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Scattering Theory for Relativistic Particles %))

by F. Coester

Argonne National Laboratory, Argonne, 1llinois

(29. V. 64)

Relativistic particle quantum mechanics is a possible alternative to quantum field theory on
the one hand and analytic S-matrix theory on the other. The scattering theory for one or several
two-particle channels can be formulated in the rest frame of the center of mass along the same lines
as the nonrelativistic scattering theory. The existence and completeness of the scattering states,
their asymptotic properties, and the Lorentz invariance of the S operator follow from known
mathematical theorems. To be consistent, a multiparticle theory must satisfy the following
requirements. (1) The interaction of two particles should be the same when they are alone or when
other particles are present at a large distance. (2) Since a particle system may break up into two or
more noninteracting clusters, the dynamical description of the entire system must also contain the
correct Lorentz-invariant description of each of the clusters. These requirements have been
satisfied for three-particle systems.

I. Introduction

In relativistic field theories, the requirements of relativistic invariance impose
potent restrictions on the equations of motion. That is a great virtue since one desires
no arbitrary functions and few parameters in a ,fundamental’ theory of ,elementary’
particles. On the other hand, these restrictions may be so strong as to rule out all non-
trivial theories, i.e., theories in which the scattering operator differs from the identity.

In particle dynamics without external fields, the restrictions are much less severe.
At any rate, one may inquire whether conditions habitually imposed are really
necessary or whether they are perhaps the result of unfounded prejudice. At least we
must require that Lorentz transformations are represented by unitary operators in the
Hilbert space of the states of the system. The irreducible unitary representations of
the inhomogeneous Lorentz group are well known®)1). They are specified by the mass
M and the spin j. The elements of the representation space $,,; are square-integrable
functions y (p, j5, ) where p is the momentum, 7, is a component of the spin,and %
stands for all other variables that may be necessary for a complete description. The
norm of y is

Htz:fdP'Z;.Z!x(p, far M2 - (1)

Js=—1 1%

3) Work performed under the auspices of the U.S. Atomic Energy Commission.

b) In 1947 I suggested to Professor STUECKELBERG in a casual conversation to formulate
relativistic particle dynamics in the rest frame of the center of mass. His immediate reply was:
«Obviously you can do this for two particles, but how do you propose to make sense for three
particles ?» It is a pleasure to dedicate this paper to his 60th birthday.

¢) Only the positive-mass representations will be of interest to us.
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General reducible representations are direct integrals of irreducible representations

§=2 fdG(M) Do - (2)
@7 D
The elements of the representation space § are square-integrable functions y (p, M,
7, 73, ;) with the norm

+7 )
1212 = [ dp [ do0n) 3 3] 3|l M. fo o )P 6

7 js=—7m

The Hilbert space § is therefore a tensor product

H=H®9,, (4)

where §, is the space of the square-integrable functions y.(p) and the ‘little Hilbert
space’ b is the representation space of the little group. The elements of f) are square-
integrable functions ¢ (M, 7, 75, 7). The dynamical description of the relative motion
of the particles may be formulated in the little Hilbert space. Invariance under the
little group is only a very weak restriction on possible interactions. Relativistic
invariance alone is thus a rather weak requirement. Much stronger restrictions come
from the asymptotic conditions to be discussed below.

EppincTon?) first pointed out that one may specify interactions between particles
in terms of the relative coordinates in the rest frame of the center of mass. This frame
is physically distinguished and the interactions are not restricted by relativistic
requirements. The description of the particle system in any other Lorentz frame is
then obtained by applying a Lorentz transformation to the entire system. The
resulting theory is Lorentz invariant, but it is not satisfactory. The objections which
were pointed out quickly by Dirac, PEIERLS, and PRYCE3) may be paraphrased as
follows. The interaction of two particles should be the same when they are alone or
when other particles are present at a large distance. A particle system may break up
into two or more noninteracting clusters. The dynamical description of the entire
system must also contain the correct Lorentz-invariant description of each of the
clusters. BAkAMJIAN and THoMAS%) have given a mathematical formulation of
relativistic particle dynamics without regard to this problem. FoLpy3) has clearly
formulated the problem and attempted a solution, but without success. The assump-
tion that the individual particle coordinates are observable at all times leads to the
requirement that they form invariant world lines. CURRIE, JORDAN, and SUDARSHAN &
have shown that for two particles this requirement excludes any interaction?).

