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Multiple Excitation of Collective Nuclear States by Inelastic Scattering

by Willy Bierter *)
Institute of Theoretical Physics, University of Basel, Basel

(8. VII. 65)

An explicit WKB-solution of a system of coupled differential equations is presented where
the adiabatic approximation has been assumed to be valid. The optical model ig extended to
include nonspherical potentials so that inelastic scattering to low-lying collective nuclear states
are induced which are strongly coupled to the nuclear ground state. Calculations are given for
the multiple excitation of collective quadrupole vibrational states by inelastic scattering of alpha-
particles. In all calculations the effects of Coulomb excitation have been taken into account.

I. Introduction

The inelastic scattering of medium-energy protons or alpha-particles is a valuable
tool to investigate direct nuclear reactions. Very often the inelastic scattering can be
looked on as a nuclear surface phenomenon. Therefore a rapidly varying oscillatory
angular distribution may be expected. Furthermore the collective excitations, as e.g.
vibrations and rotations of the surface, are strongly excited. It should be particularly
interesting to study these excitations of the low-lying collective states which are
easily observed due to their strong enhancement. |

The distorted-wave Born-approximation can often be applied to calculate the
transition amplitude. In these cases the elastic scattering is assumed to be the dominant
process and the inelastic transitions can be treated in first-order perturbation theory.
In the case of weak coupling the distorted-wave Born-approximation is formally
equivalent to the first-order adiabatic method?!). However, if the interaction becomes
so strong that many levels — strongly coupled to the nuclear ground state — are
actively involved in the excitation process a set of coupled differential equations has
to be solved. Recently, this has been done numerically for the case of inelastic proton
scattering?)3). :

The aim of this paper is to show under which assumptions an explicit form for the
solution of this set can be obtained in the WKB-approximation. The most important
assumption is the adiabatic approximation which neglects the energy loss of the
projectile due to the excitation of nuclear levels and treats the elastic and inelastic
scattering as a similar process. Thus the problem of computing the partial cross
section for inelastic scattering can be reduced to a calculation of the elastic scattering
amplitude as a function of the target coordinates.

In the present work the main emphasis lies in the use of a generalized optical
potential with an appropriate nonspherical shape in order to determine the transition
amplitude for the multiple excitation of collective states.

*) Pressent adress: Institute of Theoretical Physics, University of Heidelberg, Heidelberg.



Vol. 38, 1965 Multiple Excitation of Collective Nuclear States 737

I1I. Theory

In this section the WKB-approximation of the system of coupled differential
equations is considered in detail in the adiabatic approximation. The transition
amplitude for inelastic scattering of charged incident projectiles will be calculated.
Throughout this work spin-orbit effects are neglected, although the formalism could
be easily extended to include them.

As we work in the center-of-mass system, only reduced masses and relative
velocities and momenta appear in the equations.

The Hamiltonian for the interacting system of incident particle and target nucleus
1s assumed to have the following form

H= Hp(r) + Ulr) + Hp(o) + Hyplr, o) (1)

where H,(r) is the sum of the kinetic energy operator for the relative motion of
particle and target nucleus and the Coulomb potential ¥, which is given for a uni-
formly charged sphere of radius R, by

2kn
2m #

¥, =
= m%[s_(}_;)z] if r <R,.

if » > R,

The Coulomb parameter 7 is as usually defined by

2y Zy et
o ho

where v is the relative velocity of projectile and target nucleus, Z, the charge number
of the target and Z, that of the projectile.

