accuracy.

1.2 K°2 Decay Modes

The principal K2 decay modes which have been found experimentally [7-11] are :

(1)

(2)

(3)

(4)

Here we have neglected the above-mentioned two-pion decay and the four-body
leptonic decays K2 -> nA n° ft v fi e or pt) for which the predicted rates are reduced

K\-> 7T° 71° 7T°

rA TC~ 71°

¦nA py v

tA e'T v

2) Numbers in brackets refer to References, page 551.
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by a factor of at least IO3 relative to the corresponding three-body leptonic decays (3)
and (4) [12]. A few events compatible with the radiative decay K\ -^-n+7i~y have
also been found [13-15], but the branching ratio of this mode has been estimated at

~ 1% [15]. We shall assume that all decay modes not listed under (1) to (4) are
negligible. This is in agreement with the known branching ratios of K+ decay [16].

1.3 | AI | 7/2 Selection Rule

In non-leptonic strangeness-changing decays the rule AI3= -j- 1/2 is always
observed to hold. This is a consequence of the Gell-Mann and Nishijima relation, the
absolute selection rules AQ AB 0, and the postulate AS + 1. The suggestion
has been made, however, that these decays are in fact governed by the more restricting
selection rule | AI | 1/2. This rule can be extended also to the leptonic strangeness-
changing decays, if I 0 is assigned to all leptons. The validity of the rule must be
checked separately for non-leptonic and for leptonic decays.

The predictions of the non-leptonic \AI\ — 1/2 rule have been discussed by
Dalitz [17], Pais and Treiman [18], Sawyer and Wali [19], and Weinberg [20].
Those predictions which are of interest for K2 decay concern the comparison of the
partial decay rates of processes (1) and (2) with those of the decays K+ -> n+ n+ n~
and K+ -> n+ n° n°. These predictions contain corrections to allow for the phase space
corresponding to the energy release of each mode. The relative phase space values are :

q(+ + -) : q(+ 0 0) : q(+ - 0) : q(0 0 0) 1.0 : 1.295 : 1.336 : 1.565

The main argument is that in the 3 n decay of a K2 or a K+ alike, the final state of the
n mesons is allowed to be an S-state. Because of the small energy release of these
decays, this lowest possible orbital state is dominant. The spatial part of the final
state wave function is therefore expected to be almost totally symmetric. This is
confirmed by the fact that the Dalitz plots of these decays appear fairly uniform.
It follows from Bose statistics that the isotopie spin part of the final state wave
function must also be symmetric, which is possible only if I 1 or I 3. If Sx, S3,

Sf, and Sf denote the amplitudes for the 1=1 and 1=3 symmetric wave functions
for K\ and K+ decay, the following relations must hold [17] :

r (K0, -> 71° 71° 71°)

r(X°"-> 71+71-71°)

r (K+ -> 71+ 71° 7E°)

r (K+A-7i+ 7i+ n-) ~ 4 l.o

3 1.565
2 1.336

1 1.295

cO c-0
°1 °3

SJ + 3/2 Sg

-1/2 sj-

(5a)

(5b)

The I A11 1/2 rule imposes S3 St 0, and so makes definite predictions for
the values of these two ratios. The success of those two predictions is not a critical
test of the | AI | 1/2 rule, however, since an / 3 final state requires a | AI |

5/2 transition, so that only the weaker postulate | AI \ < 3/2 is proved. A more
critical test of the | AI \ — 1/2 rule can be obtained by comparing the partial decay
rates of the K?z with those of the K+. Dalitz [17] has shown that the ratio of all 3 n
modes for the K2 and the K+ is (apart from phase space corrections) :

(S1(l/2)4-S1(3/2))24-3/2S3(5/2)2 .&.f (K+ -> 3 71) (S^l/2) - 1/2 SX(3I2))*+ S3(5/2)2
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where SfAI) denotes the amplitude for a transition to a symmetrical final state of
isospin 7", through an interaction involving isospin change AI. The | AI | 1/2 rule
predicts that the ratio on the left side of Equation (6) is equal to one. Moreover this
prediction will be upset not only by the presence of an I 3 final state, but also by a
| A11 3/2 transition leading to the 1=1 final state.

Equation (5a) may be used to determine how the K?2 -A>- 3 n decay rate is divided
between the 7i°ji07i° and n+ ji~n° modes; similarly for the K+ with Equation (5b).
Phase space corrections may be introduced to obtain the | AI \ 1/2 predictions:

rfK02^7i+7i-7i0)=2JJ^rfK+-*7i+7i07i°) (7a)

r fKl -> n° tz0 n°) =J?JJrfK+^7i^7z+n-)-JJJ-rfK+^7i+7i07i0). (7b)

Sawyer and Wali [19] and Weinberg [20] have also proposed tests of the
| AI | 1/2 rule which are free from the assumption that the final state must be

totally symmetric. If deviations from perfect symmetry exist they will produce a
certain departure from a constant matrix element in the K2 -> 3 n and K+ -a>-3ji
decays. It has been shown [20] that if the j AI \ 1/2 rule holds, linear relationships
of the form

W(T) dT=(l+ x -Z-) 0(T)dT (8)

can be expected for the energy spectra of the individual pions in these decays. Here T
is the kinetic energy of the pion considered, MK is the mass of the decaying kaon,
0(T) dT is an element of phase space, and a is a numerical coefficient. Furthermore
the x coefficients for the different decays are related ; in particular they have the same
value for the n° of K2 -> n+ n~ n° and the n+ of K+ -> n+ n° n°. However, consideration
of the decay spectra does not provide good tests of the \ AI \ 1/2 rule if final state
interactions, are solely responsible for the departure from a constant matrix element.

In leptonic decays critical tests of the | AI | 1/2 rule are given by the predictions
[21-23] :

rfKl-^^ ptTv) 2rfK+->ji°pt+v) (9a)

rfK%->3i±eTv) 2rfK+->n?e+v) (9b)

In these relations the phase space corrections are negligible.

1.4 Decay Amplitude for the Leptonic Modes

If a local lepton current and the two component neutrino are assumed, the
Feynman decay amplitude for the leptonic modes (3) and (4) may be written in the
general form [24] :

M yrEFi GM °j + YÙ vM ¦ (W)
y 2 j

Here I is an index referring to the charged lepton fpi or e) and p and q are the 4-
momenta of the charged lepton and the neutrino. The expressions F, take account of
the current of strong interactions between the kaon and the pion, with / an index
referring to the scalar, vector, and tensor parts of this interaction. For Lorentz



Interaction Oj

Scalar 1

Vector Ya

Tensor aaß
1

"2-
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invariance the product Fj Oj must be scalar, and the ways in which this may be
achieved are :

Fj °J

MKfs

Hfl Pa + ft Q^

(Va Yß - Yß Ya) -j^ fPa Qß ~ Pß Qa) °a ß •

Here P and Q axe the 4-momenta of the kaon and the pion, and a and ß axe component
indices, running from zero to three. The y axe the Dirac matrices. The form factors
fs • fi > A <

and 7t are rea-l if time reversal invariance is valid ; in the rest frame of the
decaying kaon they are a function only of the total pion energy. If momentum and

energy conservation are taken into account, and redundant angles - which only specify
the orientation of the whole system - are eliminated, the final configuration of the
decay may be completely specified by two independent variables, for instance Qg

and p0, the pion and charged lepton total energies. The transition probability dW can
then be obtained from the square of the matrix element, summed over spins. If the
lepton current has the same form as in the universal theory of ß and pt decay [25], the
interaction must be purely vector. The differential transition rate is then given by
[24,26,27]:

r£^ - A^(2MKpoqo- MUW0- Q0)