In a quantum theory of strongly interacting particles, it is reasonable to follow
HEISENBERG?®) and assert that the only observables are S-matrix elements and the
masses and dynamical variables of free particles. The observable initial and final states
of any scattering process are ““free-particle states”, that is they are vectorsin a Hilbert
space §),which is constructed by forming tensor products of single-particle spaces and
direct sums of such tensor products. The single-particle spaces are representation
spaces of irreducible representations of the inhomogeneous Lorentz group. Lorentz
transformations on the tensor product are defined by taking the tensor product of the

d) This result has been extended to three particles by J. T. Cannon and T. F. JorDANT?).
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corresponding irreducible representations. The realizations of the ten generators of the
inhomogeneous Lorentz group are then additive in the individual particles. The S
operator js a Lorentz invariant unitary mapping of this space onto itself. A single-
particle state is left unchanged by the operator S. In addition, S must satisfy certain
asymptotic conditions®) corresponding to the physical requirement that there shall
be no scattering for infinite impact parameters. More generally, if a multiparticle
system is spatially separated into two subsystems, the S operator must decompose
into the tensor product of the separately Lorentz-invariant S operators for the two
clusters?). This requirement, formulated as a limiting condition in the sense of strong
operator convergence?®), is

s-limexp (i p'a) Sexp(—ip'a)=S5S®S5", (5)

la] —00

where p’ is the total momentum of a subsystem of particles?). The strong limit (5)
follows from the weak convergence since

||S P2y X

1S ® S" x| =]« -

for all @ and

Since we want to discuss a dynamical theory in which S is a derived quantity, we
describe briefly the relevant features of ordinary quantum mechanics. States of the
system of interacting particles are vectors y in a Hilbert space §. The generator of the
time displacements (Hamiltonian) is known as a function of a complete set of operators.
The time dependence of any state is then given by

p(t) = e (0). | (6)

The knowledge of the one-particle eigenstates of H for both elementary and composite
particles provides us with an isometric mapping of the one-particle subspaces of .
onto subspaces of §. Tensor products and sums of these mappings give a mapping @
of §,into §. This mapping is needed to formulate the initial conditions for a scattering
process. A scattering state y(f) is by definition a state which for { - — co approaches
a state of noninteracting particles, i.e.,

lim ||p(f) — D g~ et x||=0, (7)
where -0

() = e " y(0), (8)

€) Within the framework of axiomatic field theory, spatial asymptotic conditions have been
formulated by Haag®) and RUELLE). -

f) The importance of multiparticle scattering in a consistent S-matrix theory was first
emphasized by E. C. G. STUECKELBERG in a series of seminar lectures in 1945.

8) The cluster decomposition property of the S operator has been formulated by WicaMaN and
CuricHTON!1) as a weak operator limit.

h) For the sake of simplicity we assume here and in the following that the particles are
distinguishable. Identical particles can always be treated by projecting out the symmetric or anti-
symmetric states.
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and y € ;. The operator H,is the energy of the noninteracting particles. The existence
of the limit (7) for every y implies the strong operator limit
Q_ = s-lim &% @ g~ ot (9)

f——00

The S matrix is defined by
Sfa - hm (@ 8“1Hut Xf> ’tpa(t))

t—+00
= 1 10
where (%f’ Q.70 Xa) » (10)
Q. = s-lim & @ gt (11)
t——+400

The operators 2, and £_ are generalized Moller operators. The S operator is then

S=0.70_ . (12)

It is unitary if the operator 2, are complete, i.e., if 2, and £2_ have equal ranges.

In the simplest case, that in which all observed particles are elementary, the
operator algebras in § and §, are isomorphic. The vectors y and @y may then be
represented by the same wave functions. It is then convenient to follow the usual
practice of identifying §,and § with @ = 1. For rearrangement collosions this pos-
sibility does not exist.

In ordinary quantum mechanics the dynamical variables operating in § are
supposed to be observables. In an S-matrix theory this assumption disappears.
Assumptions about the operators operating on § are primarily a matter of con-
venience. Their real content lies only in their consequences for S. In fact, a large
equivalence class of Hamiltonians produces the same operator S12). Let 5 be any
unitary operator satisfying the condition

s-im (5 — 1) @ ¢t — 0, (13)
t—4 oo
Then the Hamiltoni
en the Hamiltonian H _5tHE (14)

produces the same S operator as H since

s-lim 't @ g~ Hot — E1 0
t— 4+ o0

% - (15)

In relativistic field theory, the operators in § are the basic fields which may or
may not have simple relations to the observed particles. In any relativistic theory we
must have a representation of the inhomogeneous Lorentz group U(a, A) in § such

that
: Ula, A) = Q_ Uy(a, A) 0.1 (16)
Q,Uya, A) Q1 =0_Uya, A) Q, (17)

and

where Upg(a, A) is the group representation in £, A homogeneous Lorentz trans-
formation is labeled by A, a space-time translation by a. Corresponding to the equiva-

lence class of Hamiltonians generated by the operators = there is also an equiva-
lence class of representations U(a, A). The relation (17) guarantees the invariance of
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the S operator?). The S operator has the cluster property (5) is the Mgller operators
£, have this property, i.e., if

s-lim (2, — Q, @ Q)2 *=0. (18)

|a]| —oo

Equation (5) follows from Equation (18) since
S5—8@5"=010Q_ -0 02 )+, -2 020, Q" (19)

and (S — 5" x 5”) exp ¢ p" @ vanishes strongly if it vanishes weakly.