The spherical optical potential U(r) is used to describe the elastic scattering and
H,;,(r, «) is the interaction potential between projectile and nucleus. The relative
coordinates of the particle and the internal coordinates of the target nucleus are
denoted, respectively, by r = (r, 9, ¢) and «. The target Hamiltonian H;(x) defines a
complete set of state vectors expressed by

Hop(a) |®1(°‘)> = EIl D), (2)

where I specifies the eigenvalues of a complete set of commuting observables. The
exact wave function of the scattering process | y(r, ) > satisfies the Schrodinger
equation

H |y(r, 0)> = (E + Ej)| y(r, «)> (3)

and may be separated as follows
p(r, 0)> = |B(r, @)> [@{a)> + A(r, 2) *)

Here | k(r, «) > is a partial adiabatic wave function corresponding to a projectile of
energy E which is defined by the equation

[Hy(r) + U(r) + Hypy(r, )] |k(r, a)> = E [k(r, @)>, ()

47 H. P. A. 38, 7 (1963)
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and has to be solved for fixed target variables a. The adiabatic approximation neglects
the correction term A(r, «) 4) and the energy loss of the projectile due to the excitation.
Thus all nuclear states are considered to be degenerate.

We expand the wave function | 2 > according to spherical harmonics

k=4 lZ'z" S Y2141 Y, (0, 9) o Fifkr)
)b

1
+, 2 4 Yp 0,9) 55 Grlkr) . (6)
) M

The first term describes the pure elastic scattering and thus satisfies the radial Schré-
dinger equation outside the interaction region

(o5 + 0= L3 vy - 250 2% ) Filen =0. (7)

dr? 72 i
The reduced mass of the colliding pair is denoted by m. The radial function F (% 7)
vanishes at » = 0 and behaves asymptotically for large values of 7 as

Fykr) = & [H(k7) — 7, Hk7)] €', (8)

where H, = g, + 1 f, is the outgoing-wave Coulomb function?) in terms of the regular
and irregular radial Coulomb functions, which behave as

gl —> COS

f, — sing,
where

alzkr—%ln—nln2kr+a,

oy=argl'(l+1+1in).

The quantity 77, is the diagonal S-matrix element which for a complex optical
potential U can be given in terms of the phase shift as 7, = exp (24 9,).

The second term of equation (6) gives rise to a set of coupled differential equations
which can be written in the form

a? 2 I(+1 2
[d72 o o = T:;”' Vc(r) - : 72 : - ET U(?) - (Pl,u;l,u(r! d.)] Gl(k T)
=z'2: (=0, 0, ) Qi (v, @) Gplkr), (9)
s M

where the matrix elements ¢, ., of the interaction potential are defined by

2
P s 0) = S < Y, [Hig(r, a)| Yy . (10)

lﬂ‘ul

This interaction potential may conveniently be written in the form of a multipole
expansion

H (1, @) -‘—‘/ZMM(”, o) Y., ¢), (11)
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where (¢}, @) are the polar angles of the vector r. Since H;,, is a scalar quantity, the
moments M, , are transformed under rotation in the same way as the spherical
harmonics Y, and have therefore the parity (— 1)

For a specific multipole order A the integration over the angular variables in
equation (10) yields for the matrix element ¢

2m [ (21+1) 2A+1) 2VU+1) U2 ,
(pl,(/e;l'.m‘.'m %2 [ ] (_ 1)'“

4n
AN/ I A I
. 12)
x(ooo)(—uu—ﬂ’u’)M"”"” -
For the differential equation
d? 2 I(l+1 2
[+ 2= S v - - 2R 00 - g )| wkn) =0, (13)

where we have included the diagonal part of the interaction potential, the following
solution in the WKB-approximation can be found outside the classical turning point 7,

ul(kr):(%)msin (ffK(r)dr-l——j;:m) it E—~V >0

1 k . >
u,(kr):T(le') exp ( |jK ndr|)if E—-V <0,

where the expressions K(r) and V are defined by

2 1+1/2)2 2
K@) = [ = 55 V) — B - 2R U0 - gl @)

r2 hi2

V=V + UM+

+ 422,

2m (@l,u;ly ¥2

The asymptotic behaviour of the function #,(k7) for large values of 7 is given by
u,(kr)—>sin(kr—‘%Lln—nankr—ka,—{—m),

with the following expression for the phase 7,
n = /K(r)dr—;—w'}—krﬂ—-;—ln—i—nankr—al.

