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The Lee Model as Scattering System

by L. B. Redei¥*)
Tait Institute of Mathematical Physics, University of Edinburgh

(23. XIT. 1963)

1. Introduction

The mathematical properties of a scattering system were first discussed in two
papers!) by JaucH. There has since been a continued interest in obtaining conditions
on the Hamiltonian sufficient to ensure the existence of the wave operator?) £
formally given by 2, = lime " ¢+*#+ The existence of the limit is essential for a
mathematically satisfactory treatment of a scattering problem. However, most of
the results obtained so far3) refer to the case of potential scattering. In this paper
the mathematical structure of the Lee model as scattering system will be investi-
gated. The Lee model is a simple field theory, exactly soluble4) in one of its in-
variant subspaces. In order to establish the operator limit it is essential to have a
topology, i.e. we shall have to avoid the use of non-normalizable or improper eigen-
functions. The first two chapters are devoted to setting up the mathematical frame-
work and obtaining the solution of the eigenvalue problem in terms of a family of
projection operators, rather than improper eigenstates. As examples of this kind are
rare in the literature, this is of some interest in itself. Next there is a brief general
discussion on the asymptotic limit of the time development operator e ¢ifi? in-
cluding a simple but useful theorem which provides a necessary and sufficient
condition for the existence of the strong limit in terms of the weak limit. The follow-
ing chapter contains a detailed discussion of the asymptotic limit of e¢=*H¢ ¢t jn
the Lee model and it is proved that the strong limit exists on a domain which
coincides with the continuum part of H (the whole Hilbert space if there is no
bound state). The limit is explicitly evaluated and it is shown to define an isometric
wave operator £, which maps the proton one-meson states into the continuum
part of H. The usual definition of the scattering operator S = Q2 2, leads toa
unitary operator in the proton-meson subspace which in the Dirac ¢ limit agrees
with the scattering matrix previously given in the literatures).

2. Preliminary Digression
We shall base our discussion on the following Hamiltonian:
1 — z3(2
ﬁwéﬁoJrfd“{Vw*'Verﬂw*w}

— f @1 {go() p_(t) + g olr) p' 1. ()} — AM L= 70 J

H—
(1)

*) Present adress: Institute for theoretical physics, Umed University, Umed, Sweden.
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which at # = 0 in the Schrodinger picture can be ertten in the Fourier transformed
form

(2)

ﬁ" 1_‘
_ V%kz’g(k) [ap1- + af1.] — AM 2r3 )

where the operators a, obey the usual commutation rules [a,, 4,] = g, and the
T operators [v4,7_] = 73, § [73, 7. | = 4 7. The v operators are defined in terms
of the bare nucleon statesta | p) = + | p>, T3 | w> = — | n), 74 | P> =7 | 8> = 0,
7_ | p> = | #> and 74| n) = | p>. The quantity AM is the mass renormalization
term for the neutron$). We shall be using the unrenormalized coupling constant g
and square integrable cut-off function g(k) and will not be concerned with the diffi-
culties of indefinite metric?). In the case of stable neutron particle the existence of
the wave operator necessitates mass renormalization, whereas for the unstable
case AM can be adjusted to have the peak of the decay spectrum at &.

The superscript V' in H" refers to the dependence on the volume of the box.
Eventually we shall let V' — co. For a finite volume®) I/, the eigenvectors of H in
the invariant subspace spanned by the vectors 7— | ) and a/ | p) are given?) by

| iy = WI(E;)_ [r_ 5+ £ b ~eB | p)] , (3)
¢"(Ei)) =0, (4)

where _
$(2) = 2 — (@ — AM) + £ 37 CBF (5)

V il R

and "z = @7 (z) d/dz. For finite V the spectrum of H" is discrete and one can
easily write down the resolution of identityl%) P} belonging to H";

P= X e (-t @t + T 220 a ) oo

E; <A ‘75 1 Yk

(6)

2 k k')
e p G+ 4 X LB) | e p> <ukz>l}

This expression is manifestly unsuitable for studying the limit V' — co. How-
ever, since ¢”(z) is a meromorphic function with simple zeros!!) the first terms e.g.
in expression (6) can be written by the residue theorem as

TR IE g B L LR I (7)

E;<<A (ﬁ ( bt

where the path of integration can be taken to be a circle, with centre to the left
of the lowest eigenvalue Eo, and going through A if ¢¥(2) % 0 and if ¢"(4) = 0
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slightly to the left of A. Similarly, the second term in (6) can be put into the form