The purpose of the present paper is to explore a scheme in which the dynamical
variables operating on § are those of a finite number of particles, in particular the
case in which they are isomorphic to the observables in §).. The operator £, may be
constructed from assumed explicit expressions for the generators of the representation
U. To do this for just two particles is almost trivial on its face. Explicit expressions
for the generators are well known4)1%). The scattering problem may be formulated
and solved in the rest frame of the center of mass!3). The resulting S operator is
manifestly invariant by construction. The only nontrivial problem is a mathematically
rigorous proof of the existence of the Mgller operators £ and their asymptotic
properties under suitable assumptions about the interaction term in the rest energy.
Relevant theorems have been proved by several authorsi6-23). If the interaction
energy is an operator of rank one, then the Mgller operator can be obtained explicitly
in closed form?2?*). For spinless particles, JORDAN, MACFARLANE, and SUDARSHAN 25)
exhibit this particular Moller operator and verify by direct calculation that it is
unitary and satisfies the required asymptotic conditions.

For more than two particles, the separability requirement of FoLDY?) presents a
major difficulty. We exhibit a class of three-particle systems with the correct cluster
structure. The kinematics of relativistic two-body systems has been thoroughly in-
vestigated by Joos?26) and MACFARLANE?7). The kinematics of the two noninteracting
clusters is in essence the same as for two particles. In Sec. II, the pertinent information
will be reviewed without proof and a convenient notation will be introduced. The
scattering theory for two-body systems is discussed in Sec. III. In that section we
assemble the mathematical machinery which will allow us to treat three-particle
scattering in Sec. IV.

Most of our discussions will be concerned with single-channel scattering, i.e., the
same pé\rticles appear in the initial and final states. The simplest many-channel
systems are those for which the Hilbert space is the direct sum of several n-particle
spaces for different numbers and species of particles with possible transitions between
channels. The extension of our theory to such systems is straightforward and will be
discussed briefly. Multichannel scattering by composite particles involves additional
problems which will not be considered in this paper.

As a result we have a scheme for constructing unitary Lorentz-invariant S
operators with the correct cluster structure from self-adjoint interaction operators.
The latter are as arbitrary as the Hamiltonians in low-energy nuclear theory; for a

1) FoNGg and SucHER3) show that it is casy to construct Hamiltonians such that Moller
operators 2 exist but Equation (17) is not satisfied.
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physical theory, a concrete proposal for a description of real systems is needed. Such
attemps are beyond the scope of the present paper.

I1. Kinematics of Particle Systems

The generators of the inhomogeneous Lorentz group are the space translation P,
the time displacement H, the space rotations J, and the proper Lorentz transfor-
mations K. Their commutation relations, with ¢ = % = 1, are

(P, P =[P, H]=[];, H =0,
/i, 4;] ZizgijkAk: (20)
%
where A; is the j component of any 3-vector, i.e., J;, P;, or K;; and
(K, Kj] = — izgijk Ji s
%
H,K;] =—1iP;, P, K]=—10;; H. (21)

In the space of the square-integrable functions y(p, M, j, 75, ) [see Equation (3)], the
generators are realized by

P=p, H=(p+M)"=p,

J=xxp+j, (22)
K= (sH+Hx) —(jx p)(M+ H,
where 9
xk =1 m (23)

and p = | p|. The four vector (p,, p) will be denoted by p and p% = — M2. For
practical purposes it is more convenient to define dynamical variables and then find
the generators as functions of these variables than to follow the more common
procedure of defining dynamical variables as functions of the generators. For a single
elementary system M, j and  are fixed numbers. In general we may parameterize the
little Hilbert space by any set of commuting operators that also commute with «
and p. In place of M we have then an operator # which commutes with p, %, and j.
Any operator A4 is invariant if and only if it commutes with p, «, j, and 4. We note
that the spin j is invariant under translations and Lorentz transformations in the
direction of p. According to WIGNER?), any homogeneous Lorentz transformation A
may be decomposed as

A= B@E)RG, A B (B), | (24)
where p’ = Ap, and B(p) is a special Lorentz transformation defined by
Binld) = du + Ll (M 4 py), i h=1,2,3 (25)
M2 = — I52 ,

gL =1te. (26)
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It is designed such that

B(p) (M, 0,0,0) = (27)

R(p, A) is a rotation defined by Equation (24). We have then
U'(B3)Jj U(BB) =7, (28)
UA)j UA) = RB, A)j - 29)

For two noninteracting systems, we have the operators p*, «@, j® and A® for
each system and the Lorentz generators are additive in the two systems. We wish to
write the generators of the combined system again in the canonical form. The opera-
tors that parameterize the little Hilbert space must commute with PK. The
individual spins ¥ and j® do not have this property.