The system of coupled differential equations may be solved by the ansatz
Gykr)=ukr)exp(—i&(kr)). (14)

Substituting this expression into equation (9) we obtain

t

+ f 7d£ dr = (1 —8,9,,) / Uy Py Wor A7 (15)

Uy
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Using the WKB-approximation the second term on the left side of equation (15) has
to be neglected. A first-order differential equation results for the function &. Since
d&/dr must be bounded at » = 0 and #,(r) behaves like #/*! for small values of 7, the
lower limit of integration must be zero. Thus we see that

= [u,(k7)] 221”511 f“z%pzﬂ uy dr.
Since the integral on the right converges the asymptotic limit becomes

d
‘é = [siny,] 22 (1 —20,0 [“t(}”z” v Wy dr, (16}

where the phase y, is defined by
yl::krm%ln——nanquLal—;—m.
Carrying out the integration in equation (16) we obtain

1 .
E(kr) = — — [etgy, — 11 X (1= 01y 8,,) Gy (17)
U, u

where

o0

1
Ol = kf Uy Py Wi d(k 7).

0
If we choose the direction of the incident beam as the polar axis of the space-fixed
coordinate system equation (6) can be expressed in the asymptotic limit as follows

_ -1 iloy+67) 1 . 1
|k>—%—:[z’e (21 + 1) P, (cos®) 5, sin (kr— Tln—i—ol—kél)

+ al Ylo(’ﬁ) eXp [_ _ik_ ’2"(1 — 611' ao‘u') Glﬂ;l'y,']

Uiy
1 . 1
X 5 €exp (z {k P o la+ o, + n[})] . (18)

In the second term of equation (18) a linear combination of solutions G,(%k 7) may be

chosen so that the complete wave function | 2 > represents asymptotically an elastic

ingoing and scattered wave and in addition an extra outgoing inelastic scattered wave.

In the arguments of the asymptotic expressions of the wave functions the term

7 In 2 k r and in the second expression the termctgy, 3" (1 — 0,y d,) 049~ have been
i

M
dropped. The total adiabatic scattering amplitude is defined by
f @A) =lim r e=i*7 [| k> — eik] (19)
r—>00

where A = (« 8 y) denote the Eulerian angles which rotate the space-fixed coordinate
system into the body-fixed system. If we choose for a, the expression

a, = %]/471: Y21+ 1 i &
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and make use of the asymptotic expansion of a plane wave given by

e = 3T 21+ 1) P, (cosd) o sin (k7 — +1a), (20)
I

the evaluation of the scattering amplitude yields

f54) = 55 )_;(2 I+ 1) P, (cosd) {exp (24 (0, + 6))]

+ exp [2 to,+im — ’;“ Z(l — 0y 0,70) O'zo;l',/] - 1}- (21)

o
According to equation (21) the amplitude for inelastic scattering from the nuclear

ground state | I, M, > to the excited final state | I, M, > is thus in the adiabatic
approximation

1 "
Jrpmpao 0, 8) = <Ip M, |m;‘(2l+ 1) P, (cos®) e*'™

i
X oxp [ D]
UV,
Here we have made use of the approximate relation

1
M~ — —% Oro;10 5

I, My> . (22)

which is valid in the asymptotic limit. The exact asymptotic value of ,is overestimated
by a term of the order of »,5.

The differential cross section can be expressed in terms of the scattering amplitude

f(®) by ) 1
(o)
a2 T 2I+1 M.,,ZA;_JfIfo;ID w, @)%, (23)

where we sum over the final magnetic quantum numbers M, and average over all
initial M.

III. Collective Model

In collective excitations of low-lying nuclear states two different modes of excita-
tion can be distinguished. The first are spherical shape oscillations, while the second
are rotations in the shape of a permanently deformed nucleus. To interprete success-
fully single?2)$) and multiple?) excitations of these collective states the optical model
has to be extended as to include nonspherical potentials®).

We have also introduced an absorptive potential in order to take care of all reac-
tion processes other than the ones treated explicitly by means of coupled channels.