+ mf(-2go(-J) + (^)2(W0-Q0))) (11)

where fv =fx+f2, q0 MK-Q0- po, and W0 (M\ + ml - m2)\2 MK is the
maximum pion energy; mn and ml are the pion and charged lepton masses. The
integration of Equation (11) over p0 can always be carried out and gives the pion
energy spectrum. If the form factors are assumed constant over the relatively small
range of variation of Q0, it is also possible to integrate over Q0 and so obtain the total
transition rate. The terms containing f2\fv make a negligible contribution in the
decay (4), since they are then multiplied by m2, and the following relation holds
[24,28]:

;g::::^ <>¦*» - *>•* m+°-°75 (£)¦ • ™
The ratio f2jfv can therefore in principle be measured by determining the relative

rates of decays (3) and (4), but two solutions will in general be obtained, since Equation
(12) is quadratic.

2. Design of the Experiment
2.1 Kinematic Identification of K2 Decay

The main charged decay modes (2), (3), and (4) of the K2 have one common
feature: they are all disintegrations into one neutral and two charged particles of
opposite sign. Observation of such a decay in a magnet cloud chamber allows the
momentum vectors of the two charged secondaries to be estimated through the
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magnetic curvatures and initial directions of their tracks. If the incoming K2 beam
has been prepared so that both the magnitude and the direction of the K?2 momentum
vector are known, the four equations expressing energy-momentum conservation in
the decay still contain six independent unknowns: the masses of the three decay
secondaries whose knowledge would identify the mode, and the three components of
momentum of the neutral secondary. In order to identify the mode of any decay
each of the possible modes must be tried out in turn, and the corresponding masses

assigned to the decay products. The four equations of energy and momentum
conservation then form an overdetermined system for the three components of momentum
of the neutral outgoing particle. If there were no measurement errors such an over-
determined system could only have a solution when the mass assignments are correct ;

if the list of possible decay modes is complete one, and only one, fit per event would
then be obtained. Because of measurement errors, however, the measured decay
parameters do not satisfy the overdetermined system perfectly, even when the correct
mass assignments are made, and the 'goodness' of the fit obtained with each set of
mass assignments must be estimated by computing the measure of the smallest
corrections sufficient to ensure exact conservation of energy and momentum.

2.2 Lay-Out of the Apparatus

The experimental set-up is shown in Figure 1. A high intensity n~ beam, designed
by Barbier et al. [29], was produced on an internal Be target inside the vacuum tube

^i

10 metres

Fig. 1

Lay-out of the apparatus.
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of the CERN proton synchrotron. Negative pions produced at a small forward angle
were analysed in momentum by the two magnets MPI and MP2, and a
monochromatic beam was selected by the 32 mm wide momentum slit 5. The accepted
pions then passed through the bending magnet M102, a triplet of quadrupole lenses

Q115, Q114, and Q108, and another bending magnet M108. A canal through the
shielding wall between the PS tunnel and the experimental hall allowed the n~ beam
to be focussed on a 2 m long cylindrical hydrogen target T H 2. The entrance window
of this target was made of a thickness of 3 mm of Al and 0.7 mm of Fe. Helium bags
were placed in the pion beam, in order to reduce the multiple scattering. Inside the
H2 target K° mesons were produced through the two associated production reactions :

ar + p -> K» + A0 (13)

n- + p -> K° + 27°. (14)

Kaons emitted forward inside a cone of 1.5° semi-angle constituted a nearly
monochromatic beam whose momentum could be calculated from that of the pions
through kinematic considerations. The K° beam successively passed through the
sweeping magnet M105, which extracted the charged particles remaining in the beam,
a 10 cm thick Pb filter F to convert gamma rays, and another sweeping magnet MP.
The beam finally entered the magnet cloud chamber, in which K2 decays could be
observed. The distance from the middle of the H2 target to the entrance of the cloud
chamber was 6.5 m, and that from the gamma filter to the entrance was 2.8 m. These
distances are sufficient to allow Kx, A0, and 27° particles to decay out of the beam.

The cloud chamber, a more complete description of which is published in Reference
[30], has a 40 X 60 x 170 cm3 illuminated volume, and was filled with a mixture of
80% He, 20% A, and alcohol vapour at a total pressure of 820 mm Hg. It was
provided with a 26 cm diameter entrance window of mylar, 0.5 mm thick. The 2 MW
magnet produces a 10.7 kG magnetic field with 3% variation over the illuminated
volume.

3. Calculation of the K§ Momentum Spectrum

The momentum of the n- beam was estimated by two independent measurements :

1. During the setting-up of the beam a floating wire measurement was used to set
the magnet currents and the momentum slit width so that the momentum of the
beam upon entering the liquid hydrogen was 1055 4- 10 MeV/c.

2. In a separate run, tracks of the pion beam were photographed in the cloud
chamber. The momenta obtained through the magnetic curvatures of 79 tracks were
corrected for energy losses in 7.5 additional metres of air and in the entrance window
of the cloud chamber, which the pion beam now had to traverse. The mean of the
distribution so obtained occurred at a higher value (1071 MeV/c) than was expected
from the floating wire measurement, the spread was greater, and the distribution had a

longer tail toward low momenta.
The discrepancies between the two results may be due to the fact that during the

cloud chamber measurement, and in order to keep the pion beam intensity low enough
to distinguish individual tracks, the internal Be target was not plunged right into the
center of the proton beam, as was done during the actual experiment. The source of
the pion beam was thus slightly displaced.

34 H. P. A. 39, 6 (1966)
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For further calculations it was decided to adopt for the pion spectrum a distribution
of the same shape as the one obtained in the cloud chamber measurement, but
displaced so that the new mean fell at 1063 MeV/c, half-way between the values
obtained in the two measurements. The adopted spectrum is shown in Figure 2.

1 1

12 -

0

8

6 -

rr^
As

1000 1050 1100

MOMENTUM IN MeV/c

Fig. 2

Momentum spectrum of the nr beam at target entry, obtained from the magnetic curvatures of
79 tracks and corrected to take account of the floating wire measurement.

In order to compute the momentum spectrum of K° mesons produced in reactions
(13) and (14) by pions of this momentum distribution at target entry, we denote the
mean momentum of the i-th bin by pt, and the number of pion tracks inside this bin
by Nf. It is necessary to take account of the two following facts :

1. The beam loses energy as it passes through the target, so that a pion of initial
momentum pit interacting after having travelled the distance x inside the target, will
interact at the momentum

P Pi
/dp
\ dx )dx Pi - (Ir) *

where (dpjdx) is the momentum loss per unit path and has the approximately constant
value of 0.28 MeV/c per cm for pions around 1 GeV/c in liquid hydrogen at atmospheric
pressure.

