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The Lee Model as Scattering System

by L. B.Redei*)
Tait Institute of Mathematical Physics, University of Edinburgh

(23. XII. 1963)

1. Introduction
The mathematical properties of a scattering system were first discussed in two

papers1) by Jauch. There has since been a continued interest in obtaining conditions
on the Hamiltonian sufficient to ensure the existence of the wave operator2) Q
formally given by Q± lime^^' eAMj^ qq,e existence of the limit is essential for a

mathematically satisfactory treatment of a scattering problem. However, most of
the results obtained so far3) refer to the case of potential scattering. In this paper
the mathematical structure of the Lee model as scattering system will be investigated.

The Lee model is a simple field theory, exactly soluble4) in one of its
invariant subspaces. In order to establish the operator limit it is essential to have a

topology, i. e. we shall have to avoid the use of non-normalizable or improper
eigenfunctions. The first two chapters are devoted to setting up the mathematical framework

and obtaining the solution of the eigenvalue problem in terms of a family of
projection operators, rather than improper eigenstates. As examples of this kind are
rare in the literature, this is of some interest in itself. Next there is a brief general
discussion on the asymptotic limit of the time development operator e~tH«t e'Ht

including a simple but useful theorem which provides a necessary and sufficient
condition for the existence of the strong limit in terms of the weak limit. The following

chapter contains a detailed discussion of the asymptotic limit of e~iH,f eim in
the Lee model and it is proved that the strong limit exists on a domain which
coincides with the continuum part of H (the whole Hilbert space if there is no
bound state). The limit is explicitly evaluated and it is shown to define an isometric
wave operator Q± which maps the proton one-meson states into the continuum
part of H. The usual definition of the scattering operator S Ql_ Q+ leads to a

unitary operator in the proton-meson subspace which in the Dirac ô limit agrees
with the scattering matrix previously given in the literature5).

2. Preliminary Digression
We shall base our discussion on the following Hamiltonian :

H
1 TsW

So A f d* r {V vf • V y + p y* yj}

d* r {g e(r) rp T-(t) A g efr) yf r+(t)} - AMy.un- am rrrAlAA
(1)

*) Present adress: Institute for theoretical physics, Umeâ University, Umeà, Sweden.
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which at t 0 in the Schrödinger picture can be written in the Fourier transformed
form

iZ 1 -T8

-r= Z e(*) Au t- + 4 t+] - /IM i-^Ü-

2 "" + 27Wfe4«

~ ?7

where the operators ak obey the usual commutation rules [aH, ab] ôkk-, and the
r operators [r+, rA ts, I As, t±] ± t± The t operators are defined in terms
of the bare nucléon states T3 | p} + | ^>, T3 | «> — | «>, t+ | />> t_ | «> 0,

r_ I py I n) and t+ | w> | py. The quantity AM is the mass renormalization
term for the neutron6). We shall be using the unrenormalized coupling constant g
and square integrable cut-off function @(k) and will not be concerned with the
difficulties of indefinite metric7). In the case of stable neutron particle the existence of
the wave operator necessitates mass renormalization, whereas for the unstable
case AM can be adjusted to have the peak of the decay spectrum at So¬

lile superscript V in Hv refers to the dependence on the volume of the box.
Eventually we shall let V -> 00. For a finite volume8) V, the eigenvectors of H in
the invariant subspace spanned by the vectors T- | p} and a£ \ p} are given9) by

where
<f>vfEi) 0

cpvfz) z AM) E Q(k)2

Wk — Z

(3)

(4)

(5)

and (f)vz cfAfz) djdz. For finite V the spectrum of Hv is discrete and one can
easily write down the resolution of identity10) P\ belonging to Hv;

Ei</\ 9 (Ei)

A\r-P><at-p\] aÇZ
Vv E Q(k)

wk - Et [}aipy<t-p\

o(k) e(k'\
(wk - Ei) (wK - E:̂ I4Z><4^|}

(6)

This expression is manifestly unsuitable for studying the limit V -> 00. However,

since <f>vfz) is a meromorphic function with simple zeros11) the first terms e.g.
in expression (6) can be written by the residue theorem as

y -r^— I t_ py <t_ p [ -s—r <£
—^— dz I t^ py A- PI, (7)

where the path of integration can be taken to be a circle, with centre to the left
of the lowest eigenvalue E0, and going through X if <fAfX) ^ 0 and if cf>v(X) 0