A. Rotations

The interaction Hamiltonian can be derived from a deformed potential well under
the assumption that the potential strength depends only on the distance (» — R) from
the assumed nonspherical surface,

RW,¢) =Ry [1+ ]y, Y,,(8, ¢)], (24)
Ay
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where the polar angles (¢, ¢’) are measured with respect to a body-fixed coordinate
system defined by the principal axes of the nucleus. The deformation parameter f8
and the asymmetry parameter y are connected with the quadrupole deformation?®) by

siny
Ggg = B cOSY, %,1=0, a3, o= B —1/2

If the parameter ¥ = 0 the nucleus shows an axial symmetry.
The deformed potential well may be described by a Saxon-Wood potential as

foll b o
T Ulr — R@', 9')) = — Uple" 57 4 1)1 (25)

An expansion of equation (25) around the mean value of the radius R, gives

Ulr —R)=Uly — R) — 5 Ulr — R) 6 R+ ..., (26)
where
SR—Ry[ Yy, Y, 8, ¢)]. (27)
A

The first term on the right side of equation (26) can be identified with the spherical
optical potential while the nonspherical terms yield the interaction (11). Inthe following
we compute explicitly the transition amplitude to first order in the deformation. The
contributions from the second-order interaction potential in the transition amplitude
to second order in the deformation are not negligible?) as will be discussed in sec-
tion V.

The nuclear shape expressed by equation (27) is measured in a body-fixed co-
ordinate system. The transformation into a space-fixed system is given by

Yo, ¢) =2 Y,,0, 9) DBy, (28)

where (o 8 ) are the Eulerian angles from the body-fixed to the space-fixed axes!?).
The comparison of the first-order interaction term in equations (26) and (11) yields

M, =-R, ¥Ur— Z“ﬁv (29)
For an axially-symmetric deformation the multipole operator simplifies to

Rl S U R Y8, (30

where (B, «) are the polar angles of the nuclear symmetry axis. The derivative of the
spherical optical potential U(r — R,) is for the special case of a Saxon-Wood potential
(see equation (25)) given by

a U, ey - R

T Ur—R) =2 T y= TR 31)

The matrix elements ¢, defined by equation (12) have to be computed explicity
and may be written for a quadrupole deformation as

Pro; 1w = ﬁ R, ( ) [(2141) 21 + 1)]v2

e e (12002 1), -



Vol. 38, 1965 Multiple Excitation of Collective Nuclear States 743

The nuclear wave functions of a rotational band are given in the notation of Ep-
MONDS!) by

21+1
“da Dj; (x4 0).

Expanding the product of the two D-functions again into D-functions the transition
amplitude in equation (22) then can be written in the following form:

fIfo;IoM,,(ﬁ) 2 k2V21f+1 |/2I +] (2

I+
I, I, I:I
_ 1\M,—K rto
=D ( MMM M)( KK )“’Mf—Mo’ (33)

IMK>=

1)

where
27
ary=M4n21+1) 1/2f dow fdﬁsmﬁ Y, (8, Z (21 + 1) P, (cos®) &'
1
X ex [iR"‘B (U—}—iW)l/Zl—}—lZl/Zl’-{—l L2r r
P Ea 0 0 = 000 i
i1 27 .
_1)* Y, . 34
x X1 Va8, (o—u M)} (34)

An imaginary part W, with the same shape as the real part U, is included in the
optical potential. The radial matrix elements I, - are defined by

e o]

= [ u(k uy (k) d(kr), (35)

0
where the function F(r) is given by
F(r) =ev (e¥ + 1)

Finally the differential cross section (23) can be expressed by the amplitudes a;,,
through

do I.1,1\?
E:m 21,+1 121;2I+ (—ééO) it 52 - (36)

B. Vibrations

Vibrations of spherical nuclei can be described by the same nonspherical inter-
action potential as for rotations. But we have now to treat the deformation parameters
o, in equation (24) as dynamical variables. In the usual way we can decompose a;,
into operators b;, and b}, which annihilate and create a single 2*-pole phonon of
vibration and satisfy the relations

b bi,=mn,+1, b;ybi,uzn 2%}4=N, (37)

y 2
where N is the total number of phonons in a given state. Therefore the parameter «
can be expressed by