Let $ be the total momentum

A — H0) L H@) 30
We define P=pP0+7 (30
1

k=2 Bi(E) (B — O) (31)
as the relative momentum in the rest frame of the center of mass. The channel spin s

is defined by s = U(B()) [j© 1 jo Uf(ﬁ(fg))
. g{(ﬁ(n’ B1P)) O + R(D, B1(p)) J®. (32)

The spin of the combined system is then

where vy, = 70/0k,. The spin j is the sum of the intrinsic orbital angular momentum
and the channel spin.

The transformation coefficients between the p®, p@, 4@ ;01 70 52 represen-
tation and the p, k, jV, j@ s, s, representatlon are closely related to the Clebsch-
Gordan coefficients of the 1nh0mogene0us Lorentz group (20, 21). We have

b(P, k, [V, 1, 5, 33)
_/ dpmfdp(2)22 Dk, s, 55 |C(JO, 1@)| pO, pB), 7D, 5,@)
I

X q)(p(l), P(z)J jm’ 7.3(1): ?.(2)1 7.3(2)) ’ (34)

where T
(P, ks, |C (1" P, p",m', m")
= (po [ po po)28(p — p' — p") Sk — q (B, $"))
272G i m m" | s ) Dl e (R) Dl () (35)
q(p', p") = ; B3 (B —p"), R=RG, D),
R, = R(p", B71(P)),
and

w—l - (kZ + M’2)-—1[2 + (k2 -+ M”2)—1}2
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The coefficients (7' 7 m’” m" | s y) are the ordinary Clebsch-Gordan coefficients for the
addition of angular momenta. The transformation from a k, s, s; representation to a
k, I, s, 4, j5 representation is obviously given by

2(1 S M Sg ] 173) Yim (0, @)*, (36)

m

where ¢ and ¢ are the polar angles of k.

If there are more than two independent systems, the little Hilbert space may be
parameterized by combining them successively. The resultant choice of variables
depends, of course, on the order of the coupling. Representations corresponding to
different coupling orders are related by Lorentz-invariant recoupling coefficients.

The commutation rules of the generators are preserved as long as the rest energy 4
1s any operator that commutes with p, &, and j. The conditions that the scattering
theory imposes on the operator % will be discussed in the following sections.

III. Two-Body Scattering

The mathematical formulation of the scattering problem in the rest frame of the
center of mass is qualitatively the same as for the familiar nonrelativistic theory 28).
Most of the formal developments??)3%) can be taken over without change. Existence
proofs that rely specifically on the nonrelativistic momentum dependence of the kinetic
energy3!)3%) are not applicable without modification. Directly relevant existence
theorems have been proved by several authors®-23). The sufficient conditions of
KaT10’) include those of all others.

We identify the Hilbert spaces $,and §. According to (9) and (11) with @ =1

we have, .
Ve .(H, Hy)) = s-lim g%t g~ et | (37)

t—>+o0

where H = (p2 + h2)'® and H, = (p2 + 43)"®. The operators % and 7, are the rest-
energy operators with and without interaction.

A consistent relativistic scattering theory depends on the following fundamental
theorem.

Theorem 1. If the Moller operators

Q. (h, hy) = s-lim T g iheT (38) .
7—>100
and . .
Q. (g, h) = s-lim "™ ¢~ " (39)
T—>+4 00

exist, then the strong limits Q2,.(H, H,), 2+(H,, H) exist also and
Q.(H, Hy) = Q.(h, hy) (40)

Qu(Hoy, H) = Qulho 1) . (#1)

J) See theorem 2 of reference 23).
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Proof: Consider s and %, as operators on the little Hilbert space ) and define

Hy(p) = (p® + g2, (42)
H'(p) = (p* + W*)1® (43)
for fixed p. According to KaTto (theorems 1 and 2 of ref. 23)), we have

Qﬂ:(H,: H{')) = Qi(hw h’O) ’ (44)
Qu(Ho, H') = Qu(hg, 1) . (45)

Theorem 1 follows from (44), (45) and Lebesgue’s bounded convergence theorem.
We assume that v = 4 — 4, is an integral operator in the space of the square-
integrable functions of k, and that v may be written in the form

v=ITT (46)

such that #2(k | ' I'"| k) and k2 (k| "' I' | k) are smooth bounded functions of %
that vanish as %2 at the origin. These assumptions are sufficient for the existence of
the limits Q4 (h, hy) and 2.(hy, ). If I' and I' are Schmidt-class operators [i.e.,
Tr(I' I") < o0], then v is by definition of trace class¥). The existence of the Mgller
operators is then assured '8)17). The operators I'(k, + #)~* and I'(hy + ¢)~1 are always
of Schmidt class under our assumptions; Kuropa’s sufficient conditions?!®) are there-
fore satisfied.