Vol. 37, 1964 The Lee Model as Scattering System 393

slightly to the left of X. Similarly, the second term in (6) can be put into the form

sy-,r. kZArA7\.\<t>><*-t>\ + \i-t><<r
Et<X 9 (Ei) Vv k Wk c'

_g_ ?AAïf e(k)
' W (i»k - A

dz[\alpy<j-P\ A\r-py<alp\]
(8)

Finally for the last term
1

El < x <i> {E
y 1 ii \-> _

<?(*) e(*'
(wt, - £4) (iBfe. - Et) I 4 ;Z <4 />

li y î
V Ai 2 ni

eik) Q(k')

k-k, - - - j rj, (z) (wk — z) (wK - z)

-A-JTdfX-w) \alpy<[alp\.
k

The substitution of Equations (7), (8) and (9) into (6) gives

l

dz 14' py <4 p \ (9)

pï i
*K(,) '

fv

E
k,k'

E 2n
Q(h)

k 2ni { 9V(z) (Wk - *)
•<fe[|fli#><r_#H-|T-^><4^|]

eW g(*')
V 2ni J jV{z) {wk _ z) (wk __ z

X [ 4 £> <4 £ |

This expression tends formally to a limit as V -> oo

<fe + e fx - wk) ô.kk-

(10)

3. The Limit of Infinite Volume

As the volume V tends to infinity the Hamiltonian given by Equation (2)
becomes

H
1

2T3 («fo - zdAf) + f wfh) afk)f afk) dk

- ë f e(*) [«(*)T- + a(*)f T+] <*fe
(ii)

with the commutation relations

[afk), afk')1] ôfk - k'), [afk), afk')] 0

the others remaining unchanged. We assume the cut-off function q(k) to be square
integrable and for convenience continuous and non-vanishing. The subspace spanned

by the states r_ | py and afk)1 | py is isomorphic to the Hilbert space I
lo © h, where l0 is the space of complex numbers12) and h is the space of square
integrable functions in three variables, i.e. the space of all/(fe) ê L2. If Po and Pi
are the projection operators in I projecting onto lo and lx, any operator A in I can
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be decomposed13) into

A (Po + Pi) A (Po + Pi) A00 + ^10 + ^01 + A^

In particular H H00 + tf10 + /z"01 + Z/11, where

H. P. A.

(12)

#00

H1»

#01

T/11

fc -> (#o - /IM) /o

lo ^ — log Qfk)

/(fe) -> - g | e(Ä) /(fe) rffe,

/(fe) -> w(k) /(fe)

(13)

The operator H is clearly self-adjoint14), its domain being the set of all vectors
h © /(fe) such that wfk) /(fe) S LA. This would not be so had not we taken a square
integrable cut-off Qfk).

The function cf,vfz), as V -> oo, goes over into a function c/>(.z), where

z - (<fo - JM) + g2
e(A)2

ai(A)
(ife. (14)

This is a regular function of z, cut along the real axis (i < x < oo, where ^ is the
mass of the meson. The boundary value of </>(z) exists15) for x > /u and is given by

<p±fX) X- frSo- AM) + g2.
Q(k)2

w(k)
ik -j- i tc g2 q(X) xfX) (15)

where
gfX) g(Â) at wfk) X ocfX) 4 ?r £2

dh

dw w — A

and the -t sign refers to whether the cut is approached from above or below. The
mass renormalization term AM is chosen to be

AM e(k)2
w(k) — I

dk (16)

With this choice oiAM, c/,fSo) 0 if So < pt, this being the only zero cj,fz) we can have.
As V -> oo the family of projection operators P\ also tend formally to a limit PA

P* AAJ § Ah)dz T-p> <x~p I + g/ dk
t.