= | B (1B = (- 1, (39
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where C, is the restoring force and % w; the energy of one phonon.
As we consider only quadrupole deformations, the quadrupole phonon states can
be classified according to the five vibrational quantum numbers #,

1 n
u l/”.uI

In analogy to the permanent deformation parameter g for rotational excitations we
introduce here a dynamical deformation parameter defined as the root mean square
deformation in the nuclear ground state

B2 = <0 3]y, [2|0> = (22 + 1) 55, - (40)

Since the deformation is no longer static, the formulas (24), (27), and (29) can be
regarded as being referred to space-fixed axes. The multipole operator M, can then
be expressed to first order in the interaction by

d
0 gy

M,,=—R Ulr — Ry) o, , (41)

and thus the matrix elements ¢,,. -, defined by equation (12), yield

B = = i T () 21+ 1) U+ )P (1)

L2\l 217 * e
’ —_— r - 42
X (O 0 O) (0 “#J Mr) [bZ_u + ( 1) b2—,u] ( )

The transition amplitude for scattering from the ground state | 0 > to the state |z, >
may be written in the form

1 i
(n,| f(B) 0> = <n,| fz—ﬁ;‘(zu 1) P, (cos®) e*i“t

xexp[ DA, (b, + (— 1) b, )] 0>, (43)
where :
i Ry, B . S a1 .
A, - o R Ue+iWyY2i+1 ;’sz +1 (—1y
120\l 2V
. 44
X(OOO)(O—M)F” -

Again we have included an imaginary part in the optical potential and the radial
matrix elements /7, - are the same as defined in equation (35).

The operator expression in equation (43) can be evaluated by the following
method. The product of the two operators exp (¢ ) and exp (¢ b)) may be expanded

e* e’ =exp ()& G,), (45)

where the operators a, b satisfy the commutation relation
[a,b] =1, (46)

and where ¢ 1s an arbitrary c-number.
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Expanding all exponential functions we obtain

2 2 3 2 2 3
1+8(a+b)+82(—%+ab+-b?)+63(%+ab Lt b)-i—

2 + 2 + 6
1 1
=14+ 6+ 5, (3 G)r+ - (JeGp+ ...

A comparison of both sides to the same power of ¢ yields the following relations for
G,if Gy, =1:

Gi=a+b Gy=—5 [ab, Gy=5[a—1b),[ab], et (47)
The commutation relation (46) enforces G, and all higher terms to vanish. The

operator expression (45) therefore takes the form
ee(a+b) = %% esb 8—1/25" ) : (48)

Using this relation the amplitude in equation (43) simplifies to

n, |f(@)] 0> = “"2%52(2 1 + 1) P, (cosd}) e2i
7

n
X exp [_ -----%Z(A#)Z] IT- 72 (49)
" “ "

The considered nuclear vibrational states are degenerate. Instead of labelling these
states by the quantum numbers #,, the total vibrational number N, the angular
quantum numbers I and M are conveniently used in the following. Therefore a
transformation to this new representation must be made

(NIM|f@®)05=3 NIM|nyn, |f(#)]0>.

L

The differential inelastic cross section with the excitation of a vibrational state with
spin I and phonon number N is now given by

22 = ZI<N I M| f@)[0>]*.

IV. Coulomb Excitation

The inelastic scattering of charged particles is always accompanied by Coulomb
excitation which may even be the main mode of excitation?). In this chapter we want
to show how this Coulomb excitation may be included in the calculations. This can be
done by modifying the interaction form factors. In the case where both nuclear and
Coulomb forces contribute to the excitation, their amplitudes are coherent and
interfere.

The Coulomb interaction between target nucleus and incident projectile is given
in multipole components as

L g
H =4xn 216227;:” LY, (0, @) MHE A, p) (50)
A
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which is valid if the projectile remains outside the nucleus during the collision. The
multipole operator for electric radiative transitions IR(E 4, u) is defined by

ME A ) = [ 7 Y,,09, ¢) 0,(r) dr .