2. As it passes through the target the beam loses intensity through interactions
and decays in flight. The number of pions of original momentum pt left in the beam by
the time the momentum of the survivors has decreased to p is :

Pi

N, exp (- f (n aiofP) + ^r) —^ dp)W\p)

where :

n number of protons/cm3 inside the target

atofp) total n~ p cross section at momentum p

X(p) p tt cjm„ decay length for pions of momentum p

(15)
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The function N^'fp) was calculated for each bin of the histogram of Figure 2.

The values of atot(p) were taken from References [31, 32]. The number of pions of any
incoming momentum which have momentum p at some point within the target is

Nfp)=£W\p),

where the sum extends over those values of i for which p{
where L 2 m is the total length of the target.

(dp/dx) £.<£<£,- and

900 950 1100 11501000 1050

MOMENTUM IN MtV/c

Fig. 3

Momentum spectrum of the ti~ beam at interaction point, corrected to take account of beam
depletion and energy losses inside the target.

This function Nfp) represents the pion spectrum at interaction point and is shown
in Figure 3. Even if the error in the momentum of the incoming pion beam had been

Ap + 10 MeV/c, the spectrum at interaction point would still have had a width of
76 MeV/c; the additional 56 MeV/c error is produced by the length of the target,
which cannot be reduced without diminishing the number of K2's. The only two
.Reproducing reactions whose thresholds fall below the upper limit of this spectrum
are the afore-mentioned reactions (13) and (14), with thresholds at 897 MeV/c and
1035 MeV/c respectively. For each of these two reactions relativistic kinematics allow
us to calculate the laboratory momentum q(p) of a K° produced at 0° by a pion of

laboratory momentum p. The spectrum n(q) of kaons decaying inside the chamber is

given by:
da \ i dû* \t(q)ocN(p) (-g-)^

o
(-~J)^m0 ([-§J)tì "lab decay (16)

where

Q*

^lab

(doldQ*)w^Q

production angle in the c.m.s.

solid angle in the c.m.s.

solid angle in the laboratory 0.0022 steradian

diff. cross section in the forward direction and in the c.m.s. for the

process considered
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decay exp (-%/%)) -
in the chamber

exp (— x2ß(q)) probability that the K?2 decays

Xx

%)

distance from middle of target to entry of chamber 6.5 m

distance from middle of target to exit from chamber 8.2 m

qxK c\MK decay path of K2 of momentum q.

The values of the differential cross section for A" K° production were obtained
from published values [33, 34, 35] of the partial cross section for this process and from
the angular distribution of Crawford et al. [36]. Those for 27° K° production were
obtained from Reference [36], assuming isotropic production. The resulting momentum
spectrum for the K2's decaying inside the chamber is shown in Figure 4. The kaons
produced in association with a A0 axe peaked at 630 MeV/c ; those produced with a 27°

have a main peak at 405 MeV/c and a secondary maximum at 230 MeV/c. This is due
to the fact that K°'s produced in this reaction have such a low c.m.s. velocity that
those which are emitted directly backwards also go directly forward in the laboratory.
This new contribution to the spectrum was calculated by a formula very similar to
Equation (16), but inside which ê* 180° was substituted for &* 0°.

100 200 300 400 500 600 700 800 900

MOMENTUM IN MeV/c

Fig. 4

Calculated momentum spectrum of the K\ mesons decaying inside the cloud chamber
1) for Af — K" associated production; 2) for 27°- K" associated production.

The relative abundance of decays of K?, mesons produced in association with a A0

or a 27° was estimated from the ratio of the areas under the two curves of Figure 4 and
turned out to be 0.72 to 0.28.

4. Analysis

4.1 Scanning and Measuring

In six weeks of effective running time 10000 expansions of the chamber were
made at the rate of one expansion every four minutes. At each expansion the chamber
was photographed by four 35 mm cameras, giving four stereoscopic views of every
event.
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For each portion of the chamber the scanning was done on the three best views,
by a physicist and a scanner working together. Since a K2 decay into any charged
mode is expected to produce a F°-type decay pattern, all events fulfilling the following
conditions were logged for measurement : two tracks of opposite sign that appear to
converge to one point on at least two views, while on neither view should there be a

gap of more than 3 mm on the scanning table between the first droplet of each track
and the presumed apex (3 mm on the scanning table is equal to approximately 5 mm
in space). On none of the three views should the two tracks cross. Numerous events
with both prongs of momentum lower than 50 MeV/c were recognized as electron
pairs by their low ionisation and their very small opening angle; these events were
discarded. In all, 1063 F°-type events were found and logged. The three best views of

every event were measured twice on the IEP digitalized measuring instruments of
CERN.

4.2 Geometrical Reconstruction

The geometrical reconstruction of the two prongs of each V° was carried out with
the CERN standard Reap and Thresh [37] programmes. Each traj ectory was assumed
to be a helix with a vertical axis and was defined by three parameters: curvature 1/g,

angle of dip X, and azimuthal angle at starting point cp. These parameters were adjusted
so that the sum of squares of the distances from the measured points to the fitted
curve was minimal. During this procedure the standard errors in the parameters of
each track were calculated from the scatter of the measured points around th e best
fitted curve; these are the so-called internal errors.

The external errors in the parameters were given by the following formulae:

K) 8/7(1. cosA)2
Q /EXT ¦/U X '

fAX)EXT 6 |/cos2A + 0.1 (fJL)
fAtp)EXT 4/0/Z, cosA (17a)

and the correlation :

(A^Atp)EXT - 32/g/L8 cos2X (17b)

It was assumed that no correlations exist between dip and curvature or between dip
and azimuthal angle. In these formulae L is the length along which the track was
measured and/0 the error in the horizontal projection of the sagitta of the track. In
practice the value /0 0.3 mm was taken, corresponding to a maximum detectable
momentum of 130 GeV/c for a track 1 m long. The formulae giving Aljq and Acp are
straightforward; those for AX and the correlation term were obtained empirically by
specialists of the CERN data handling division using artificially generated tracks.

With the help of a magnetic field map the analysis programmes then calculated
the average magnetic field along each charged track and converted the curvatures
into the corresponding momenta; the external errors were also increased to take
account of field inhomogeneities.

In the normal measuring procedure the position of the apex of a V° was always
recorded. When the apex was not clearly visible the apex coordinates were obtained
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by extrapolating each prong of the V° backwards by a tangent drawn in the measured
point nearest the apex, and by seeking the middle of the common perpendicular
segment between these two tangents. The K2 line of flight was taken to be a straight
line from the centre of the hydrogen target to the apex. Errors in the angular
coordinates of this direction were estimated by finding the extreme angle between the
presumed K2 line of fligt and a straight line from the apex to the border of the
region where a K0, could be produced.

4.3 Kinematic Fitting

The kinematic fitting was done by Grind, a standard CERN programme written
by R. Bock [38]. The five following processes were successively contemplated as a
possible interpretation for each V°, and the corresponding mass assignments given to
the secondaries of the decay:

T+ 71-— rrOKI
71+ pl V

7l~ pt+ V

n^ e v

tc~ e+ v

For each event this list had to be gone through twice : the first time it was assumed
that the K\ had been produced in association with a A0, the second time, with a E°.
This makes ten decay hypotheses in all. From the calculations of Chapter III (see

Figure 4) it was known that in the first case the magnitude of the K2 momentum
could be taken equal to 630 + 48 MeV/c, where the error was chosen so as to give 67%
probability that the momentum indeed falls inside this interval ; this error coincides
with that obtained from the half-width at 1/j/e of the peak. For a K2 produced in
association with a 27° the incoming momentum was taken equal to 405 -j- 95 MeV/c.
This error again gives 67% probability that the momentum falls inside this interval,
but the error is now much larger than the half-width of the peak at 405 MeV/c (which
would have been + 66 MeV/c). This is due to the secondary maximum at 230 MeV/c.
For simplicity it was decided to take this large error rather than go through the list of
five possible interpretations a third time. Calculations inside the analysis programmes
are formulated in terms of reciprocal momentum, and GRIND assumes this quantity
to be normally distributed.

