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On the Clebsch-Gordan Series of Semisimple Lie Algebras

by N. Straumann

Institute for Theoretical Physics, University Zürich

(3. IX. 64)

Abstract. Starting from a formula of Steinberg, we derive a simple representation theorem
for the highest weights in the decomposition of a tensor product of irreducible modules into
irreducible constituents which is valid for arbitrary split semisimple Lie algebras (over a field of
characteristic 0). Furthermore we use the formula of Steinberg to evaluate the multiplicities of
the irreducible modules corresponding to these highest weights for special Lie algebras.

Introduction

In the physical literature, there exist quite a few papers about the Clebsch-Gordan
series of SUA)- But it seems that it has been overlooked that Steinberg2) has given
a formula for the decomposition of a tensor product of irreducible modules into
irreducible constituents which is valid for arbitrary split semisimple Lie algebras over
a field of characteristic 0. The formula of Steinberg expresses the multiplicities of the
irreducible constituents by a double sum over the Weyl group W. Hence to determine
the multiplicities, one only has to know the root system.

In § 1 we discuss briefly the formula of Steinberg. Starting from this formula, we

prove a general representation theorem for the highest weights in the decomposition
of the tensor product in § 2. With the help of this theorem, we can easily determine the
multiplicities of the irreducible modules corresponding to these highest weights for
special Lie algebras. This is carried out in § 3 for the algebras ^42, G2, and A3.

§ 1. The Formula of Steinberg

Let 501,4/ and 501^» be two finite dimensional irreducible modules with the highest
weights A' and A" of a finite dimensional semisimple Lie algebra £ over a field of
characteristic 0. Further we assume that £ has a splitting Cartan subalgebra § (the characteristic

roots of every adfh), h e jrj, arein the base field). If the base field is algebraically
closed, any finite dimensional Lie algebra is of course split.

The tensor product <$HAi ® 501^// is, according to a general theorem, completely
reducible (this is the case for arbitrary finite dimensional Lie algebras over a field of
characteristic 0). Let

mA- ® mA. © mA mA (i)
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be its decomposition into irreducible modules with the multiplicities mA, then the
formula of Steinberg reads

mA JJ det (S T) P IS fA' + Ô) + T fA" + ô)~fA + 2ô)]. (2)
S,TeW

The sum on the right hand side of (2) extends over the Weyl group W. This group is

finite and is generated by the reflections at the simple roots (hence det fST) + 1).
ô is one half of the sum of all positive roots : d 1/s Jf a. P [Af] is the number of

solutions of JT &a a Af, where the ka are non-negative integers. From this definition
a>0

follows that P [M] is different from zero only if Af is an integral linear function over
the Cartan algebra §*).

It is perhaps useful to see how one can immediately obtain from (2) the usual
Clebsch-Gordan series for the Lie algebra Ax. Let a be the only positive root; A a/2
is the fundamental dominant weight; ò a/2. The Weyl group consists simply of I
and Sa (Sa: reflection at the root a), i.e. W is the cyclic groupZ2. We putyl' m' A,

A" m" A, A m A; m, m!, m" non-negative integers. If we assume that m' > m",
then the only terms which contribute to the sum of the right hand side of (2) are
(S, T) (1, 1) and fS, T) (1, S). We obtain

_ f m'A-m" — m 1 _ [ m' —m" —m —2 1

mA P [ 2 - aj - P [ -2 aj

which means : mA 1 for m m' + m", m' + m" — 2, m' — m" and mA 0 in ail
other cases.

§ 2. A Representation Theorem for /1 in (1)

In this paragraph we prove the following
Theorem. The highest weights in (1) necessarily have the form

A A' + A" - Y Hj ocj

,,1
with non-negative integers n} and the simple system of roots n (olx, a2, a,)

Proof: To prove this theorem, we need the following

*) M is an integral linear function over § if M e §* (§* dual space of §>) has the property
M(hj) integer for i 1,2, I (I rank of £). Here the ht are those elements of the Cartan
algebra which belong to the set of canonical generators. They are defined in the following way:
Let n (otx, <Xj) be a simple system of roots with the characteristic property that every root

l
a. £ kj a,, (Xj e ti, where the kj are all either non-negative or non-positive integers. To every

i-l
linear function <Xj e §* we attribute the vector ha. e§ such that a.j(h) — (ha., h) for all h e§
(scalar product Killing form); then hf 2 Aa./(a-, otj). The integral linear functions form a

lattice with the fundamental dominant weights (defined by the property Xj(h,) <5; •) as a basis.
There is a 1 : 1 correspondence between the isomorphism classes of finite dimensional irreducible
modules for £ and the set of dominant integral linear functions of § (A dominant integral function
UA(h.)>0).
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Lemma. For S eW and S 4= I, è — S òis a non zero sum of distinct positive roots*).
This lemma can be found in 3). For reasons of completeness repeat the short proof :

Since the Weyl group simply permutes the roots, S ò ö — Uß, where the
summation is taken over the ß — S a > 0. If there would be no such ß, then
S a > 0 for all a. Then simple roots would be carried over into simple ones (compare
footnote pag. 57), i.e. S71 71. According to a well known theorem4), we could
conclude S I, contrary to hypothesis.