The nuclear charge density operator g,(r) can also be expanded in multipole com-

ponents
=F & 620 aa” &, @) .

A comparison of equation (50) with the expansion (11) yields

c 4dnZie _31 1
Mﬂuzﬁf E[R(E}.,M),
which holds outside the nucleus.
In the special case of a uniformly charged nucleus, an explicit exptession for M},

can be obtained from equation (26). In tirst order in the deformation we get

(51)

. 3Z,Z,6 & R a4 if r >R,

24+1 % 7| RMY i y < R,

where R, denotes the radius of the charge distribution.

For a permanently deformed nucleus the spherical tensor «;, can be expressed
through the deformation parameter 8, and the orientation of the nuclear symmetry
axis. We obtain thus for M},

R} if r > R, (52)

e _ 3Z,Z,é
M;.u*"—zf_:l B l/2,1+i Yiulf, @) x AR if y < R,

Coulomb excitation effects can thus easily be included by modifying the radial form
factors. The radial matrix elements I",,- in equation (35) has to be replaced by the
following expression:

m 37, Z,%aR: 1
I, — fu,(k ) [F(r) B | wekndkn, r>R..
0

V. Discussion of Results

According to equations (49) and (44) and for a quadrupole interaction computa-
tions of ditferent angular distributions have been performed for the inelastic alpha-
particle scattering of 64.3 MeV and 43 MeV for Ni®. Calculations have been carried
out for the multiple excitation of the first 2+ state (Qy+ = — 1.45 MeV) and the 0+,
2+, 4+ triplet (Q4+ = — 2.47 MeV) of the vibrational nucleus.

The main purpose of this paper is a study of the coupled channels predictions in
the WKB-approximation which might be a very attractive method for optical model
calculations!4). The potential has a broad, flat bottom with a gradually tapering
surface. The small radial derivatives of the potential allow for high energies a WKB-
treatment. We have made use of sets of optical parameters obtained from previous
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analyses of experimental data by P. DARRIULAT et al.}3) for Ni% (64.3 MeV) and by
R. H. BasskeL et al.?) for Ni®® (43 MeV). ,

The optical potentials have been chosen in such a way that the elastic and the
inelastic 2+ (N = 1) differential cross sections for Ni®® («, «’) are in agreement with
experiment. All parameters of the model are then fixed and total and differential
cross sections of the triplet can be predicted. We did not make extensive studies of the
effects of varying the parameters since this would have required a large amount of
computer time.

In all our calculations we have chosen the same shape for the absorptive part of
the optical potential as for the real part. The deformation of the real part alone is
responsible for the excitation of collective states.

In the numerical examples of this section we used the following parameters for the
Saxon-Wood potential for Ni® for the two different projectile energies E (Table I).

Table I
U, (MeV) 47.6 44.99
W, (MeV) 13.8 20.91
a (f) 0.549 0.5635
R, (f) 6.14 6.08
E (MeV) 43 64.3
i) 0.18 0.15

The inelastic angular distributions for 64.3 MeV alpha-particles on Ni® are shown
in figure 1. The experimental values had been obtained at BERKELEY3). They show
well-defined oscillations which are typical for surtace reactions. This follows from a
discussion of the behaviour of the integrands in the radial matrix elements [7,,19).
This expression (see equation (35)) has its maximum for values of / and /' which
correspond approximately to the classical orbital momentum. Moreover very high
partial waves do not contribute due to the centrifugal repulsion.

The angular distributions in figures 2 and 3 have the same parameter values as
given in table I; here the process of Coulomb excitation of the vibrational states by
the incident charged projectiles is explicitly included. This process interferes destruc-
tively, especially at forward scattering angles, with the pure nuclear excitation
mechanism. As has been shown in section IV the computation of the contribution
due to Coulomb excitation is straightforward within the framework of the present
treatment. We assumed that the deformation of the charge distribution and of the
potential is the same. In the Coulomb excitation process a much larger number of
partial waves contribute to the excitation amplitude than in the purely nuclear
interaction. As mentioned above the Coulomb excitation contributes considerably
only for small scattering angles, otherwise the nuclear contributions are the most
important ones. This is illustrated in figure 4.