If the neutral incoming, positive outgoing, negative outgoing, and neutral
outgoing tracks, in that order, are labelled with an index i which takes on the values
from 1 to 4, the four constraint equations expressing energy and momentum
conservation in any decay hypothesis will be :

£p{ cosXi coscpf 0 2JPi C0SÀi sin,Pi °
i-i t-i

4 4

XPi sin^ o 2JyPì + mÌ l/pi + < (18)
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where the X{ and cp{ axe always defined so that all tracks point away from the apex.
The values of pitX{, and cpt for i 1 to 3 may be considered as a vector M with nine
measured components ; pi, Xit and ç>4 constitute a vector M* of three unknowns.

The main task of GRIND was to find, for each decay hypothesis, the vector M*
of unknowns and a 9-dimensional vector of corrections c for the measured quantities,
so that :

1. The components of the two vectors M + c and M* satisfy the overdetermined
system (18) perfectly.

2. From the many possible values of c, that one was chosen which made the function
X2 cT G-1 c minimal, where G was the external error matrix for M. Since no
correlations between variables of different tracks were assumed, the matrix G was made up
of square 3x3 submatrices along the diagonal.

The system of constraint Equations (18) is not linear, therefore all calculations
inside GRIND were carried out by successive approximations.

For each event we may assume that one of the ten decay hypotheses was the correct
interpretation of the event. In that case the corrected values of the measured
parameters should lie close to the true values, and the yf function which we have defined
should indeed follow a yf distribution with one degree of freedom. The probability to
obtain - because of greater measurement errors - a greater %2 value in another
observation of an identical event is given by the formula :

oo

p(x2) ~r(jkw S{fyvì exp ^ ^%2) • (19)

For each event some of the ten interpretations could be ruled out, either because
the successive approximations of the fitting procedure did not converge, or because
the necessary corrections were altogether too large: decay hypotheses for which
PfX2) < 0.001 were rejected. However, by routine application of all the formulae,
a possible fit was in general obtained for several of the decay hypotheses. There was
no guarantee that the decay hypothesis with the largest x2 probability was the correct

interpretation of the event. The following remarks may be made :

1. Decays into n+ jv n° were relatively easy to recognize because of the low kinetic
energy release Q.

2. Because the n+- é+ v decay mode has the largest Q value a certain number of
events with high transverse momenta could be identified as such. Because of the large
mass difference between the positive and negative secondaries it was also sometimes
possible to distinguish between n+ e~ v and n~ e+ v.

3. No event was identified which was compatible only with n+ pi+ v decay.
4. Monte Carlo events confirm that it is difficult to identify the decay mode of a

K\ by kinematics alone, even when the error on the incoming K\ momentum (which in
our case is by far the major error) is reduced to -J- 5 MeV/c.

4.4 Rejected events

Nine of the original 1063 events found in the scanning had one or both tracks
heavily ionising (like a proton) and so could not be K\ decays. They were rejected.
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Of the remaining 1054 events, 257 had to be discarded because of failures in the
geometrical reconstruction of the events. Each event was measured twice. Any
measurement for which one or more of the following conditions were fulfilled was
rejected:

1. If the geometrical reconstruction of either track failed completely. This sometimes

happened for steeply dipping tracks.

2. If (zll/e)iNT 7 3(z11/g)EXT: the internal error in the momentum was much
larger than it was expected to be from the consideration of the maximum detectable
momentum. This could happen either if the track was distorted, or through faulty
measurements.

3. If 1JQ < 3(Zll/p)EXT: this meant that the track was either too short or too
straight for a precise momentum determination.

4. If there was an apex reconstruction, and if the common perpendicular segment
between the two extrapolating tangents was more than 3 mm long, or if the
reconstructed apex was more than 2 cm away from the nearest measured point of either
track. Moreover, it was checked that the reconstructed apex was located approximately

where expected from looking at the event.
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Distribution of opening angles for the 797 well-reconstructed events. The 309 events compatible
with y->- e+ e~ are shaded. The 488 unshaded events are K0, candidates.

The number of remaining events which had at least one sufficiently good measurement

and reconstruction was 797. Whenever both measurements led to acceptable
results the two outputs were compared to one another, it was checked that the values
obtained in both measurements were compatible, and the better one was chosen by
taking account of the size of the errors and the lengths along which the tracks were
measured.
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This sample of 797 well-reconstructed events still contained a fairly large contamination

of high-energy electron pairs. These were detected by applying the following
criterion: „ .„_.<f>-3Atf><3ÛRUS (20)

where tj> is the measured opening angle between the two charged prongs of the V°,

Atf> the external error in ^, and #RMS the root mean square opening angle of an
electron pair of the energy and asymmetry observed for the event. #RMS was calculated
with the formula of M. Stearns [39].

The histogram of opening angles for the 797 well-reconstructed events is given in
Figure 5. The 309 events, which by the above criterion are compatible with electron

pairs, are shaded. The 488 residual events are presumed to be K?2 decays. The separation
is good. Further evidence for this may be obtained from Figures 6a and 6b, which

represent the distribution of the height Zapex of the apex above the bottom of the
chamber for events respectively compatible and incompatible with electron pairs.
The distribution for the 488 K\ candidates is asymmetric because some events in the

top half of the chamber were lost through lack of sensitivity in this region (the
incoming beam was centred on Zapex 25 cm). But the main point is that the
distribution for the 309 electron pairs is very sharply peaked in the interval 20 cm <
•Zapex < 24 cm, which contains 256 events. This is probably due to a crack in the

shielding around the gamma filter. The distribution of Zapex for the 488 K0. candidates
shows no corresponding peak, which indicates that very few electron pairs were
retained in that sample. As against this, although the sample of discarded electron

pairs contains 34 events with opening angles between 60 and 120 mrad, these must be

true electron pairs because 27 of them are concentrated in the interval 20 cm <
^apex < 24 cm.

50

40 a) 488 K° CANDIDATES _

"> 30 ZZ
20

¦z. J Ln

LU 10 ff iTljl n
=¦ 0
LU

200

i 7 > y ^r ^-^ h -
_

l_ 180 b) 309 ELECTRON PAIRS _

° 160 -
140

Lt
-

lu 120 -
m 100

Z
80

z 60 -
40

|

-

20

i-^rA K..J iii4 8 12 16 20 24 28 32 36 40 44 48

HEIGHT OF APEX IN Cm

Fig. 6

Compared distributions of the height of the apex above the bottom of the cloud chamber
a) for the 488 K\ candidates; b) for the 309 electron pairs.

Note the change in vertical scale.