We proceed to review the consequences of the existence of the limits Q.(A, A,).
If a function f(¢) has an integrable derivative, then

+oo
IMfw=ﬂ®+fﬁ%n (47)

t—+400

The existence of the limit on the right-hand side is necessary and sufficient for the
existence of the limit on the left-hand side. From the existence of the limit, it follows
that af
hog =<0, (48)
t—+ 00
It is easy to generalize these relations to operators and strong limits!).
From Equation (47) it follows that

400
Q.=1+ zf dt ety g7t (49)
0
From Equation (48) it follows that™)
h .Qj: = .Q:t h’O » (50)
and therefore s.lim ¢t @, ¢t = 1. (51)
t—+400

k) A good summary of the definition and simple properties of trace-class operators can be
found in reference 33). For proofs and more extensive material, see reference 34).

1) Or see references %) and 39). '

m) Strictly speaking, Equation (50) means that 2 Q2. f = Q. h, f for all fin the domain of &,.
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From Equations (51), (47), and (50), one gets the Lippman-Schwinger equation

+ o0

o A z'fdt gl y Q, ekt (52)
0
In the same manner, for the S operator we obtain
+o0
S=1—i[dtehtv e, (53)
and hence P ) / u
S=1- z'fdt ettty (1 — z'fdt’ ety e“"h"")e""h"
! n -
=14 f dt &t f T(M) dPy(M) ¢~ (54)
where d Py(M) is the spectral projection of %, and
TM)=limv+v(M—h+ieto. (55)
e—>Q

We assume that the operator
KyM)=UmI'(M — hy Tie) " (56)
£—>0

is completely continuous and find (35)
T(M)=T'1-K_(M)) I, (57)
v Qu= [ I'(1 — Ko (M))' T"dPy(M) . (58)

In the nonrelativistic theory in which
1
ho= My, + M, + z_kz(Mfl‘i‘Mzgl) (59)

and v is a local potential, Equation (50) leads to a set of ordinary differential equations
for the scattering wave functions. Phase shifts can be easily computed by solving
these equations numerically. For relativistic 4,, the simplicity of differential equations
is not available and local potentials have no mathematical advantage over nonlocal
interactions. For the computations of scattering amplitudes, algebraic techniques are
available3%).

By definition £2.(k, #,) commutes with p, x, and j. From (50), it follows that the

operator
Fei S—0.10.

commutes with 4,. The operator S is therefore Lorentz invariant. It is unitary if the
ranges of 2, and £2_ are the same. This property is assured since the limits £2.(4,, &)
as well as Q.(h, k) exist??).

An obvious extension is the case of several coupled two-body channels where all
particles are elementary. The Hilbert space is then the direct sum of several two-

particle spaces, i.e.,
@
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The description of the free particles in each channel is the same as before, namely
hy = 2 Ry - (61)

The interaction operator couples different channels, i.e., v > v,,- ").
For two coupled channels, we may write

h:h1+h2+vl (62)

such that §, reduces %, and »’ has no diagonal elements in either channel. Let ¢,
and ¢, be states in channels 1 and 2, respectively. We have then

(¢27 S ¢1) = = ’I:(qsz, [dt 6'ik02t QZ+T g QA gikolt ¢1> , (63)
£oo
where ) ;
Q. = lim g2 g—*ho27 | (64)
T—>X
In deriving Equation (63) from Equation (12), we have used the transitivity of the
Mgller operator??), i.e.,

Qx(h, ho) = Lu(h, by + ho) Ll + o, o) - (63)

A two-body system coupled to other channels of arbitrary complexity may be
described by an energy-dependent effective interaction which is the analogue of the
optical-model potential in the theory of nuclear reactions®).

The states of the system are now vectors in a big Hilbert space

H=9'0 9", (66)

where §° is the space of the two-particle states. All initial and final states of interest
are in §° The decomposition (66) reduces the operator A, such that

0 ’
hy = hy+ by . (67)
The interaction v consists of two terms, i.e.,
v=v"+19", (68)
where . ‘
¢ =0 if ¢’ €9’ (69)

and the range of ¢%is in §°. The coupling term v" maps vectors in §° into vectors in §’
and vice versa. The Mgller operators {2, are now partial isometries which map $° into
part of §, i.e.,

Qid= Lm " e 74 (70)

T—4 00

1) As an example, one might investigate the 3/2+ meson-baryon resonances by assuming a
simple SU,-invariant interaction. The results of such an investigation should be very similar to
those obtained by WaL1 and WaRrNok?6).