X [|«(*)^><t_^| + \ r. py (afk)1 p

2 71 i
Q(k)

$(z) (w - z)
dz

dk / dk' eik) eik')
if>{z) (w — z) (w'

dz | a(k')1 py (a(k)1 p |

dkOfX — w) | afk)1 py (afk)1 p |

(17)

where the path of the z integration is taken along an open circle as indicated by
Fig. 1. (The improper integral exists, except for X S0 if S0 < /u, since lj[<f>(z)] is
regular on the open circle and is bounded at the endpoints.) The four 'components'
of PA (see equation (12)) are:
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fc->^7poo1 A

pio.

pOlrA

PY

lo^

/(fe)

/(fe)

ni J
A

4,(z)
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dz lo
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Qfk)

2 ni

Qfk)

4>(z) (w - z)

f dkffk) j>

fdqffq)

dz

e(k)
</>(z) (w - z)

dz

2ni
Q(q) dz

(18)

4>{x) (w(k) - z) M?) - *)

a e(x - wfk)) /(fe).

The operators Px are clearly hermitian and it is shown in the Appendix that

they satisfy PA P„ Px, where h — min(A, v), and also P^ I, j X dPx H.
— oo

Therefore we conclude that the operators Px as defined by equation (18) constitute
the resolution of the identity associated with the operator H defined by Equation
(13). Some properties of PA can easily be read off; PA 0 if X < min(<?o, A),
Pi. is discontinuous at X — S0 if S0 < p, corresponding to the stable neutron, and it
changes continuously in the interval p < X < oo. This expresses the well known
fact that H has a continuous spectrum starting from p and a bound state at «?o if
So < p. If So < p the projection operator Ps which projects onto the bound state
is given by

P*. lim(P^o + ò - Ptri) UmPtt+a (19)
(S-+0 «->o

and its components are

lo^rSfp -.poo.

pio.

poi.
©0

PA:

lo,

lo-^loTg

/(fe)

e(k)

/(fe)

where

w(k)

r 6(p-

r 6(p -
r —

» fp - *o)

'

su gg(*)/(*)aK
w(k) - So

gQ(k)
w(k)

dq gQ(i)Al)
w(q) — So

(20)

Q(h)2

(w(k) - So)-
dk

Fig. 1

Path of integration in Equations
(17) and (18)
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4. Some General Properties of the Limit of the Time Development Operator

If the Hamiltonian H is to describe a quantum mechanical scattering system it
is necessary that lim<rlfloi etHt should exist in the strong sense at least on a subset

t~->~- OO

of I. (Time reversal symmetry then assures the existence of lim e~tHat e'm on the
t—> 4- oo

same subset.) Here Ho is the free Hamiltonian, in our case Ho [(1 — T3)/2] So +
f dk wfk) afk)1 afk). Let R denote the set of all xSl such that lime~iH-> eiH«1 x

t—>— co

exists in the strong sense and let Q denote the set of all y S I such that y lime"*H»'
t-i—oo

etHt x for some x S I. There are a number of general theorems on these operator
limits17). The subsets R and Q are closed linear vector spaces. These two limits
define a pair of adjoint partial isométries which map R ->Q and Q -> R respectively.
The wave operator Q+ is defined by

Similarly

Q+ y lime-™ eiH°' y if y e Q
t—>~ co

û+y 0 if y ± Q

Q\ x lime-'"«* eiHt x if xeR,

Q\ x 0 if x J. R

The operator û+ and its adjoint Q1^ satisfy the following relations

fQ+ x, y) fx, ß!,_ y)

(21)

(22)

Q1+Q+

D+Q1

EQ,

ER,

(23)

where Eq and Er are the projection operators projecting onto Q and R. In the same

way one defines ß_ and Ql through the limits as t ~> + oo. The scattering operator
SÌSdefÌnedaS

S Q1Q+ (24)
and * SatÌSfÌeS

S1S=SS1 EQ, (25)

i.e. S is unitary in the subspace Q.

In the following we shall frequently make use of a simple lemma.
Lemma. Let Uft) be a one parameter family of unitary operators and let

t — co

Uft) / —> /7
weakly

The vector /' is the strong limit of Uft) f as t -> — oo, if and only if || /' || || / || •

If 11 /' || y. || / || the strong limit does not exist.
Proof : The necessity of this condition is well known and the sufficiency follows

from
II Uft) f - f ||2 || Uft) /1|2 - (Uft) j, /') - (/', Uft) f) + || /' ||2

2 || /' ||2 -(Uft) /,/')- (j',Uft)f)
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by assumption. The assumed weak convergence gives that

|| Uft) / - /' ||2 -> 2 || /' ||2 - 2(/', /) 0 Q.E.D.