1 g
E12<: $V(E) VV & wk [kt o= p| + [ - 2> <akp ]
> (8)
_ & 1 o(#) t t
= £ zk,‘sz raryreeel ORGSR PRC SR

Finally for the last term
1 & o(%) o(#') | at ¥ 1
2 v VZw("«Ule—'EvE)(wk*Ei)Ea"fjb><a[k1bf

Ei=a ¢ (E) ¥ EF
D Ny KL ToAC AN S
- ;e(z —w) | app) <afp .
The substitution of Equations (7), (8) and (9) into (6) gives
Pl = 755 § g 19> G-t
W2 T e LA IR LR A "

wg — 2) (W — 2)

g* (k) o(%)
+ 2 [—7 o 156 O Az + 0(4 — wy) a,,k,]

X | al p> <afp|

This expression tends formally to a limit as V' — co.

3. The Limit of Infinite Volume

As the volume V tends to infinity the Hamiltonian given by Equation (2)
becomes

___gf T+ a(k)' 7] dk,

with the commutation relations
la(k), a(E)'] = o(k — F'), [a(k), a(k)] =0,

the others remaining unchanged. We assume the cut-off function p(%) to be square
integrable and for convenience continuous and non-vanishing. The subspace span-
ned by the states 7_| > and a(k)"| > is isomorphic to the Hilbert space [ =
lo @ I, where lp is the space of complex numbers!?) and /; is the space of square
integrable functions in three variables, i.e. the space of all f(k) & L2. If Py and P,
are the projection operators in / projecting onto lo and /1, any operator 4 in [ can
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be decomposed!s) into
A = (Po + P1) A(Po + P1) = A% A0 - 401 A1 (12)
In particular H = H% 4 H10 - H0  H1l where |
H: [y — (6o — AM) Lo,
HY: [y - —lhgo(k > 13)
Hor: - — g f o(k

Hu: f(k) — w(k

The operator H is clearly self-adjoint14), its domain being the set of all vectors
lo @ f(k) such that w(%) f(k) & L2. This would not be so had not we taken a square
integrable cut-off p(%).

The function ¢"(z), as ¥V — oo, goes over into a function ¢(z), where

b(z) = 7 — (Eo — AM) + g fm*@dk (14)

This is a regular function of z, cut along the real axis y << ¥ <C oo, where u is the
mass of the meson. The boundary value of ¢(z) exists!5) for ¥ > u and is given by

$+() = — (60 — AM) +g2?f"fdkizﬂg2 oW a@, (15
where
o) = o(k) at w(k) =4, a(d) =4mki % d

w w:l,

and the -+ sign refers to whether the cut is approached from above or below. The
mass renormalization term AM is chosen to be

AM—_gzgvf__%dk. (16)

With this choice of AM, ¢(&0) = 0if & < u, this being the only zero ¢(z) we can have.
As V' — co the family of projection operators P} also tend formally to a limit P,

Pﬁ:znz,¢¢ ciz|*£_;b><‘.lr_;b|—|—gfdkzn_zjlgqS w_z)dz
X [| a(k) p> <t p| + | 7= p) <a(B)T p|]

2 / o(k) g(&’) i +
+ ¢ [ak [ ax 56 o 2Bz a(k)! £ Calk)' £

2

—}~jdk02—-—w | a(k)! p> Ca(k)! p

where the path of the z integration is taken along an open circle as indicated by
Fig. 1. (The improper integral exists, except for 4 = & if & < u, since 1/[p(z)] is
regular on the open circle and is bounded at the endpoints.) The four ‘components’
of P, (see equation (12)) are:
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P Iy 251”. ff qﬁ}z) dzly ,
;
Plih =2 § ot —a &
PR > g5 [akit f 20 g, U8
i
P f(k) > g o) | dqH@) 307 § sormaretLam s ¢
1 02 — w(k) H(k)

The operators P, are clearly hermitian and it is shown in the Appendix that
+ oo
they satisfy P, P, = P,, where ¥ = min(4, »), and also P, =1, [ AdP, = H.