Since also the weights are simply permuted under the Weyl group, especially S A
is a weight if A is the highest weight (dominant integral linear function on §) of an
irreducible module. According to a well known theorem it can be represented as

1

S A A — JJ kj «.j with non-negative integers kj.
i-i

Hence, using the lemma, we get for S + I
S(A + ô)=A + d-2Jkj xj -fô-SÔ)=A + ô-2Jxj ol,

where the Xj are non-negative integers which do not vanish simultaneously.
The general argument of P in (3), which we simply denote with XST, is for

(S, T) + (1, 1) therefore of the form

XSiT A' + A"-A-ZwjKj-,
Wj non-negative integers, not all 0.

From this one easily concludes, that a necessary condition for mA + 0 is

P [A' + A" -A] +0. (4)

In order to translate this condition into an explicit form, we put

A' =£ms As, A" 2>I K, A=^msAs,
As; s—l,...l are the fundamental dominant weight (compare footnote pag. 57).
If we expand the As in terms of the simple roots, the condition Ajfh{) d{j immediately
shows that the expansion matrix is the inverse Cartan matrix, i. e.

^=2>Z; ,¦«,-, (5)

where

hence

A' + /1"

with

Def.

2^= (A)
(«,, a;) r (6)

-A=Z*jfZfA-%sAms),
s

A ms ms + ms — ms

ver the rationals with basis ax aj, we introduce the usual
ordering: a ZÀj ct{ > 0 if Ax Xh= 0, Xh+X > 0, h < /. a > ß if ot-ß > 0. The simple
roots then can not be written as a sum of positive roots.
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(4) requires that

£ {A-1)j, à tn, nJt
s

with non-negative « •. From this we get

ms m's + ml - £Asj n3 (7)

or

A=A'+A"~ZAsjnjXs
and with (5)

A A' + A"-Zn}Cj (8)

what we intended to prove.
We remark that not for every A of the form (8) (with A dominant) mA has to be

different from zero. Indeed, one easily finds counter examples. On the other hand, the
weight A Ä + A" always appears with multiplicity one. For practical purposes the
formula (7) is more useful. Of course, the nj are restricted by the condition

2JASJ tij < m[ m.

§ 3. Evaluation of Steinberg's Formula for Special Lie algebras

To decompose the tensor product (1), we can now, according to the theorem of
§ 2, restrict ourself to dominant weights A of the form (8). For the calculation of the
multiplicities mA, we have to know explicitly the As_ T, i. e. we have to determine
expressions of the type S fA + ô) fA highest weight, S eW).

We first derive a generally valid recursion formula which is useful for this purpose.
A reflection Sj at a simple root a; is given by

SjOj <xj - Ajj <x.j (9)

Now, the following equation holds : Sj ô ô — a.j. This is due to the fact that St a > 0

if a > 0, except for a a;, where of course Sj a,- — a; (compare 5)). Hence

2
a >o
a 4= ai

From this we get

Sjè= y JJ a - 2%j b-cf.j.
a >0
a 4= a{

Sj fA + S)= Tms {A-% Sj Xj + ô - «j

or with (9)

S, (A + Ô) A + ô - K + 1) a,. (10)

Now we put for S e TT

SfA + ô)-fA + ô) -2J<rJfS)xj
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then we get from (10) the following recursion formula

£oj (Sj S) xj [tn, + 1) Xj +£oj (S) xj -ZJoj (S) Ai} xt. (11)
i i 1

We turn now to special Lie algebras.