538 Mark Pepin H. P. A.

The high contamination by electron pairs inside the 797 well-reconstructed events
leads us to expect an equally high contamination in the 257 badly-reconstructed
events. In fact, 141 of the 257 had very small opening angles and most probably were
electron pairs. Many of them failed because of bad apex reconstructions: the two
prongs of an electron pair are nearly parallel close to the apex, and the common
perpendicular segment between the two extrapolating tangents is not well determined.
The other 116 badly-reconstructed events had larger opening angles and were
presumably K°2 decays. We shall examine in the next paragraph the errors which may
have been introduced by their rejection.

When the kinematic fitting of the 488 well-reconstructed K2 candidates had been
done in GRIND, it was observed that for 48 of these events none of the ten decay
hypotheses gave an acceptable fit. These events also were discarded, leaving a final
sample of 440 K2 decays. The possible errors introduced by their rejection will also
be considered in the next paragraph.

4.5 Background and Possible Biases

The fairly high background of electron pairs and the method used for separating it
from the K2 sample have already been described.

In this experiment the background of neutron stars was quite low : approximately
one star per thirty pictures. Three stars consisted of two lightly ionising prongs of
opposite charge plus one short highly ionising recoil. From an analysis of stars of this
type, carried out by C. Verkerk in an experiment where the neutron star background
was much higher [40], we can say that the number of such stars where the recoil is so
short as not to be seen is negligible.

If the non-leptonic \AI | 1/2 rule is valid, as seems likely, our results (see §5.5) on
K2 -> 7i+ ti- 7i° mean that approximately 100 decays K2 -> n" 7t° ti° should have taken
place inside the chamber. Approximately 4 Dalitz pairs should then be expected.

The programme GRIND also tested each event for kinematic compatibility with
the following 2-body decays of neutral particles : A -> p n~, A -> p n+, Kx -> ti+ n~.
Since no neutral secondaries are emitted in these decays, overconstrained fits could
be obtained without feeding any information on the momentum of the decaying
particle into the programme. Of the 440 accepted K2 decays, 51 were also kinematically
compatible with A decays, 47 with A decays, and 42 with Kx decays. When the
ionisation of the supposed proton or anti-proton was examined, and when the
condition was added that the decays must take place within 5 decay lengths of the
walls of the cloud chamber, no events compatible with A ox A decays remained,
and only one event compatible with Kx -> n+ tc-.

The 42 events kinematically compatible with Kx decays may be interpreted as

K2 -> 7i+ ti-, since the decay length argument is not valid for rejecting this hypothesis.
The condition that the reconstructed K2 direction should coincide with that of the
incoming beam must now be fulfilled, however, and is sufficient to exclude this
interpretation for all but two events. Since both are also compatible with normal K2
decay modes, we may conclude no CP-violating effects were observed.

All events were also tested for kinematic compatibility with the following decays :

7i+ -»• fi+ v, ti- -> pt~ v, K+ -> 7i+ ti0, K+ -> pt+ v, K~ -> 7i~ n", K~ -> yr v. Of the 440
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accepted K\ decays, 5 were also compatible with n+ decays and 7 with n~ decays.
A great number of events were kinematically compatible with charged kaon decays:
90 with K+ decays and 93 with K~ decays. In 55 cases for the K+'s, however, and in
56 for the K~'s, the momentum of the supposed kaon was low enough to allow
ionisation to give information on the decay. In every case the K+- decay hypothesis
had to be rejected. For the 72 remaining possible K+ decays (35 of a K+ and 37 of a K~)
a plot was made of the cosine of the angle ß between the incoming K°2 beam and the
track of the possible charged kaon. This plot is shown in Figure 7. The forward
peaking is very easy to explain if these are the tracks of the decay products of forward-
going Kfs. If the events are to be interpreted as the decays of charged kaons, the
decaying particles must have been going backwards towards the apices. No reason
exists for such a strong backward peaking. Accordingly these events where retained
in the K2 sample.
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Distribution of cos/?, where ß is the angle between the direction of the incoming K% beam and the
direction of the supposed charged kaon at the decay point, for 35 events compatible with K+ decay

(shaded) and 37 events compatible with K~ decay (unshaded).

As a further check of the background, 600 pictures were taken during the
experimental run but with an empty hydrogen target. In these pictures 3 events compatible
with K\ decays - both kinematically and with respect to ionisation - were found. This
corresponds to approximately 50 events in the 10 000 pictures of the actual experiment.
These are not necessarily spurious events, but may be decays of genuine K?fs produced
in the entrance and exit windows of the i^-target.

We have now finished the discussion of the types of background events which

may have been retained in the K2 sample, and come to the events rejected during the
analysis, although they may have been genuine K?2 decays. These events fall in two
classes: 116 events whose geometrical reconstruction did not succeed, and 48 well-
reconstructed events with no K2 fit.

First order approximations for the geometrical parameters of 94 of the 116 badly-
reconstructed events were obtained by the analysis programmes. They were used to
make a plot of ptrmax, the transverse momentum of the secondary for which this
quantity is largest ; ptr max is sensitive to the energy release Q of the decay. A similar
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plot was made for the 440 accepted K2 decays (see Figures 8a and 8b). The distributions
shown in the two histograms are well compatible up to ptr max — 190 MeV/c. But
whereas the distribution for the K\ candidates goes down sharply after this point, the
one for the badly measured events does not. We estimate that the 66 rejected events
with ptr max < 190 MeV/c contain the same proportions of different decay modes as
the sample of 440 accepted K\ decays, and that the 50 other badly-reconstructed
events are mostly n+ e+ v with some ti+ pt+ v decays.
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Compared distributions of the maximum transverse momentum ptr max
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The 48 well-reconstructed events which did not fit any of the ten K\ decay
hypotheses were analysed again, but with no constraint on the magnitude of the
incoming K\ momentum; 21 events then became compatible with decays of Kffs of
low momentum. This fits in with the peak at 230 MeV/c in the K\ momentum
spectrum of Figure 4. The 21 fits were : 3 n+ n~ tc° decaj's, 1 n+ pr v decay, 8 ti+ e+ v

decays, 9 events compatible with several types of leptonic decays. As we will see,
these numbers are in good agreement with the branching ratios obtained, bearing in
mind that most n+ pt+ v decays also give ti+ e+ v fits. Another 8 events were compatible
with various background modes (kinematically and with respect to decay lengths and
ionisation) : 4 decays n+ -> pt+ v, 2 decays K± -> pt+v, 1 decay K\ -> n+ ti~, 1 event
with a large droplet at the apex, a possible neutron star; 19 events remained
unexplained.



Vol. 39, 1966 A Measurement of the Relative Decay Rates of the K% Meson 541

5. Monte Carlo Estimate of Branching Ratios

5.1 Generation of Monte Carlo Events

Although it was not possible to identify a large fraction of the decays, the branching
ratios could still be obtained with the help of Monte Carlo events. These were used to
estimate the probabilities that an event belongs to any decay hypothesis when it is
known to have a given set of yf values.