The lemma provides a criterion for the existence of the strong limit in terms of
the weak limit and it will greatly facilitate the evaluation of the wave operator in
the next chapter.

5. The Wave Operator

In this section the strong limit of er111'1 etHt, as t -> — oo, will be investigated.
In view of the previous chapter we shall start by considering the weak limit first.
A general vector in I is of the form lo © /(fe), where lo is a complex number and
/(fe) S LA. It is therefore sufficient to look at the weak limits of e~iH>1 eim h and
g-*H0* eiHt i^ separately. To obtain the weak limit of e~iH^ eim lo we have to
consider the limit

lim(e-m°l eiHt lo,m0® hfk) lim((TH* eiHt lo, mo) A lim (<rlH»( eiHt h, hfk) (26)
t—>~ oo t—>— co i—?— oo

for all Wo © hfk). The first term in the right hand side can easily be evaluated18) :

lim(<rtH°' em l0, m0) lime^ feim l0, m0)

limZ^ irefp-So) eis'* lo m* + / em d^fPf lo, mQ]

rOfp- So) fio, mo) A- limZ^ / em d^AAifwfdz^'mo^'

Since the cut-off function Qfk) is continuous the derivative

^Z (_1 IX
2 n i \ j>+(X) 9-(>\)

A
AX I 2 ni J A(z) I

I 1

(27)

where cj,+ and cf,- are the boundary values of cj>fz) defined by equation (15). This
allows us to write

lim(ZffX"X0, m0)
t—>— oo oo

rdfp — So) fio, mo) A- fio, mo) lim e-'*'' f e dl 2

rOfp—So) fio, m0) - fio, mo) lim--'*"'
t—>— oo 2ni

,—r cp —— dz\ dX
: m J rj>(z) I

A /

'**
WA) ~ AAA) dX) ¦

(28)

As | <j,+fX) |a is bounded from below by some positive number, the function

1 / 1 1__\ __ J_ Imf-(A) _ g2 o(X)2 a(A)

2ni W+U) A-IX) } ~ n \ A+IX) I2 ~ MA)
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is integrable in p ^ X ^ oo and therefore its Fourier transform tends to zero as
t —*¦ — oo

The second term in expression (28) thus vanishes, i. e.

lim fe-m/ eiHt l0,m0) =T6fp- So) fio, m0) (29)
I—>¦— OO

Returning to the second term in the right hand side of equation (26)

lim(e-H°' eim h,h) lin^X*»' eimPSa lo, h) + lim(ZH»' eim (1 - Pg) lo,h)
t—>¦—oo t—? — oo t—>— oo

where the first term can be shown to vanish in the limit. Consequently

lim(g-I"»( e'm lo,h) lim(X"»< eim (1 - Pg) l0, h)

o
r Ar

dt (e^eiHt(l-Ps)l0,h)dt-(PSalo,h)
(30)

at least for all h S DHt DH.19). On the other hand

Z(Z"°vHZl -P*,)lo,h)

i(eimHfl - Ps) lo, e111'1 h) - i(émfl - Ps) lo, H0 éH<* h)

ilo / X eiu d.
1

2 ni dk e(k)
<f>i*) (w - z)

dz e-iwt Äx(fe)

— ilo eu d> (ihr Idk f mî^ z)d* <** - ÄX w)

g e(k) e-iwt hx(k) \"° I ^Md^2nAfdZÌAJdk (w — z)

-"•[fil-aï 1 f dk g Q(k) yat w hHk)
rf,(z) J w - z

2 n

OO

f X eM lim (¦ F (A + i S, t) F(X — %S,t)
i(A + i i S(X - iS)

dX

where

«i;„ (F'(X + iS,t) F'(X-iS.t)
2n f eM lim

i(A + iS\ i (A - i S)
}d%

F(z,t)= [dk *m*~**w_ and F,M [ik< m •*<»**(*>
J w — z J w — z
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In one of the intermediate steps we changed the order of integratiln with respect
to fe and z. This is justified because the conditions of Fubini's theorem20) on successive

integration are here satisfied. Moreover

lim (A FfX ± i S, t) - F'(X ±iS,t)) - g f dk e~iwt Qfk) h*fk)
<r-»o •>

and therefore

jL(e^e™(l-P^)lo,h)