©) See, for instance, reference 7).

2 H.P. A. 38, 1 (1965)
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for ¢ € H°. Let A be the projection operator that projects into H°. Only A vQ. A is of
interest [see Equation (53)]; and since

U‘Qi:QikO-—hOQi, (71)

it is sufficient to consider A 2, A = Q% and Q', = (1 — A) 2. A. From Equation (52)
it follows that

+00 )
@, =i [aretory @ oo (72)
0
- s-lirnf(M — hy 4 ie) v Q0 dPy(M)
E—0
and -
2 =i+ ifdr ¢ (0 Qy + v Q) emih0T (73)
0
After substituting Equation (72) into (73), we have
+ 00
B =1+ [drenrTgh oo, (74)
. 0
where the effective interaction v is defined by
v Q% =v Qi+ lim [ V(M — hy £ ie)" v 2 dP(M) . (75)
£—0

From (70) and (71) one obtains

_ Q% = [[1+ (M — hy— v(M) 4 1 8)t o(M)] dPy(M) , (76)
with o(M) = lim A(v + v' (M — hy 4 £ &)1 v') A; (77)
e—0

and therefore [see Equation (55)]
T(M) = lim o(M) + v(M) (M — hy — v(M) + i e)1o(M). (78)

e—(
The coupling to the space §" has thus been eliminated. It manifests itself in the effec-
tive interaction v. The operator v is Hermitian if M is not in the spectrum of .
For two-body scattering, the cluster condition (5) is simply

s-lim (S — 1) exp (z pP a) =0. (79)
|a]|— o0
We note that .
pYa=rka — )k + M (80)

where
We have therefore

exp (1 pW a) Sexp (— i pV a) = F¥ Se ke (81)
and the condition (79) is equivalent to

s-lim (S — 1) ¢**=0. (82)

la|—o0
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Since
S—1-01@ -0, (83)
it will be sufficient to prove
s-lim (2. — 1) %% =0. (84)
la|—o0

The relation (84) has been proved by Cooxk?3®) for nonrelativistic scattering by local
potentials. For the proof of Equation (84), we need the following lemma.
Lemma 7: Let

v= 3T, (85)
a=1

where I', and I", have the same properties as " and I" in Equation (46) and

Q. = s-lim g0t g=ihoT (86)
Then for every ¢ €l T—>400
+oo _ ] +oo _ ,
@ =gl 4 (T ae |F, e o) (3 11, 2 meg). o0
Y B0

Proof of Lemma 1: Since 2.7 2, = 1, we have

(£ —1) ¢||2= (4, (1 — 24) 8) + (&, (1 — L22) )*; (88)

and from Equation (52) it follows that
==iol) 3 i =
(@ = 1 glf 4| (] a5 5070 @y g ). 89
0

The lemma follows from (89) by Schwarz’s inequality.

To prove Equation (84), we insert ¢ — ¢**¥ ¢ ¢ into Equation (87): There is a dense
set of functions ¢(k) such that for each ¢ the second factor remains bounded and the
first tends to zero as a - co. We note that

. : . 0 -
ika __ ikaz __ 1 ikaz
¢rt =" = (Tka)t 5 &7, (90)

— 1 < 2 <<+ 1, and integrate by parts. The functions ¢(%) shall be smooth functions
that vanish if the vector k is either parallel or antiparallel to a, i.e., 2 = 4 1. Thus

Loc
/d'c H Fa g—ihoT gika ¢H2
0

<7 f dk f dk'(k 1)1 8(0 — o) o O, g (&) (& | T, T, | B) (k)
< const, a2, (91)

where w = (B + Mi)m + (k2 + MZ)W.
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IV. Three-Particle Scattering

In practice, the multiparticle scattering amplitudes of interest are those for
two particles in the initial state and » particles in the final state. The cluster properties
that the S matrix must have as a matter of principle are best studied by considering
scattering amplitudes for » particles in both the initial and final state. The Mgller
operators for n-body scattering are needed in any case to correctly describe the final-
state interactions in a channel in which they are produced. Equation (63) is still valid
if channel 2 is an #-particle channel.

The kinematical complexities increase rapidly with particle number. That must be
expected since even in nonrelativistic mechanics there is no very simple way to elimi-
nate the center of mass from the dynamical variables. We shall therefore discuss only
threebody systems. Throughout this section it is assumed that the interactions do not
produce bound states.