Even though the multiple excitation of collective states could be solved exactly
without making use of the adiabatic approximation, we assumed that the ingoing and
outgoing momenta are equal. In order to estimate the effect on the diffraction
structure due to the energy loss an average of the initial and final wave numbers
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should be substituted for %. This effect is shown in the angular distribution for the
first 2+ level of Ni® in figure 5. The most significant difference is a slight shift of the
diffraction pattern to larger angles; however, the general shape of the pattern is not
appreciably altered. Since in nonadiabatic transitions the overlap between initial and
final wavefunctions is less perfect, a reduction in the intensity is observed. Further-
more the maxima and minima in the diffraction structure become less accentuated.
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Figure 1

Angular distributions for the scattering of 64.3 MeV alpha-particles from Ni®*. The optical-

potential and nuclear deformation parameters used for the calculation are presented in table I.

The experimental data are taken from reference 13. The reaction cross section for the first 2+ state
is 1.86Db.

Figure 2

Angular distributions for the scattering of 43 MeV alpha-particles from Ni®, including the influence

of Coulomb excitation. The optical-potential and nuclear deformation parameters used for the

calculation are presented in table I. The experimental data are taken from reference 16. The
reaction cross section for the first 2+ state is 1.53b.

Figure 3

Angular distributions for the scattering of 64.3 MeV alpha-particles from Ni®, including the
influence of Coulomb excitation. The same optical-potential and nuclear deformation parameters
were used as for the solid curves in figure 1.
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As can be seen in tigure 2 the magnitude of the differential cross section of the 0+
(N = 2) state is appreciably lower than that of the first 2+ state (about a factor 200).
It is also smaller than that of the triplet 2+ and 4+ states (about a factor 2 and 7,
respectively). Comparing the cross sections of the projectile energies which have been
calculated for 43 MeV (figure 2) and 64.3 MeV (figure 3) we see that in the latter case
the differential cross section for the first 2+ state is somewhat reduced (about a
factor 1.4). It is approximately constant for the O+ state, whereas it increases for the
triplet 2+ and 4+ states (about a factor 2.4 and 1.4, respectively). The predicted values
for the reaction cross sections in case of inelastic alpha-particle scattering for the first
2+ state are 1.53 barns tor 43 MeV and 1.86 barns for 64.3 MeV. This indicates that the
values of the inelastic cross section is growing with increasing projectile energy. It is
pointed out in reference ®) that they also rise with increasing charge number Z.
A comparison of figures 1 and 3 shows that the inclusion of Coulomb excitation
reduces somewhat the magnitude of all inelastic differential cross sections at forward
scattering angles (~ 159,). For larger scattering angles the differential cross sections
are pratically unchanged. This indicates that the multiple Coulomb excitation can be
neglected for these bombarding energies. However, for projectile energies of about
20 MeV and for nuclei in the Ni mass region, the Coulomb excitation cross section
may become comparable to the direct nuclear cross section. The same situation may
be expected for bombarding energies of about 60 MeV in the mass region of the per-
manently deformed nuclei. The excited collective states will then be primarily of
rotational character and the process is described by the equations (36) and (34).