Jo_ f M
2n J e

CO

w - w)dX I e~iwt g e{k) hx(k) <w) dw '

(31)

where hfk) is the spherically symmetric component of hfk). Substitution into
Equation (30) gives

limfe-iH't eiHtlo,
t—>¦— CO

2 Tf
dt

-co Lfi
^(w-tWK e""' s Qfk) hxfk) afw) dfw) fP.Jor

2n dt l^^/^lwz-w)^. e~iatgQfk) h*fk) «.(w) dw

-refp -So) io get*)
w — So

Âx(fe) dk

where we used Equation (20) for Ps The function S ft) is the step function

gm - / > if ' > °
*y> - \- i if t < o ¦

We now take the Fourier Plancharel transform21) in this expression to obtain

oo

lim(^ ** lo, h) \ f (_»- - -r-y g Qfk) hXfk) «(

1 k
2 V2Az ((^'Hl^r-fw))«

w) dw

Qfk) hxfk) ol(w) dw

-rdfp-s0)io w - sa hx(k) anfw) dw

(32)
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where F'1 S ft) F is the Fourier transform of the multiplicative operator S ft) and
is given by

CO

-jL (AF-1 S ft) .<?) (-Z— - —5-TT- Z 0> f l *_ _ *_) iA
]/2 ji v w ' \ 4>-(w) r/>+(w) J n J A - w \ 4>-(X) <t>+(X) J

ß
oo

—» f ^— Im -rXv dX
n J A — w <j>+(X)

The function lj<f>fz) — T8fp — S0) ijfz — So) is analytic in the cut plane and the
real and imaginary parts of its boundary value satisfy the conditions of the Hilbert
relation22) :

oo

—L- (jr-i s(t) &) (-r-Z- - —L-) i- 0> f -v-— Im -Z^ ^A
j/2 jr

V ' V X«') r7») / n J X - w <h+(X)
ß

2Re-~Xr - 2 rdfp - So) —~ -Z-r- + -r-Xr -2Tdfp-So) X—.-
<£+(z») v ' zt) — «fo </>+(w) 4>-(w) ' w — So

Substitution back into Equation (32) gives

hmX"»< eiHt lQ,h) -lQ [ dkg Qfk) -Z- Äx(fe) (33)

Equations (29) and (33) are equivalent to the statement

t — CO .j

e-,Hct em h _> r e (// _ ,fl) /0 0 _ /0 g e(Ä)
i (34)

weakly

Using the same technique one can also evaluate

lim fe-iH'* eim f, m0) and lim fy11«1, eim f, h)

with the result

e-iHj eim /{fe)'_rre o« - /o) z(/o) © [/(fe) - g e(A) £gU, (35)
weakly L ™ ^ '

where

ZM =*/<** ^g^i and z+(w) - iimxfw + »/).

Thus the weak limit of X1'«' eî/ft exists on the whole Hilbert space I. To obtain
the domain of strong convergence we apply the lemma of the previous chapter.
First of all, the norm of the right hand side of Equation (34) is seen to be

1 2 rzai,. j8>_\ 17-12 i i ;. i2 F ju g* Q(k)2r 6fp - So) lo ® - h g Qfk) ~-^ \ =r2d(p-So) \lo\2A\lo\2 j dk^(w) <f>-(w)

r*d(p - a) |fo |2 + |/o |2 -^- [dw (Z7-XZZZ)
ii

| /o |2 P2e (p — S0) —s—r / iœ t-ttv ' 2 ni J \ <t>+(w) if, (w) f
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by equation (15). The second term in this expression may be evaluated23) by opening

up the contour of integration and one obtains the equation

\ro(p- so) h © - kg Qfk) j^-rf I fc |2 [dfp - s0) r(r - i) + i]

which shows, since rfF — 1) ^ 0 for g =£ 0, that e~iH,f eiHt lo converges strongly,
as t -j> — oo, if and only if 6 fp — So) 0, i. e. if and only if there is no neutron
bound state. Similarly for Equation (35)

reiß - so) xfso) © [/(fe) - g Qfk) Ä] I»

CO

r*6fp- so) | xfso) |2 + || /1|2 - J ]fk) g efk) (^g-)x«(») ^

^+(«j)
e(/e) /x(/e) a(w) <to Qfk?

x+(w)
+(w)

ctfw) dw

oa

/^ - /o) I xfso) |2 + || /1|2 - ^ajJ(xA^) - z») (-j^rTdw

OO OO

dw

r*8(/t-

f\\*A-dfp-So)rfr~ i)

OO

i f x+(w) (xxH)+ _ ;rM (yxW)~ \ j

which shows that again the strong limit of e"'H»' e'm /(fe) exists for all /(fe) if and
only if H has no bound state, i.e. dfp — So) 0.