Therefore we conclude that the operators P, as defined by equation (18) constitute
the resolution of the identity associated with the operator H defined by Equation
(13). Some properties of P, can easily be read- off; P; = 0 if 1 < min(&o, u),
P, 1s discontinuous at A = & if &y < u, corresponding to the stable neutron, and it
changes continuously in the interval x4 << A << co. This expresses the well known
fact that H has a continuous spectrum starting from g and a bound state at & if
&o < u. If & < u the projection operator Pg, which projects onto the bound state
1s given by

Py = iin;(ch’ow — Py, s) = EHBP&M ' (19)
and its components are

P lo—>T0(u — &),

Py lo%lofgﬁﬂ(u—fo),

P (k) > T B — 60 f dkf“(k)_fﬁf.fj , -
P ) > I 0(u — 80) EL8 [ aq £L0SD.

where

Fig. 1
Path of integration in Equations
(17) and (18)
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4. Some General Properties of the Limit of the Time Development Operator

If the Hamiltonian H is to describe a quantum mechanical scattering system it
is necessary that lime*#¢ ¢"* should exist in the strong sense at least on a subset

t——co
of I. (Time reversal symmetry then assures the existence of lime ™ ¢#* on the
t—> + oo

same subset.) Here Ho is the free Hamiltonian, in our case Ho = [(1 — 73)/2] &0 +
[ dk w(k) a(k)t a(k). Let R denote the set of all x &/ such that lime e ¢#Hef

t—>—o00
exists in the strong sense and let Q denote the set of all y & J such that y = lim ¢~

{——co

e'fl* x for some x & I. There are a number of general theorems on these operator
limits!?). The subsets R and Q are closed linear vector spaces. These two limits
define a pair of adjoint partial isometries which map R — Q and Q — R respectively.
The wave operator £2; is defined by

—iHt iH,t

Q. y =lime™ ey it yeQ,
t>-co L (21)
Q,y=0 if y10.
Similarly
.QE_ x = lime ™t ¢ 5 if xeR,
t—>-co L (22
QY x=0 if x| R.

The operator £, and its adjoint 27, satisfy the following relations
Q4 %, 9) = (%, QY y), !

ot Q. — Eg, : (23)

Q. Q" =Eg,

where E¢ and Eg are the projection operators projecting onto Q and R. In the same
way one defines Q2_ and 07 through the limits as # — + oo. The scattering operator

S is defined as S—oto, (24)

StS =SSt =E,, (25)

1.e. S is unitary in the subspace Q.
In the following we shall frequently make use of a simple lemma.
Lemma. Let U(t) be a one parameter family of unitary operators and let

and it satisfies

weakly

The vector /' is the strong limit of U(f) f as ¢ — — oo, if and only if || /' || = || f]|.
If || /|| # | /|| the strong limit does not exist.

Proof: The necessity of this condition is well known and the sufficiency follows
from

W@ =7 1E=11T0 = OOLE = TGN+
=2|[/ 2= (UL —({. U
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by assumption. The assumed weak convergence gives that
U@ F—F2=2|F]2—2(.H=0. QE.D.

The lemma provides a criterion for the existence of the strong limit in terms of
the weak limit and it will greatly facilitate the evaluation of the wave operator in
the next chapter.

5. The Wave Operator

In this section the strong limit of ¢*#¢ ¢ as ¢ — — oo, will be investigated.
In view of the previous chapter we shall start by considering the weak limit first.
A general vector in [ is of the form lo @ f(k), where /y is a complex number and
f(k) &€ L2. It is therefore sufficient to look at the weak limits of e ¢i#f [y and
et ¢t f(k) separately. To obtain the weak limit of e*# ¢ [y we have to con-
sider the limit

lim (e# " Iy, mo @ h(k) = lim (e7Ho 5 [y, mo) + lim (e™Ho ¢ [y, (k) (26)

t—>— o0 : t—— o0 {——o0

for all mo @ h(k). The first term in the right hand side can easily be evaluated!®):

lim (e ¢* 5 Iy mo) = lime 6 (¢ [y | mp)

f—— o0 t—»—co

t—— oo

= lim¢*¢¢ (F 0 (u — &o) &% Iy my + / e g (PP 1y, mo))
"

oo

I—>—o0

=T0(u — &) (lo, mo) + limeié+ f ¢ dl(Z:”. ¢ q;z) dz(lo,MO)).
A

1z

Since the cut-off function p(k) is continuous the derivative
d 1 1 —1 1 1
dr (2m' f $(2) dz) ~ 2mi (¢+(z) o ﬁz))’ (27)

where ¢+ and ¢— are the boundary values of ¢(z) defined by equation (15). This
allows us to write

lim (e 5o ™77 [y, wmg)

t——oco co

= 1I"0(u — &) (lo, mo) + (lo, mo) lime "% f g ;%— (2—;—7 95 ﬁ dz) aA
i

tormco (28)