As can be seen from the diagrams the computed inelastic differential cross sections
fit the experimental datas reasonably well. There is a discrepancy for small scattering
angles for the projectile energy of 64.3 MeV. This disagreement may be explained by a
too small value of the deformation parameter f. It is interesting to compare the values
of the nuclear deformations f# derived from the inelastic scattering experiments with
the results obtained by electromagnetic methods. The B(E 2) values extracted from
Coulomb excitation and lifetime measurements are connected in first order with the

deformation 8 by B(E2:0->2) (53)

B = [(3/4n) ZeRY’

where a uniform nuclear charge distribution with a sharp surface of an average radius
R, = 1.2 A3 f has been assumed. Taking into account second order effects we get
slightly smaller values for §. We thus obtain for Ni® a value of # = 0.19. This is in
good agreement with the inelastic scattering result obtained for an energy of 43 MeV
(see figure 2). It has been suggested that the deformabilities decrease with increasing
projectile energies. Thus the discrepancy at 64.3 MeV can also be explained by the
fact that during the interaction time the alpha-particle sees only a few oscillations of
the nucleus (about 10 at 100 MeV), i.e. it does not see any stationary states at very
high projectile energies for nuclei in this mass region.

It must be emphasized here that the magnitude of the cross section depends not
only on the nuclear deformabilities §, but also on the details of the inelastic form
factor F(r) (see equation (35)).

The results of inelastic scattering processes determine the deformation parameters,
provided the collective model is valid. These parameters agree with the results
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obtained by other methods. The magnitude of the cross section is very sensitive to
changes of the form factor parameters. This is again an argument in favour of the
model. More detailed theoretical calculations and precise experimental data might
show whether the form factor chosen in equation (31) is correct. Deviations from this
expression are expected especially in the case of transitions between different single
particle states in odd-A4 nuclei.

The results of figure 1 show that the angular distributions of the one and two
phonon states are in phase, which is in accordance with the well-known phase rule?).
This rule states that for even values of Al the angular distribution is in phase, while
for odd values of Al it is out of phase. The conditions for the validity of this phase rule
are fulfilled for («, «') reactions at energies of about 40 MeV. It would be interesting to
check this phase rule experimentally also for energies of some 60 MeV. Recent
experiments!) have shown that the inelastic angular distributions with excitation of
states with spin 4+ in the nickel region disobey this phase rule. They were found to be
almost exactly out of phase with the 2+ distributions. This might be explained by
second order effects in the deformation, thus leading to a direct two-phonon excita-
tion of the 4+ state!?). Because the energy ratio for the 4+ and 2+ levels in Ni® is
different from 2, suggesting a breakdown of the vibrational model, an increasing
contribution of the direct two-phonon excitation results. This can be explained by the
fact that the first 4+ state includes some admixture of the state containing a single 4+
phonon. Therefore a comparison between experimental data and our theory should
include this direct excitation mechanism, too (see also section VI).

VI. Summary and Conclusions

A coupled channel theory of direct interactions in the WKB-approximation is
presented in this paper. The underlying basis of the used model is the adiabatic
approximation. In the case of excitation of vibrational states it is possible to obtain
exact results without the use of the adiabatic approximation. This is not the case for
rotational states.

It is possible to extract reasonably good values for the nuclear deformabilities 3
from the inelastic scattering data. The agreement between the values of § obtained in
this way with those derived from Coulomb excitation is satisfactory. This is an evi-
dence for the validity of the collective model. However, at very high projectile energies
further elaborate calculations are needed in order to be able to make definite state-
ments. A direct solution of the set of coupled ditferential equations might be done on a
fast computer. Such calculations have been carried out for the case of inelastic proton
scattering?®). Also numerical calculations with nonlocal operators in coordinate space
might be of interest, since this takes into account the energy dependence of the optical
potential at high projectile energies.

In the present treatment the inelastic scattering problem was solved only to first or-
der in the interaction. In particular terms of order 52 and higher were neglected. These
terms are associated with the second derivative of the interaction potential which
describes a direct two-phonon excitation of the 4+ state. Including this term the actual
angular distribution ot the 4+ state is then the combined result of both the multiple
and direct excitation. Provided only pure quadrupole vibrations are used for the
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description of higher collective states, the above mentioned admixture effect of the
state containing a single 4+ phonon must be included. This results in an apparently
increased contribution of the direct two-phonon mechanism over the multiple
mechanism.

Because of the sensitivity to interference between the various contributions,
the inelastic scattering of alpha-particles, together with the theory developed here
and the possible extensions, provide a very useful tool to study and interpret the
higher collective states.
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