The variables of a [(12)3] coupling scheme of a three-particle system are defined as
follows. The total momentum is

F= B0 10 . 92
The total momentum of the (12) cluster is
U2 — U 4 @) (93)
The relative momentum of the (12) cluster is
R1% = - B (30Y) (G0 — 3. (94
By Equation (32), the channel spin of the (12) cluster is
S49 — B, BT (F02)) JO + RGP, p G0 7. (95)
The spin of the (12) cluster is
FAD — 92 5 g2 4 502 (96)
The relative momentum of the particle 3 and the (12) cluster is
ks = B71(P) (PP — p02) . (97)
The rest energy of the noninteracting system is
ho = (k24 13 (L 2) )2 + (B2 -+ M3)12, (98)
where o (12) = (R02° - D22 4 (4122 1 gy, (99

The next task is to modify %, — % such that we have a theory of interacting particles.
The existence of Mgller operators and a unitary Lorentz-invariant S operator is no
longer sufficient for a satisfactory theory. We must recover the Lorentz-invariant
two-body theory in the limit in which the third particle is removed..

An interaction operator v = & — A, that satisfies Kuroda’s conditions for the
existence of 24 (k, /,) vanishes if any of the three particles is removed to infinity, i.e.,

s-limvexp (z p¥Va) =0, (100)

a— 00
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7 =1, 2, 3, From this it follows that
s-lim (24 — 1) exp (¢ pYVa) = 0. (101)

a—> 00
Equation (101) can be proved in the same manner as Equation (84). For such three-
body interactions there is no scattering if any one of the three particles is far away.
More instructive is the special case in which particles 1 and 2 interact and there is
no interaction with particle 3. In that case we have

h= (K2 + k2 (12))42 4 (2 + M2 (102)
and
M12) =hy(12)+v(12). (103)
A satisfactory theory must fulfill the requirement that
Q. (h, hg) = 24(h(1 2), (1 2)) = 2,02, (104)

Equation (104) does indeed hold as a consequence of theorem 1. The cluster conditions
for S are therefore satisfied. Our results would be the same for any number of addi-
tional noninteracting particles.

Define now a two-body interaction V(12) in the rest frame of the three-particle
system by the relation

V(12) = {&3 + [hy(12) + v(1 2)]2}42 — (k2 4 K2(1 2))2. (105)

Similar definitions hold for any pair of particles so that the full rest-energy operator
of the three-particle system is

= 1
with h=hy+v, (106)

v=V(12) +V(13)+V(23). (107)

KATO’s proof?3) of the existence and completeness of the Maller operators 2.(, )
is based on the assumption that ¢(%) — ¢(%,) is of trace class for some suitable mono-
tonic function ¢. That assumption is not valid for multiparticle Hamiltonians of the
form (106) even in the non-relativistic case?). Inspection of the proofs of KaT017)23)
and Kurona1®) indicates that it should be possible to extend them in such a manner
that they cover multiparticle scattering if the two-body interactions guarantee the exi-
stence of two-body Mgller operators. Along these lines, the existence of £2. is obviously
easler to prove than the completeness. Since according to Equation (49)

4o
1@ = 1) gll = || [ doe™oeom g
0

+oo
< %zk’/ dt || V(i k) e~ g, (108)

it 1s sufficient to prove the convergence of the integral in Equation (108) for a dense
set of vectors ¢. For two-body interactions of the form considered in Sec. III, there

p) For nonrelativistic three-body scattering, FADEEV?®?) has given a proof of the existence and
completeness of the Mgller operators.
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is a suitable dense set of smooth functions of the momenta for which the convergence
of the integral can be proved by partial integration.

The following theorem due to PROSSER?*?) establishes the existence and unitarity
of £2. for certain multiparticle systems.

Theorem 2: Let hyand v be self-adjoint operators. Assume that the operator v may
be written in the form

v=3'T'T,, (109)
a=1

where I', and I", are bounded operators such that for each ¢ in the domain of %,

[T e Tt §|| < K,pla) (18] (110)
where K 4(7) is independent of ¢ and
-L-oo

%‘ ] Kut) =5 <1. (111)

—00

Then the strong limits 2.(A, 4,) exist and are unitary.

Prosser proves this theorem for # = 1. Our generalization » > 1 does not require
any changes in the course of his proof. It is this generalization, however, that makes
the theorem useful for multiparticle systems.

The cluster property of Maller operators may be demonstrated as follows. Since 1%)

Qu(h, hy) = Qu(h, hy + V(1 2)) Qi(hy + V(1 2), hy), (112)
we use Equation (104) to derive the inequality
(@ — 2.0%) g[|¢ = [[(2, — 1) 209 |2 (113)
< 4 (024, (2, — 1) 2,02 $]2,
where Q, = Qu(h by + V(12). (114)
From

+o0
“Q;E 1 ifdv: 0+ V(1 2)7 (VA 3) + V(23)) Q’i g—ithotva2)r (115)
0

(hy +V(12)) 2,09 =0, p,, (116)

and Schwarz’s inequality, it follows that

+oo
(s — 0.09) g||* < 4]65,([;]‘113 0,02 g=hT 112 4 || [,y 0,09 g—ik07 g |2)
0

+ 00
x [ (| Ty Qe §12 4 |[Tg 2160 1) (117)
0

From the inequality (117) we can prove the asymptotic condition

s-lim (24 — Q.02) gke =0

a—00
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by the same arguments that were used to establish the asymptotic condition (84).