1. Example: A2

Let X] and a2 be the two simple roots for A 2. The Cartan matrix is

(^) (-l ~\)

mx
' i "

m± + m1 - (2 nx --<
Wj m'2 + m2 -(2»,--%v

(7) reads in this case

nx, n2 non-negative integers.
The Weyl group consists of the following six elements: W {1, Sx, S2, SXS2,

S]S2S], (SXS2)2}. The defining relation (beside S^ Sj= 1) is S2 fSxS2)2 Sx. We also
remark here that the Weyl group for Aj is isomorphic to the symmetric group S(+16).
With the help of the recursion formula (11), we obtain now for the multiplicities the
following explicit expression

^= E det(S,r)P[2;(»,-a;(S)-a;(T))af] (13)
S,TeW i

o'ifS) and a'-fS) can be read off in table 1 (substitute for mj in a{fS) respectively »,' and
ml).

Table 1

S ax(S) cr2(S)

1 0 0

A l-\-m1 0

7 0 lA-m2
o162 14-mj 2 A- mx A- m2
o1o2o1 2 + mx A- m2 2 A- mx A- m2
(SrS2)2 2A-m1A-m2 lA-m2

For concrete examples the sum in (13) is carried out immediately. We illustrate this
for the tensor product (1,1) ® (3,0). (For a more general example compare the appendix).

The possible w-values in (12) are: n (nx, n2) (3,2), (2,1), (2,0), (1,1), (1,0),
(0,0). For n (3,2) the following terms contribute in (13): (S, T) (1,1), (1, S2),

fSx, 1), (S2, 1), (Sj, S2) and one gets

mA(o,o) P [3xx + 2x2]- P [3xx + x2] - P [xx + 2 x2] -
- P [3 xx] + P [xx + x2] 3 - 2 - 2 - 1 + 2 0
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Still easier one sees that mAlfs^ 0 (corresponding to n (2,0)), while in all other
cases mA 1. Thus we get the well known decomposition

(1,1) ® (3,0) (1,1) © (3,0) © (2,2) © (4,1)

or

8 ® 10 8 © 10 © 27 © 35

2. Example: G2

3 1

From the Dynkin diagram : 7) 7) one can read off the Cartan matrix
a, a2

A - Z ~x
Aij-[-3 2

The Weyl group and a(fS) i 1, 2 are given in table 2. For low dimensional representations

only few terms contribute in (13).

Table 2

S ax(S) or2(S)10 0

sx K+i) o

S2 0 m2A-l
S2SX m1A-l 3 m1 A- m2 + 4
SAAt 3», + j»!|4 3 m1A-m2A-4
(S2SX)2 3m1 + m2 + 4 3 (2 mx A- m2 + 3)

Si(S2Sx)2 4m1-r2w2-r6 3 (2 mxA-m2A-3)
(SaS!)3 4m1 + 2m2 + 6 6w1 + 4m2+10
•Sif^5!)3 3m1 + 2m2A-5 6m1 + 4m24-10
(S2SJ4 3m1 + 2«2 + 5 3 mj + 3 w2 + 6

51(S2S1)4 H41 + m2 + 2 3t»[ + 3mj + 6

(S^j)5 S^ w1+m2 + 2 m2A-l

3. Example: A3

Because the Lie algebra A3 is possibly of physical interest, we give here the
explicit expressions for this example. From the Dynkin diagram

1

o-«1

i-a—
a2

l
-o

3-3

one obtains for the Cartan matrix

Ajj
/ 2 -1
-1 2

V 0 -1
-D
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(8) reads here

mx — m] + m] -f2nx
(2n2-

ms m3 + m3 — (2 n3 — n2)

The construction of the Weyl group from the reflections at the simple roots is here
somewhat tedious. Beside Sf 1, i 1, 2, 3, the defining relations of this group are:

S(13) S(31), S(121) S(212), S(232) S(323), where for example

S(231) S2 S3 S]

The different elements of the Weyl group and r/j(S) i — 1, 2, 3 are given in table 3.

For given n fnx, n2, n3) only those terms contribute of course to mA for which the
inequalities a'jfS) + a"fT) < «., j 1, 2, 3, are fulfilled. This condition restricts the
summation over the Weyl group in many cases to a few terms only.

Table 3

S °i(S) a2(S) o3(S)

1 0 0 0

A OTj+1 0 0

s2 0 m2A-1 0

s3 0 0 m3A-1
S(12) mxA m2A 2 m2A-1 0

5(21) mx+l mxA- m2A2 0

S(13) mxA-l 0 m3A 1

S(23) 0 m2 A- m3 A 2 m3A 1

S(32) 0 m2A-l m2A- m3+ 2

S(121) m1A-m2 + 2 mxA-m2A-2 0

S(123) mx + m2 + rrir.:+3 m2 A- ms A 2 m3A 1

S(231) mxA-l m1 + m2A- m.j + 3 m3A-l
S(132) m1A-m2 + 2 m2A-l m2 A- rn3 + 2

S(321) mxAl mxA-m2A-2 mxA-m2Am3A 3

S(232) 0 m2A-msA2 m2A-m3A-2
S(1231) mxA-rn2 + m3:+3 mxA-m2 + m.,+ 3 m3A-l
S(3121) mxA- m2 + 2 mxA-m2A-2 mxA-m2A-m3AS
S(1232) mxAm2 + ms:+3 m2 + m3A-2 m2 A m3 A- 2