)73

s oo 2m —(A)

e _ _ o igg 1 r iA 11
= T'0(u — &o) (lo, mo) — (lo, mo) lim e Z,fe t(qw) . az) .
u

As | ¢+(4) |2 is bounded from below by some positive number, the function

1 ( 11 )_i Img+(d) _ &° 0(A)2 a(A)
2mi \ ¢7(4) $=() ] w | (A | $+(2) |2
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is integrable in u < A < oo and therefore its Fourier transform tends to zero as
I > —o00.
The second term 1n expression (28) thus vanishes, 1.e.

m(g_z'Hng 81,'[{,‘, ZO, mﬂ) — FH (!,L —_ go) (l[), m()) . (29)

—>—0c0

Returning to the second term in the right hand side of equation (26)

lim (¢~ 65 Iy, B) = lim (¢*7% ¢ Py lo, h) + lim (¢3¢ ¢ (1 — Pg) lo, ) ,

f—>— 00 t—>— o0 [—>— oo

where the first term can be shown to vanish in the limit. Consequently

lim (7% ¢ [y, h) = lim (e & (1 — P, ) Io, h)

f—— o0 t——co

0
_ f % (e e (1 — Pg) lo, h) di — (Py, lo, h)

at least for all # & Dy = Dy19). On the other hand

% (e—iHut eth (1 - Pg“) lO, h)
= i(H (1 — Pg,) bo, € FE R — i(e ¢ (1 — Pg)lo, Ho e )

=il mz g ik =7 2 hx(k))
! "ﬂf ‘ ( f fﬁ TR 2
— il ”-fd dk gt hx(k))
! °M ( f 95 T BE

S 7 iat 1 g o(k) e hX(k)
=il [ e dz(h S [ ak SR )
u
—ilofgiltdl( fdng wh(k))
w — z
u
by [, own (FA+i&n  F(—i&Y
= — 5% | #e ;ft,( s T i6) si—i )
u
b [ e (F+i& s  Fh—i8 i)
oy [ i (G — e )
where
—twt pX wt X
F(z,t)=fdk gQ(k)e__tk %) and F'(z, ) fdk g olk w_fk k)
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In one of the intermediate steps we changed the order of integratiln with respect
to k and z. This is justified because the conditions of FuBINT's theorem??) on succes-
sive integration are here satisfied. Moreover

Lim(AF(A £ i& t) — F'(A41i8,t) = — gf dk e o(k) WX(k) ,

&—0

and therefore

(e G (1 — Py) o, B)

_ b oout 1 —iw
_a‘;;fe (Far — ¢“(A))d2/e BV LK) i) dd)
"

where h(k) is the spherically symmetric component of %(k). Substitution into
Equation (30) gives

lim (5ot ¢t [y )

{—>—oco

0 oo oo
. lo AL 1 _ 1 —twt __>< _
Lt fdt Lfe [ ¢_M))dlﬂfe ¢ (k) W¥(R) o) d(w)] (P, lo, b)

-0

/

+ o0 o0 oo
- ZZOn_o/o at |:-%- (1 - é‘a(t)) ;[ 6ﬁ.t( ¢+1(,|"‘) - ¢-—1(1) ) dﬂ'fekiwtgg(k) hx(k) O"(w) dw]

(e o]

—T0(u — o) lo f £0®) (k) dk

w—é"g
H"

where we used Equation (20) for P, . The function &(t) is the step function

- 1if t>0
“O=1{_1iuiz0

We now take the Fourier Plancharel transform?!) in this expression to obtain

lim (e=H o5 [y ) = 2 [l 1 E) h%(k d
lin (¢ )= 2 | (5 — o) € 0B W¥(B) ae) dw
U b [ (e 1 1 = _
T 7% (2600 %) (For — ) o) B alw) dw | (32)
_ T — &) zof_fgf";l? 1< (k) a(w) dw |
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where F-1&(t) F is the Fourier transform of the multiplicative operator £(f) and
is given by

Vzn(g“'g #) ey — ¢+1(w)):%gjuf = (ear — w) @

The function 1/¢(z) — I'0(u — &) 1/(z — &o) is analytic in the cut plane and the
real and imaginary parts of its boundary value satisfy the conditions of the Hilbert
relation??):

1 1 r
1 (F1E F — = 793 dA
s 109 (5 [ e g
“n

—92Re—r— — 2T 0(u —&) —— = __ & — ol 0(u— &) —
T W) b= oz =~ Tt T Fro e
Substitution back into Equation (32) gives

. : ; 1

?nlw%Hﬁszk,h)==——h)/adkggﬁk)?ﬁﬁa-”“k)- (33)