It will now be proved that even in the case of stable neutrons the operator
eriHtt &%m converges strongly, as t -> — oo, on a domain R which coincides with the
continuum part of H. In fact, from equations (20), (34) and (35) it follows that

i - ps) h —To © [- /o (refp - so) g
e(k)

weakly
W — 60

-IhnrQfp -s0)g — eik) dq
' Q(q)2

#->0
As

lim(l -TBfp -So))g-. + L.

g2 ed)2

(w A- iS) J ""* (w(q) - So) (w(q) — w(k) A- it

m \]

dq
(w(q) (w(q) - z) z - 1

1
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this expression can be simplified to

e-4Hj. emt 1 -P.
weakly

¦ 0 © - lo g
<j>+(w)

Similarly one shows that
t oo

e-iHat eiHt (j _ ps) m _^ Q @ /(fe) _ g e(A) _*_gH

H. P. A.

(36)

(37)
weakly

In order to prove strong convergence one has to calculate the norm of the right
hand sides of equations (36) and (37) :

lo. g(*)
<j>+(w)

/o|2 dw

/<*>-«<*>£$

oo
2 eW2 dk _ IZL2 / /X LA)
(,+(w)\2 2ni J X+(œ) 4>-(w)!

\ i0\2 (i - re fp - so)) \\ fi - pgj io\

\f\\*-r6(p-*o)\z('o)\' \\{i -p,M\\*.
which proves the strong convergence on the domain R (1 — PaJ I i.e. on the
continuum part H. In other words, it has been shown that

(38)

We are now in the position to define the adjoint of the wave operator Q+ for
both the stable and the unstable neutron case :

e-iH„t emt
i — oo

(1 -Pg)lo—>0© -lo
strongly

gQfk) r
i
-(w) '

e' iH„t JHt (1 - P,.) /(fe) -stroi

^0 © [/(fe)
igly

L - g efk)
x+(w)
++(w -}-

Q\ x limX^' eim x if x e R
t — OO

Ü1 x 0 ii x J_ R
(39)

The wave operator Q+ is the adjoint of Q1^ and one can readily show that it is
given by

Q+ mo 0

Q+ hfk) gg(*)
$+(w)

hfk) dk

© Wk) + g Qfk) lim f dq
L s-*o->

' Q(q)
¦Hq)]

(40)

(w(q) — w(k) A- iS) <f>(w A ii

In agreement with the general considerations of the previous chapter one has

Q+ Q\ (1 - Pä)

Q\ Q+=PX,
(41)

where Pi projects onto the proton, one-meson subspace, i.e. Pi(/o ©/(&))
0 © /(fe). Equations (41) can be verified by straightforward computation.
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The limit / -> -f oo can also be investigated. Not surprisingly one finds that
equations (38), (39), (40) and (41) remain valid if one substitutes ß_ for Q+ provided
one also makes the substitution S -> — S in the right hand side of the equations
which changes cf,+fw) into cf,-fw) and %+fw) into x~i.w)- The scattering operator is
defined as usual by

S Q1_ Ü+

and it can be shown that

Sffk)=ffk)+2m^^ffk), (42)

where ffk) is the spherically symmetric component of /(fe). The scattering operator
is unitary in the proton, one-meson subspace, i. e.

S1 S ffk) S S1 ffk) ffk)

In the limit ffk) ->¦ ôfk — fe') formula (42) agrees with the S-matrix given in the
literature.