In all, 6000 Monte Carlo events were generated - 600 for each of the ten decay
hypotheses - with the help of the programme FAKE. This programme was written at
Berkeley by G. Lynch [41] and adapted for CERN use by C. Verkerk [42]. To
generate an event according to any given decay mode a random point was chosen
with a uniform distribution inside the corresponding Dalitz plot. This determined the
centre-of-mass kinetic energies of two secondaries. The decay configuration was then
calculated via energy and momentum conservation and the event was rotated at
random in the c.m.s. so that the distribution of the normal to the decay plane became
isotropic. A laboratory momentum for the K2 was then chosen at random in the K2
momentum spectrum used in the analysis. This means that two distributions gaussian
in the reciprocal momentum, with peaks at 630 MeV/c and 405 MeV/c, were employed,
not the three-peaked spectrum of Figure 4. For the Monte Carlo events the line of
flight of the K2 was always assumed to be the axis of the beam. This K2 momentum
was used to transform the momenta of the secondaries from c.m.s. to the laboratory.
The Monte Carlo events were then distributed along the longitudinal axis of the cloud
chamber according to the decay probability of a K\ of the chosen momentum. The
lengths of all charged tracks were obtained by calculating the trajectories the particles
would have had in the magnetic field and finding the exit points from the sensitive
volume.

In order that the Monte Carlo events be quite similar to the experimental ones it
was still necessary to modify all the measured parameters so as to simulate the
measurement errors. These parameters are the momentum, dip, and azimuthal angle
of both charged secondaries, and the dip and azimuthal angle of the incoming K2.
The error in the magnitude of the K2 momentum is already incorporated, since each
event is generated with a random momentum in the spectrum, whereas in the analysis
the prepared momentum is initially assumed to be either 630 MeV/c or 405 MeV/c.
To simulate a measurement error a random number was chosen in a gaussian
distribution with a standard deviation equal to the external error of the parameter to be
modified, to which the random number was then added. For both charged tracks the
external errors were determined from the track length by the formulae (17a) of §4.2.
For the angular coordinates of the K2 line of flight the average values of the errors
found for the experimental events were used.

5.2 Tentative Identification Procedure

The Monte Carlo events thus generated were analysed by GRIND in exactly the
same way as the experimental ones. Again each event gave as final result a set of ten
X2 probabilities for the ten attempted fits, some of which were in general equal to zerc-
(less than 1% of the Monte Carlo events gave no fit in all ten decay hypotheses).
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By comparing the relative values of these ten probabilities for sets of events generated
all according to the same decay hypothesis it was possible to discover features which
characterize the events truly belonging to this decay hypothesis. In this way tentative
identification procedures could be defined ; the one finally retained may be defined in
three steps:

1. Any event which fitted either or both of the n+ n~ ti° decay hypotheses (with
A0- or 27°-associated K2) was ascribed to the best of these two fits, regardless of the
probabilities with which the event fitted any leptonic decay hypotheses.

2. For events which fitted neither of the 3 n decay hypotheses, the sum of the
probabilities for the four leptonic fits of a K2 produced with a A" was compared to
0.6 times the corresponding sum for the leptonic fits with S°. The event was considered
as a leptonic decay of a A0- or a 27°-associated K2, depending on which value was the
greater. The numerical factor 0.6 is purely empirical. The need for such a factor arises
from the fact that the difference of 225 MeV/c between 630 MeV/c and 405 MeV/c
represents 4.7 times the standard deviation of the peak at 630 MeV/c, but only 2.4
times that of the peak at 405 MeV/c. Accordingly a genuine /l°-associated K2 is
easier to fit to a 27°-associated decay hypothesis than the converse.

3. Whether the event was A0- or 27°-associated, the probabilities of the two
7i+ e+ v fits were compared to the doubled probabilities of the two n+ pt+ v fits, and the
event ascribed to whichever fit gave the greatest value. Again the factor 2 is purely
empirical and compensates for the fact that a genuine n+ pt+ v decay almost always fits
a 7i± ë+ v decay hypothesis, whereas the converse is not true.

Once the tentative identification procedure was defined, the Monte Carlo events
were used to determine the probabilities that an event generated according to any
decay hypothesis was correctly classified by this procedure in the mode to which it
belonged, or mis-classified in each of the other modes. These probabilities may be

represented in a square 10 X 10 matrix A. The element A (J in the 7th row and the /-th
column is equal to the fraction of events generated according to the decay hypothesis j
which were nevertheless ascribed to the hypothesis i by the tentative identification
procedure. The sum of the elements of each column of the matrix A is therefore equal
to unity. The greater the diagonal elements of the matrix, the more efficient is the
identification. For the procedure described above the diagonal elements are approximately

0.80 for events generated according to either of the 3 ti hypotheses, and they are
between 0.45 and 0.55 for the leptonic events.

5.3 Effects of the Transition Matrix Element

The Monte Carlo events were generated with uniform density over the Dalitz plot.
As against this the experimental events are distributed over the Dalitz plot with a

varying density, depending on the transition matrix element. If the outcome of the
identification tests depends on the point of the Dalitz plot where the event was
generated, the uniform density of the Monte Carlo events will not lead to the same
matrix of classification probabilities as would be obtained with the density distribution
of the real events. A matrix of classification probabilities A(j valid for the
experimental events may nevertheless be obtained by giving to each Monte Carlo event a
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weight proportional to the density of the experimental events in the point of the
Dalitz plot where it was generated. This method has the advantage of allowing the
classification probabilities for the density distributions predicted by different types of
interaction to be estimated simply by changing these weights.

For the final results, and in agreement with Equation (8), we weighted the Monte
Carlo decays K\ -> ti+ n~ 7r° with the relative transition rate dW\dd> equal to
(1 + a TJMK), where T0 is the kinetic energy of the neutral pion. The numerical
value taken for a was — 7.3, in agreement with previous experiments on K2 decay
[8, 9, 40] and in agreement also with the values obtained from the decays K+ ->
71+ti0 7i°, assuming the non-leptonic | AI | 1/2 rule is valid [43].

For the leptonic decays we adopted the relative transition rate given by Equation
(11) and which assumes pure vector interaction. The ratio of form factors fffy has

been studied by Liters et al. [8] - the notation used in that reference is |
1 — 2(ffff) - who find the two solutions fffv ^ 0 and fffv ^ 3.8. The value near
zero seems more probable [8, 9] and was accordingly chosen in the estimation of the
classification probabilities used for the final results.

The effect of using other transition matrix elements was also tested, however.
The branching ratios are quite insensitive to these changes (see Table 3 below). This
was further checked by verifying that the Monte Carlo events correctly identified by
the tentative identification procedure have uniform density over the Dalitz plot.
For the diagonal elements of the matrix of classification probabilities, at least, the
outcome of the identification tests does not depend on the region of the Dalitz plot
where the event was generated.

5.4 Maximum Likelihood Estimation

If the assumption is correct that the experimental events have the same classification

probabilities A{j as the Monte Carlo ones, the branching ratios may be obtained
in the following way: letfj (j 1, 10) represent the true but unknown fraction of

K\ decays into the hypothesis /. Further, let nt fi 1, 10) be the number of

experimental events tentatively ascribed to the 7th decay hypothesis by the identification

procedure. The probability that any event of the data appears to belong to the
decay hypothesis i is equal to the product of the probability that the event in reality
belongs to the hypothesis /, multiplied by the probability that an event truly belonging
to / appears as * ; the sum over j of ten such products must then be taken :

Probability for one event Jf fj A{j.
j

The probability to find the set of ten values n{ that was observed is by definition
called the likelihood function £.

c=nŒJAJni- (2i)
i i

This likelihood function depends on the ten parameters fj. By the maximum
likelihood principle of statistics the best estimates of the branching ratios are those
values of the fj which make the likelihood function a maximum.