Equations (29) and (33) are equivalent to the statement
t=—o00
i Py 1
g-iHot jiHt low;;I’B(}u — &) lo @ — lo g o(k) e (34)
Using the same technique one can also evaluate
lim (8 ¢#t f, mg) and  lim (e7H, 5 f, h)
t——oco t—>—o0c0
with the result
. : ¥ =—we s -
T f(R) — T~ 0) 280 © [1(R) — g olh) Fiy].  ©89)
weakly

where

= gj q f(q and yt(w) = limy(w + ¢ &) .
¥ &—0
Thus the weak limit of ¢ ¢*H* exists on the whole Hilbert space /. To obtain
the domain of strong convergence we apply the lemma of the previous chapter.
First of all, the norm of the right hand side of Equation (34) is seen to be

1 | : 2 (k)2
|To6—coh@—tbeath 12=F29(/«¢—6‘ao>llo]2+izoizfdkrif_”—

¢*(w) || ) ¢~ (w)

— ¢ (w)
fd ¢+(W) ¢~ (w) )

“

T f 1 1
== | g |2 [FZG(M_é"o)—*—ZM fdw(¢+(w) - ¢—(w))]’

u

=I20(u— &) | lo|2 + | ]2
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by equation (15). The second term in this expression may be evaluated23) by open-
ing up the contour of integration and one obtains the equation

1

Sy | =l 6 — &) P~ 1) +1]

”r@m-—&ﬂb@~—thM

which shows, since I'(I" — 1) £ 0 for g s 0, that e+ ¢ [4 converges strongly,
as t —- — oo, if and only if 6 (u — &) = 0, i.e. if and only if there is no neutron
bound state. Similarly for Equation (35)

2

“Fﬂ(,u- — o) x(0) D [f(k) — g o(k) ;CS:((Z))]

= I20(u — &0) | 2(60) |* +nf;12—/f g o(k) (£20) ale) duw

(=]

— [ 8 g o) (8 dw+fg2

u

w)2

*(w)

a(w) dw

=120 (u — &) | x(&0) |2 + || FI?

“(w) — () (Zrr) “ dee

= 77 | () — @) = f (8+0) — ¢-()) | 22 L
=120 (u — &) | x(0) |2+ || 1|2 — 2nz f = x_(wz,s—o({z:)(w))_ )dw

= [ 7[> + 6(e — &) I'(I" — 1) | x(&o) [2,

which shows that again the strong limit of e+ ¢ f(k) exists for all f(k) if and
only if H has no bound state, i.e. 0 (4 — &) = 0.

It will now be proved that even in the case of stable neutrons the operator
etHd ¢l converges strongly, as £ —> — oo, on a domain R which coincides with the
continuum part of H. In fact, from equations (20), (34) and (35) it follows that

t=-—o0c0

¢-tHet giHS (] Pg)lo —0 @ [— lo (]“G(M — &o) g wgik)(gao
weakly
. - O &% o(g)®
;TOFB(M &o) g ¢+(w . Mra qu q) — &€o) (wlq) — w(k) + i &)
. - N o(k)
+ ;71_310(1 I'o(u — &) g $*(w + 16) )] ’
As ‘
g 9(9)2 _ %)
qu _(gao)( _.3)4_2"—1__1,
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this expression can be simplified to

t=—-o00

e—zHot iH¢ (lﬁp)l0_+0®_l0g_f% (36)
weakly
Similarly one shows that
- . {=—co +
g—iHot it il — Py) f() — 0 @ [f(k) — g o(R) %w((z))] - (37)
weakly

In order to prove strong convergence one has to calculate the norm of the right
hand sides of equations (36) and (37):

oo

= [kl / K k))2|2 dh = — 'Zlgwﬁ f (¢+1<w) - ¢-1(w)) dw

"

=PI =T —&) = (1 =Pg) b,
= [ F]]* = T'0(u — &) | x(€o) |* = || (1 — Pg) {2,

”_lgsw

x+w

| ) — g o) £

which proves the strong convergence on the domain R = (1 — Pyg) [ i.e. on the
continuum part H. In other words, it has been shown that

t=—o00

(L~ Py) Iy —> 0 @ — log oF) 5ty
strongly (88)
f=—co o
e G (1 — Py) f(R) — 0 @ [f(R) — g olk) ] -
stronglv

We are now in the position to define the adjoint of the wave operator £, for
both the stable and the unstable neutron case:

B g =lime Pl g, if 2eR,

t==oo (39)
Ot x=0, if x1R.