S(2321) mxA-l mxA- m2A-m3A~ 3 mxAm2A-m3A-3
S(2312) m1 Am2 + 2 ««j-l-2 m2 + im3AA m2 A- m3 A- 2

S(12321) mxA-m2 + ma!+3 m1A-m2 + m..+ 3 mxA- m2A- m3A- 3

S(12312) mxA- m2 + m3A- 3 mx + 2 m2A-'im3A-A m2 A m3 A- 2

S(21321) m1A-m2A-2 mxA-2 m2AmsA-A mxA-m2A-m3A-3
S(123121) mx A-m2 + mi,+ 3 mxA-2 m2A-im3A-A mxA- m2A- m3+ 3

Final Remarks

In the derivation of Steinberg's formula, an explicit formula of Konstant7) for
the multiplicities nM of the weights Af in the irreducible module with highest weight
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/1 is essential fnM dimensionality of the weight space if Af is a weight, and nM 0
if M is not a weight). This formula too is very useful also for practical purposes.
Because Konstant's formula has not yet been used in the physical literature, we give
it here

-M -
S e W
£ det (S) P[SfA + ö)-(M + ô)]

With the earlier formulas, we can immediately evaluate the right hand side for special
Lie algebras. For a weight M A — £ nj &j we obtain

i-i
nM= 2JdetfS)P[Efni-aifS)xl)}

Se»' j

with the same tables for cTj(S).

Finally, we would like to remark that the algebraic theory of characters for Lie
algebras8) certainly gives simple formulae (which only contain the root system) for
the following problem : Let £' be a sub-algebra of £ and let be given an irreducible
module for £. This module is then completely reducible for £' (for semisimple £'). One

can now ask for the irreducible constituents with respect to £'. This question will be
discussed in a future paper.
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Appendix
To demonstrate the power of the method which we have presented in this paper,

we show in detail how one can immediately decompose the tensor product fmx, m2) ®
(1,1) of a general irreducible representation fmx, m2) of ^42 with the eightdimensional
representation (1,1). The possible «-values in (12) are« fnx,n2) (0,0), (0,1), (1,0), (1,1),
(1,2), (2,1), (2,2), (2,3), (2,4) If both mx, m2> lit is easy to see from table 1, that
for the above first seven «'s only the following term contribute in (13) : (S, T)
(1,1), (1, Sx), (1, S2). Furthermore, the corresponding multiplicities are respectively:

m P[0], P[a2], P[xx], P[xx + a2], P[xx + 2 a2] -
- P[xf, P[2 xx + x2] - P[x2], P[2 xx + 2 aJ - P[xx] - P[x2]

i.e. mA= 1 except for n (1,1), where mA 2. But these seven irreducible constituents

give the complete decomposition as one can see for instance by comparing the
dimensions. We remember that the dimension of an irreducible module lMA(/lliftl)
with the highest weight A fptx, pt2) is given by

dim WA(ftulJt) fptx+l)ffi2+l) [l-f JH + 1H

2
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The special cases where mx and m2 axe not both larger than one are easily discussed.
For example, in the case « (1,1), we get for fmx, m2) + (0,0) mA P [x] + a2] 2.

If % 0, m2 + 0 one obtains mA P[xx + x2] — P [x2] 1; the same holds for
mx + 0, m2 0, while for mx m2 0 we get mA 0.

Thus we have the following result :

K, m2) ® (1,1) (1) © (2) © - - - © (7)

where

(1)

(2)

(3)

(4)

(5)

(6)

(7)

m.

2, m2 — 1) with mA

1, m2 — 1) with mA

0, except for m2 0

0, except for mx or w2 0

wx — 2, ra2 + 1) with mA 0, except for mx 0,1

mx + 1, m2+ 1) with mA 0.

>«! — 1, w2 + 2) with mA 0, except for mx 0

mx+ 1, m2 — 2) with w^ 0, except for w2 0,1

mx, m2) with w^ 2 for fmx, m2) + (0,0)

m a 1 for H»! 0, m2 + 0 or mx + 0, m2 0

mA 0 for mx m2 0
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