The ten parametersf, are not all independent, but have to satisfy some constraints :

1. The sum of all thefj must be equal to unity.
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2. The relative numbers of K2's decaying into n+tt~ tz°, n+ ptTv, or n+ e+v must
be the same if the K2 was produced in association with either a A0 or a E°.
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Compared distributions of the probabili¬
ties assigned

a) to the fit K0. (with A0) -> 7i+ er v for
the 217 events for which this probability

is > 0.001;
b) to the fit KO (with A") -> rr e+ v for
the 214 events for which this probability

is > 0.001;
c) to the fit K\ (with 27°) -> 71+ er v for
the 226 events for which this probability

is > 0.001;
d) to the fit K° (with Z°) -> n~ e+ v for
the 245 events for which this probability

is > 0.001.

3. No charge asymmetry was detected in the data. Figures 9, 10, and 11 show the
compared distributions of p, cp, and X for the positive and negative tracks, yf tests with
ten degrees of freedom were made to test the assumption that these distributions are
the same, and gave respectively the values 3.1, 8.0, and 5.4. Nor was any difference
detected between the distributions of the probabilities which GRIND found for
charge conjugated decay modes (see Figures 12 and 13). Therefore the branching
ratios for 71+ pt~ v and tc- pt+ v decays and for 7r+ e- v and tt e+ v decays were
constrained to be the same. This is in accordance with approximate CP conservation.

35 H. P. A. 39, 6 (1966)
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If we define the symbols bx, b2, b3, and bi :

No. of/l0-associated K^'s
1= Total no. of Kfs _'

_ T (K% -> 71+ ti- 71°)

2 ~ T (K%A^ ail charged modes) '

b r(K%^7x+p+v)
3 T {K" -> all charged modes) '

f (K°2 ^ 71+ e+ v)
bt= 1 b. (22)T (K\ -A>- all charged modes) '

the ten parameters fi may be expressed as a function of bx, b2, and b3 in the following
way:

Table 1

Replacement of the 10 parameters /3- by 3 parameters 6j so as to satisfy all the constraints.

K\ produced with A" K2 produced with 2°

S -> 71+ 71- Jl° k bi h
7i+ /jrv k \ hß
TT fX* V k h b5ß
ji+ e~ v /4 6i(l-
Tt- e+ v /5 h (i -

h-h) 12

h- h) /2

7
7
7
7
/10

(1-6X)6,
(1-61)63/2
A-bx) 63/2

(l-61)(l-62 3)/2

(1-ftd (1-6,-6g)/2

These expressions for the fj were substituted in Equation (21), which defines the
likelihood function.

5.5 Results Errors

The maximum likelihood estimates of the branching ratios bx, b2, and b3 were
obtained by calculating the likelihood function £ on the points of a 3-dimensional
grid in the parameter space (bx, b2, b3), so that the maximum of £ could be found.
The parameter bi is by definition 1 — b2 — bs.

Fig. 14

Curves of equal likelihood in the b2 — b3 plane, for bx 0.67. The curves are labelled with their
respective confidence coefficients. The oblique straight lines at 45° represent the lines along

which 64 is constant.
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The statistical errors were estimated from the likelihood function. The points in
parameter space where £ is down to a fixed fraction of its maximum value define the
envelope of a closed region surrounding the maximum. The probability that the true
values of the parameters are also contained somewhere inside this region may be given
in the form of a confidence coefficient. For example the conditions that the likelihood
function is down to e-1,71, e~3-13, or g-4-86 of its maximum value define regions which
have respectively 67%, 90%, or 98% as confidence coefficient. Figure 14 shows the
contour lines of equal likelihood in the b2 — b3 plane, labelled with the corresponding
confidence coefficients. For the 67% confidence interval we find:

Ah stat =±0.06 Ab2sM= ±0.03

AbSst&t= ±0.07 Abisut= ±0.07.
As a check, five samples of Monte Carlo events were generated in the same numbers

(440 events) and with the same branching ratios as those found for the experimental
events (see Equation (23)). These samples were analysed with the maximum likelihood
method, using classification probabilities obtained from the rest of the Monte Carlo
events. The results are shown in Table 2, and indicate that the statistical errors we
adopted are slightly overestimated.

Table 2

Branching ratios obtained by the maximum likelihood method in 5 samples of 440 Monte Carlo
events each. The true values of the branching ratios bx to bi are given in the first column.

Generated Sample 1 Sample 2 Sample 3 Sample 4 Sample 5

6, 0.67 0.68 0.65 0.70 0.60 0.62
b, 0.15 0.16 0.14 0.13 0.15 0.16

7 0.39 0.40 0.40 0.34 0.46 0.42

7 0.46 0.44 0.46 0.53 0.39 0.43

The errors due to events rejected in the course of the analysis can now be estimated
from the arguments of §4.5. There we saw that 66 of the 116 events rejected for bad
reconstruction contained the same proportions of different decay modes as the sample
of 440 accepted K2 decays, and that the 50 other badly-reconstructed events were
mostly 7i+ e+ v decays with some n+ pt+ v decays. Using our results of Equation (23)

we can now estimate that this corresponds to between 7 and 13 n+n~ti° decays,
between 20 and 60 n+ pt^ v decays, and between 25 and 70 n+ e+ v decays.

Of the 48 well-reconstructed events which did not fit any of the ten K2 decay
hypotheses, 19 were compatible with decays of K2s of very low momentum. These 19

events seemed to be in the same proportions as the branching ratios we obtain. To be

safe, however, we estimate that the 48 events contain between 4 and 12 n+ n~ n"
decays, between 5 and 25 n+ pt+ v decays, and between 10 and 30 n+ e* v decays.

We therefore assume that in the total ot 164 116 + 48) discarded events there
are between 11 and 25 n+ tv n° decays, between 25 and 85 n+ pt+ v decays, and between
35 and 100 n+ é+ v decays. The greatest changes that could possibly be induced in the
branching ratio estimates if these events were included in the sample of K\ decays
give the errors due to rejected events. The errors quoted in the final results are the
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roots of the sum of squares of these errors and of the statistical ones. The final results
are:

No. ofyl°-associated K%'s n fi7 _l n m
Total no. of K\ 's ± 0.10

T (K°^ 7i+ti-tz0) 0.15 + 0.03

r (K% -> all charged modes) _ 0.04

r(Kl^7t+pTv) 0.39 + 0.08
J" (.Kg->-all charged modes) — 0.10

r(K%-+7i+eA-y) 0.46 + 0.08

r (K% -> all charged modes) -0.10.
The fraction of /l°-associated K2s obtained in this estimate agrees well with the

a priori value of 0.72 obtained in the K2 spectrum calculations of Chapter III. The
values of the branching ratios are in good agreement with those found by Liters et al.
[8], Adair and Leipuner [91, and Vardenga et ai. [10].

6. Conclusions
6.1 Discussion of the Method

This method of obtaining the branching ratios is entirely based on the assumption
that the classification probabilities obtained from the Monte Carlo events are also
valid for the experimental ones. It is therefore important to take care that the artificial
events resemble the real ones as closely as possible and also to check that any
differences which may remain do not have a big influence on the classification probabilities.