The wave operator £ is the adjoint of 21 and one can readily show that it is
given by

.Q+ mo —_— O »
_ g e(k)
Q. h(k) = sei) ME) dk | -
g o(g)
® Mk + g ok) lim A e e M)

In agreement with the general considerations of the previous chapter one has
e 8T = (1 =Py),
+ 20 = ( 8, (1)
QT’_ .Q+ == Pl )

where P; projects onto the proton, one-meson subspace, i.e. Pi(lo @ f(k)) =
0 @ f(k). Equations (41) can be verified by straightforward computation.
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The limit £ - + oo can also be investigated. Not surprisingly one finds that
equations (38), (39), (40) and (41) remain valid if one substitutes £2_ for £ provided
one also makes the substitution & - — & in the right hand side of the equations
which changes ¢*(w) into ¢—(w) and y+*(w) into y~(w). The scattering operator is
defined as usual by

5=09"8,

and it can be shown that

S H) — f(k) + 2 i £LEA Hay, (42)

where f(%) is the spherically symmetric component of f(k). The scattering operator
Is unitary in the proton, one-meson subspace, i.e.

S'S (k) =S Stj(k) = f(k) .

In the limit f(k) — d(k — k') formula (42) agrees with the S-matrix given in the
literature.

6. Summary and Conclusion

It has been proved that the strong limit of e ¢#f as { — + oo exists on the
continuum part of H which if u < & coincides with the total Hilbert space /. This
led to the definition of the wave operator 2 and the scattering operator S, unitary
in the proton-meson subspace. There were two essential requirements for the proof
to go through; the cut-off function ¢() had to be square integrable and the discrete
eigenvalues of H and Hy, had to be the same, i.e. mass renormalization. These two
conditions fulfilled, there is no need, at least as far as the mathematics goes, for
coupling constant renormalization.

On the other hand if one wants to have a non-trivial scattering operator in the
relativistic point particle limit, coupling constant renormalization becomes neces-
sary. The unrenormalized coupling constant g must then tend to zero through
imaginary values?d), implying a Hamiltonian H which is no longer self-adjoint.
The operator H would probably still possess a spectral resolution, the spectrum
now containing points of the complex plane. It would be interesting to carry out
this kind of analysis for such a Hamiltonian and see what the asymptotic limit of
e et ¢t Jooks like when e is no longer unitary.

It is customary to interprete the resonance peak in the cross-section by saying
that the matrix element (| (H — 2)~'| #) has a complex pole?¢) on the second
Riemann sheet, the position of the pole being related to the energy and life time
of the unstable particle | #). In the Lee model with & > u (n| (H — 2)7| n) =
1/é¢(2) and whether this can be analytically continued across the cut depends
entirely whether g(%) can be analytically continued off the real axes. This seems
to some extent irrelevant as it is always possible to choose two cut off functions
o(k) and p’(k) which are for all practical purposes indistinguishable; they give the
same resonance peak and the same cross-section, such that say p'(k) permits the
analytic continuation of (| (H — z)~1| n) whereas (k) does not.

It is tempting to speculate how much of this sort of analysis can be carried over
to more realistic field theories. It is clear that many of the equations used in the
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proof of the existence of the strong limit lime=*"¢ ¢/ are more general. There are
t=_0o

for example the well known relations between the family of projection operators
P; and the resolvent operators (H — z)~1. However, for a proof of this kind it is
essential to have a well defined, preferably self-adjoint Hamiltonian. Unfortunately
this is not so for, e.g. quantum electrodynamics. The Hamiltonian there is extremely
ill-defined, its domain contains only the zero vector. Even so one may try to intro- -
duce a cut-off into the Hamiltonian which makes it properly self-adjoint and show
that the wave operator exists in each channel for a square integrable cut off. This
approach may lead for example to a proof of renormalizability not based on per-
turbation theory.
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Appendix

It will be shown here that the operators P, defined by Equation (18) satisfy

" P,P,—P,, x—min(i, ) (A.1)
and
H= &P, + f 2dP,, lmP,—=1I. (A.2)
A— o0

Equation (A.1) is equivalent to the four equations
I PYPY 4+ PP =P, 1

11 POO POl + POl Pll — POI

111 Pll PlO + PlO POO — PlO
IV plply plopn_pn,

(A.3)

where % = min (4, »). We can prove these by straightforward computation:

00 100 01 10 _ 1 1 ‘
I Py P+ PP, ‘2mf}g¢ 2m95¢(z')dz

g o(k) !
fdk(zmggqs ) (@ — 2) 2:”95 (= (w—z dz)l"'

The order of integration can be changed in the second term:
(PPPY +PEP b =b (577) § 55 6 5o 4
A v

)55"”55‘” woaer | e

+zo(2
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From equation (14)

/dk = g% o(k)2 — $(2) — $(2) 1 (A4)

—2) (w — 2') z— 2

and so

(P30P30+P31P50)l°:(%m)zfd‘??gdzlz—lz' (3o — wer) =Pk

where » = min (4, ») proving equation I.