R.

Part of this paper has benefited greatly from unpublished lecture notes by
Haac. I wish to thank R. Haac and H. EKsTEIN for many long discussions and

critical comments on the subject of this paper.

D ot e W e

o =3

e b e R e e R e
© 0 1 O ke @ B

G 0 00 ¥ B P OO N N
L — - - - R - T~ B - - I - I

g
PPN P P N e N N L N NS N

w
3]

[ 2]
& o

[~
(=)

=]
J
— — — — —

[+
©w

References

P. WIGNER, Ann. Math. 40, 149 (1939).

S. EpDINGTON, Proc. Cambridge Phil. Soc. 35, 186 (1939).

A. M. Dirac, R. PEIErLs and M. H. L. PrycEg, Proc. Cambridge Phil. Soc. 38, 193 (1942).
Bakamjian and L. H. THOoMAS, Phys. Rev. 92, 1300 (1953).

L. FoLpy, Phys. Rev. 722, 275 (1961).

G. Currig, T. F. Jorpan and E. C. G. SuparsHAN, Rev. Mod. Phys. 35, 350 (1963); D. G.
CURRIE, ]J. Math. Phys. 4, 1470 (1963).

J. T. CannoN and T. F. JorpaN, J. Math. Phys. 5, 299 (1964).

W. HEISENBERG, Z. Phys. 720, 513 (1943).

R. Haag, Phys. Rev. 772, 669 (1958).

D. RukeLLE, Helv. Phys. Acta 35, 147 (1962).

E. H. Wicamann and J. H. CaricHTON, Phys. Rev. 732, 2788 (1963).

H. ExsTEIN, Phys. Rev. 777, 1590 (1960).

R. FonG and J. SucHER, J. Math. Phys. 5, 956 (1964).

L. L. FoLpy, Phys. Rev. 702, 568 (1956).

Iu. M. Suirokov, ZH. EXKSPERIM. i. Teor. Fiz. 33, 1196 (1957).

M. RosenBLUM, Pacific J. Math. &8, 887 (1958).

T. Kato, Proc. Japan Acad. 33, 260 (1957).

S. T. Kuropa, J. Math. Soc. Japan 77, 247 (1959).

S. T. Kurobpa, Nuovo Cimento 72, 431 (1959).

M. Su, BirMaN, Doklady Akad. Nauk SSSR 743, 506 (1962).

M. SH. BirMaAN, Doklady Akad. Nauk SSSR 747, 1008 (1962).

M. Su. BirMaN and M. G. KrriN, Doklady Akad. Nauk SSSR 744, 475 (1962).

T. Kato, University of California Technical Report 21, January 1963.

R. Acuavara, University of Rochester Report NYO-10276.

T. F. JorDpaN, A. J. MacrFarLANE and E. C. G. SuparsHaN, Phys. Rev. 733, B487 (1964).
H. Joos, Fortschr. Physik 70, 109 (1962) (Sec. 5).

A. J. MACFARLANE, J. Math. Phys. 4, 490 (1963).

W. BreniG and R. Haag, Fortschr. d. Physik 7, 183 (1959).

J. M. JaucH, Helv. Phys. Acta 37, 127 (1958).

J. M. JaucH and I. I. ZinnEs, Nuovo Cimento 77, 553 (1959).

J. M. Cookg, J. Math. and Phys. 36, 82 (1957).

M. N. Hack, Nuovo Cimento 9, 731 (1958).

C. E. RICKART, General Theory of Banach Algebras, D. VAN NosTRAND, Princeton, New Jersey
(1960), p. 288.

R. ScHATTEN, A Theory of Cross-Spaces, Princeton University Press, Princeton, New Jersey
(1950).

F. CoesTER, Phys. Rev. 133, B1516 (1964).

K. C. WaLrr and R. L. WarNok, Phys. Rev., 735, B 1358 (1964).

H. FesaBacH, Ann. Phys. (Néw York) 4§, 357 (1958).

J. M. Coox, « Proof of a Lemma due to Ekstein» (1959), unpublished.

L. D. FapeEv, Mathematical Problems of the Quantum Theory of Scaltering for Systems of Three
Particles, Publishing House of the USSR Academy of Sciences, Moscow-Leningrad (1963).
R. T. Prossgr, T, Math Phys. 5, 708 (1964).

E.
A.
i
B.
L.
D.



	Scattering theory for relativistic particles