The major source of possible discrepancies is the fact that the density of Monte
Carlo events on the Dalitz plot may not be the same as the density of real events.
We have already claimed that this will have no great effect because the outcome of the
tests used in the tentative identification procedure are not sensitive to the point of
the Dalitz plot where the event is situated. In the first five columns of Table 3 we

compare the results obtained by assuming different types of interaction, and corre-

Table 3

Branching ratios obtained for the real events

i 2 3 4 5 6 7

6i 0.67 0.67 0.69 0.68 0.67 0.70 0.65

7 0.15 0.15 0.13 0.14 0.15 0.15 0.15

7 0.39 0.38 0.35 0.37 0.37 0.38 0.40

h 0.46 0.47 0.52 0.49 0.48 0.46 0.46

1) Assuming the spectrum of Equation (8) for the 3 n decays and pure vector interaction with
klfv 0 Ior ^-ne leptonic events.

2) As 1), but with/2//F 3.8.
3) Assuming the spectrum of Equation (8) for the 3 tz decays and pure scalar interaction with a

constant form factor for the leptonic events.
4) As 3), but with pure tensor interaction and a constant form factor for the leptonic events.
5) Assuming uniform density over phase space for all events.
6) As 1), but taking only the real events which lie within 10 cm of the axis of the chamber.
7) As 1), but taking only the real events more than 10 cm off axis.
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spondingly different density distributions, for the K2 decays. In Column 1 we give our
quoted results, derived with the spectrum of Equation (8) for the n+ n~ m° decays and
with pure vector interaction and a constant form factor ratio f2\fv 0 for the leptonic
decays. Columns 2, 3, and 4 are derived with the same spectrum for the ti+m~ n0

events, but assume respectively for the leptonic events pure vector interaction with
filfv 3-8, pure scalar interaction with a constant form factor, and pure tensor
interaction with a constant form factor. Column 5 assumes uniform density
distribution for all types of decays.

Another discrepancy between the real and the artificial events is the fact that the
apices of the Monte Carlo events are all situated along the longitudinal axis of the
cloud chamber. To check that this has no appreciable effect we estimated the
branching ratios within the subsample of real events which are less than 10 cm off the
axis, and in the subsample of those outside this limit. The results are shown respectively

in the sixth and seventh columns of Table 3.

The peak at 230 MeV/c in the K2 momentum spectrum of the real events was not
reproduced in the spectrum used for generating Monte Carlo events. Artificial events
generated with a K2 momentum smaller than 300 MeV/c indeed have a greater than
average probability of being recognized by the tentative identification procedure as

being 27°-associated, but their probabilities to appear as n+ mr m°, n+ pi+ v, or n+ eA v

decays are the same as for the other events. The only effect of the lack of the peak at
230 MeV/c is thus to make the Monte Carlo events appear to contain less 27°-associated

events. By comparison the real events may appear to contain slightly fewer /l°-as30-
ciated events than they really do.

The external errors given by Equations (17) depend on the length L of the track.
The Monte Carlo and the real events should therefore have the same average track
length. The mean length of a track of an experimental event is 34 cm, that of an
artificial event 39 cm. The small difference may be ascribed to the fact that the

programme used for generating Monte Carlo events really follows each track right to
the end, whereas human operators do not always measure a track to its extreme limit.

It must also be verified that the value /0 0.3 mm, which was substituted into
Equation (17), correctly represents the measurement error in the horizontal projection
of the sagitta of a track. We have the following evidence that this is the case: the
'pulled quantities' òxp are defined as :

s„ __
*meas— ^fitted (24)

lA^measT2-(^fitted)2

where #meas can be the curvature, dip, or azimuthal angle of any measured track, and
Axmeas the initially estimated external error on xme3S; xtitted andzl%tted are the values
of the corresponding quantities after the GRIND fit. If the errors are correctly
estimated, the distributions of the òxfs which are obtained when the correct fit is

attempted should be normal distributions with unit standard deviation [38]. This is

indeed the case for the Monte Carlo events. For the real events, of course, we do not
know which fit is the correct one. We therefore consider the distributions of the òxfs
obtained in the fit indicated by the tentative identification procedure. For the 66 real
events tentatively identified as n+ m~ n" decays, and in which the contamination by
wrongly identified events is estimated at 20%, the Òxfs have standard deviations of
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about 1.2. For the total sample of 440 real events, in which the contamination by
wrongly identified events is about 50%, the standard deviations of the òxfs are about
0.85. It is not surprising that they should be less than 1, because for the leptonic
events the tentative identification procedure generally picks the interpretation for
which the #meas — %tted are smallest. When the òxfs of the ascribed fit (instead of
those of the fit known to be correct) were plotted for the Monte Carlo events, the
standard deviations were around 0.78.

6.2 Test of the \AI\ 1/2 Rule

A test of the non-leptonic | AI | 1/2 rule which is free of any reference to
absolute decay rates may be obtained by dividing Equation (7b) by Equation (7a).
This leads to the relation :

r(K%^- n* ti0 ti") J_ 1.565 / T (K+-> Ti+n+ti-) \

r(K°2A7i+7i-7i«)
" ~ AA 1.336 l T (K+-> 7t+71° 71°) /'

Inserting the K+ branching ratios obtained from the compilation of Rosenfeld et al.
[16]:

r(K+ -+71+71+ ti-) 5.5 + 0.1

r(if+7-7+3ioJi°) 1.7 ± o.i ±
we obtain the prediction :

r(K\ + 7fiifiif) ,07, mo-rWl+ n+n-*>)
L87 ± °- 9

which has to be compared with the value obtained by combining our results with the
weighted average of the results of Anikina et al. [44] and Alikhanyan et al. [45] for
the branching ratio of K2 -> n° ti0 tc0. The result is :v2

r (K% -A- n° n° ti") 0.24 ± 0.06
1.60 ± 0.72

r(Kl-*Ti+ 71-71°) 0.15 + 0.03

Other checks of the non-leptonic and leptonic | A11 1/2 rules may be obtained
by using the data of Rosenfeld et al. [16] to calculate the absolute K+ partial decay
rates :

r fK+ -> 71+ ti0 rn0) (1.38 ± 0.09) 10« sec-1

r (K+ -> n°pt+ v) + r (K+ -> n° e+ v) (6.67 ± 0.36) IO6 sec"1

The prediction of the non-leptonic rule is then given by Equation (7a) :

r (K\ -> n+ n- rn0) (2.84 ± 0.19) 10« sec-1

and that of the leptonic rule by summing Equations (9a) and (9b) :

r (K°, -> 71+ pt+ v) + F (Kl -> 7T± e+ v) (13.3 + 0.7) IO6 sec^1

These values have to be compared with those obtained by combining our branching
ratios with the measurement of Auerbach et al. [46] :

F (Kî -> all charged modes) (15.8 ± 1.9) 10« sec"1

This leads to the decay rates :

r (K°2 -> 7r^ 71- tt°) (2.37 ± 0.76) 10« sec-1

r (K°2 ->m+pt+v)+F (K°2 -> n+ e+~ v) (13.4 ± 2.0) 10(i sec"1
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In the case of the leptonic events the advantage of lumping the n+ piA v and n+ é+ v

decays together is to reduce the errors on our branching ratio for K2 -> leptonic
modes to those produced by subtracting out the n+ mr m° contribution. By these tests
both the non-leptonic and leptonic j AI | 1/2 rules are confirmed within the
experimental errors.
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