IT (Py P! + P P}Y) (k)

=(2:17H')29§ 5 dzfdkf(k)S’g ¢(z'3g(%k)—z' a + [k § g e

x[ o) 57y [ dailo) 5£¢ L dz’+6(v—w)f(k)],

where w = w(k) and w’' = w(g).
Change of the order of integration and equation (A.4) allows us to write

(PP P+ PR PY) f(B) = (4o ) 9§¢ @z [ ak (k) 56¢ e

+ (gas) [ dkeett/ Sgd"’ﬁlg‘” =T e —Y

1 §e
T fdke(v—w)f(k);ﬂm_—z)dz

which simplifies to

—_

1 (%
(PR P+ PP f(k) = 5ot [ dRO( —w) f 55 et

w—z

+ (3

wi) [ kgl f Sﬁdzﬁt;d"‘( R Ol Yy e Y i Yy
zzim,fdkﬂ(v—w 9§¢g9(k dz + 6(A — »)

55 @) w - &

2fdkgg(k) Hk) Sﬂdz e 95 e N ]

[dkf 56 gy op— )

x_[dkf 95 s

26 H. P. A. 37, 4 (1964)

6(A — )
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which verifies equation I1. Equation III follows by taking the adjoint of equation

IT.

IV. The proof goes along the same lines. The details are somewhat lengthy, only
the main steps in the argument will be reproduced here:

(Pio P(Bl + Pil PH o (

2mi

V9 se—n

dzjdqf

g o(g) d

gQ
><51§¢ y 42 + gl quzmﬁﬁqs Tl —2) [ =g %
; ; A5
[ 9596 (w' — 2') w,_z,)derG(v—w)f(q)] )
+ 04 — w) g o(k) 5695 (w_z w_z)dz
+9m—mew—wﬂm,
where w = w(k), w' = w(g) and w” = w(q’). Change in the order of integration and
use of equation (A.4) gives
g@(q :
(23’51) _/dq56 P(2) (w — 2) (w' — 2) dng(Q)qu ﬁgﬁ (w' — 2") (w" —z’)dz
_ 2 r ! / / 1
= (z2:) [ 4 gﬂ’(“’t(q)f‘”%d‘z 36 $) @ — 2) (@' — 7)
0(g)®
/dq (' — 2) (w' — 2)
— (211)¢¢ dedqf -(ﬁ"# w_z dz’
2 ' $(z) — 4(2)
)/ dage g 95 dzﬁg i 36 8 (@ — ) (w — ) — )

(23”) ¢ sow=a

1
+ 577 02— [ d9g0@
1
— anﬂ(k—w)qug
—+anwv—zy/dqge

dz/dqf 35¢ (w — 2) a2

55¢ T
mmﬂmf AT =g
9”95 $(2) (w~lz> w—a *

96 i Ty L
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Substitution back into equation (A.5) gives

1
(P}v0p21+p}11p11)f(k)=gg(k)zm [Hl—v/dq56 S g w_z) dz

(v — A) quf 56 N — dz] L0 —w) 0 — w) (k) .
0.E. D,
In addition to equation (A.3) we have to prove

imP, = I and &P, + j Adp, = H.

A—> 00

The first statement follows easily from the asymptotic behaviour of 1/¢(z)

1 1 1
| $(z) z— & + AM ] 40(7??)
for z = R ¢ and large R. The proof of

& Py + / AdpP, = H (A.6)
follows from equations (18) and (19).

(& Py, + f AP) I
u

loép() F@(}u,—é)@o) —lo

[ Aé{ﬂ(dz(lifé") - 45(11'5'5”))6”']

1
)

@[zorow—m E80 1 g ok)

. A ]
X;,lf; (¢(/1+z‘cf)(w—a—m)_¢(z—m)(w—z+w))d4 L (A7)
=l 2 hm §sz@logé) ———hm 56¢ w =7

. &z
""l"zm'l;f 56 T 1 At

Dhegelk) 95 (z—£0+AM) =g ¥
R
& — AM
=(£0—AM)ZO@[l0gQ(k)(w‘”&_!_AM S — )]:Hlo.
Similarly one proves |
(@@OP&““FfzdP) ﬁ—ng k) dk @ w f(k) = H [(k)
i

which taken with equation (A.7) is equivalent to equation (A.6).
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This completes the proof that the family of operators P, is the resolution of the

identity associated with the self-adjoint operator H.

-

(=)
N N N N N

-1

©

11)
12)

13)

14)

15)
16)

17)
18)

19)
20)
21)
22)
23)
24)
25)
26)

Literature

J. M. Jauch, Helv. Phys. Acta 31, 127 (1958), Helv. Phys. Acta 31, 661 (1958).

C. MgLLER, Dan. Mat. Fys. Medd. 23, No. 1 (1945).

Seee.g. J. M. Cooxk, J. Math. Phys. 36, 82 (1957); S. T. Kuropa, Nuovo Cim. 12, 431 (1959);
J. M. Javcu and I. I. ZinNES, Nuovo Cim. 11, 553 (1959); R. T. ProssER, J. Math. Phys. 4,
1048 (1963).

T. D. LEE, Phys. Rev. 95, 1329 (1954), and also G. KALLEN and W, PauL1, Dan, Mat. Fys.
Medd. No. 7 (1955); V. Graser and G. KArLLEN, Nucl. Phys. 2, 706 (1957); E. M. HENLEY
and W. THIRRING, Elementary Quantum Field Theory (McGraw-Hill, 1962).

See e.g. HENLEY and THIRRING, loc. cit.

For further explanations of the notations used here see HENLEY and THIRRING, loc. cit.
Graser and KALLEN, loc. cit.

For convenience we assume the lattice to be non degenerate, i.e. wp = wpr - B = R'.
KALLEN and PauLl, loc. cit.

A family of projection operators P, is said to be a resolution of the identity belonging to a
self-adjoint operator H if P_o, = 0, Py o = I, Py P, = Py, ®x = min(4, »), limP;_g = P,,

+ oo &—0
and [ AdP = H. See e.g. J. voN NEUMANN, Mathematische Grundlagen der Quantenmecha-
—o0

nik (Berlin 1932); N. I. Ak"IiEzeER and I. M. GLasMaNN, Theorie der linearen Operatoren im
Hilbert-Raum (Berlin 1954).
See e.g. GLaseEr and KALLEN, loc. cit.
The symbol /, will be used to denote an element of / of the form /lp = I, @ 0 and also to
denote the complex number /, (see e.g. the right hand side of equation (13)). We hope
this will not be confusing for the reader.
If the operator 4 is unbounded with a domain D4 < /, the decomposition is valid only if
PyDy < Dy and Py Dy < Dy4. This is, however, trivially satisfied in all the cases we are
going to consider. !
For the mathematical definition of a self-adjoint operator see the references given in foot-
note 10.
E. C. TircawarsH, Theory of Fouricr Integrals, Chapter V (Oxford, 1948).
The strong and weak limits are defined as
¥n —> 2 = ||y — 2 || >0and ¥ —> ¥ = (#a, y) > (v, y) forall y & 1.

strongly weakly
See, e.g., AKHIEZER and GLASMANN, loc. cit.

See the papers by Jauch, loc. cit.

It is here that the significance of mass renormalization can clearly be seen. Without it even
the weak limit would not exist.

It is sufficient to consider the dense domain Dy, in order to establish the weak limit.

F. Riesz and B. Sz. NaGy, Functional Analysis (New York 1955).

AKHIEZER ans GLASMANN, loc. cit,

TiTcHMARSH, loc. cit.

See e.g. KALLEN and PauLl, loc. cit.

In the case of unstable neutron Pgo =0,1e. R =1

See e.g. KALLEN and PauLl and also HENLEY and THIRRING, loc. cit.

For a review see e.g. the articles by ZumiNo and LEvyY in lectures on Field Theory and the
Many-Body Problem (Academic Press, London 1961, edited by E. R. Caianiello).

After the completion of this work the author’s attention was brought to a recent paper by

Ezawa (Ann. Phys, 24, 46, 1963) in which the weak limit of etH! ¢~iHit is evaluated. Ezawa
integrates the equations of motion with a d-function initial condition and from this he derives
the weak limit. It seems, however, instructive to calculate the weak limit using projection
operators instead, which avoids the use of non-normalizable initial conditions.



	The Lee model as scattering system