6. Summary and Conclusion

It has been proved that the strong limit of g_sH»f etHt as / -> -j- oo exists on the
continuum part of H which if p < So coincides with the total Hilbert space /. This
led to the definition of the wave operator Q and the scattering operator S, unitary
in the proton-meson subspace. There were two essential requirements for the proof
to go through; the cut-off function Qfk) had to be square integrable and the discrete
eigenvalues of H and Ho had to be the same, i. e. mass renormalization. These two
conditions fulfilled, there is no need, at least as far as the mathematics goes, for
coupling constant renormalization.

On the other hand if one wants to have a non-trivial scattering operator in the
relativistic point particle limit, coupling constant renormalization becomes necessary.

The unrenormalized coupling constant g must then tend to zero through
imaginary values25), implying a Hamiltonian H which is no longer self-adjoint.
The operator H would probably still possess a spectral resolution, the spectrum
now containing points of the complex plane. It would be interesting to carry out
this kind of analysis for such a Hamiltonian and see what the asymptotic limit of
e-vH„t e,m lookg like when e'm is no longer unitary.

It is customary to interprete the resonance peak in the cross-section by saying
that the matrix element <« | fH — X1 | w) nas a complex pole26) on the second
Riemann sheet, the position of the pole being related to the energy and life time
of the unstable particle | ny. In the Lee model with S0> p <n\ fH —- X1 I Z>
1/</>(z) and whether this can be analytically continued across the cut depends
entirely whether Qfk) can be analytically continued off the real axes. This seems
to some extent irrelevant as it is always possible to choose two cut off functions
Qfk) and Q'fk) which are for all practical purposes indistinguishable; they give the
same resonance peak and the same cross-section, such that say Q'fk) permits the
analytic continuation of (n | fH — z)-1 \ ny whereas Qfk) does not.

It is tempting to speculate how much of this sort of analysis can be carried over
to more realistic field theories. It is clear that many of the equations used in the
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proof of the existence of the strong limit lim e'tHct elHt are more general. There are
t — oo

for example the well known relations between the family of projection operators
PA and the resolvent operators fH — z)*1. However, for a proof of this kind it is
essential to have a well defined, preferably self-adjoint Hamiltonian. Unfortunately
this is not so for, e. g. quantum electrodynamics. The Hamiltonian there is extremely
ill-defined, its domain contains only the zero vector. Even so one may try to introduce

a cut-off into the Hamiltonian which makes it properly self-adjoint and show
that the wave operator exists in each channel for a square integrable cut off. This
approach may lead for example to a proof of renormalizability not based on
perturbation theory.
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Appendix

It will be shown here that the operators PA defined by Equation (18) satisfy

P,PV PX, x xam(X,v) (A.l)
and

oo

H =SoPgo+ f X dPx limPA / (A.2)
{ A^oo
ß

Equation (A.l) is equivalent to the four equations

I Pj0 P00 + Pf P]0 P°°

II P°A° P°vl + Pf P\l Pi1

in p? p;° + p\° pr pi0

iv p? p? + p\° p„ p?,
where x min fX, v). We can prove these by straightforward computation :

I fPf P^ + Pf P]°) lo Js-r <£ -Z- dZ ZL. <£ -i- d2'

(A.3)

*>o „„„ Doi pl0) /o X (h dz^-f -Z.
2 n i J <f>(z) 2 ni J <p(z)

I V

A- fdkf^f f .«<*> **( '«<*> dz'\ k.J I 2 n % j 4>(z) (w — z) 2 m J <j>(z) (w — z) I

The order of integration can be changed in the second term :

(poo poo + pot p]0) lo _ lo (_1_). f _X_ & £ _!_ *,

+ l°(A^yfdzfdz'AA^AÄ)Jdk
¦ e(h)2

(w — z) (w — z')
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From equation (14)

f dk g2f(A)2 ^ - *£i - 1 (A.4)
J (w — z) (w — z') z — z'

and so

(poo poo + poi pi0) lo (_!_), f^f dz, _A_ (_!_ _ _L_) poo lo t

X v

where x min fX, v) proving equation I.

II fPf Pf A Pf P]1) ffk)

\2niJ J rf>(z) J IK ' J rf>(z') (w - z') 'J 2ni J <t>(z) (w - z)
A v X

X \gQfk) J ¦ fdqf(q)<£ ee(*\ dz'+dfv w)f(k)]a *-K ' 2m J ii vii y ^) (a, _ z<) (w' — z') v / ' \ / '

dz

where w wfk) and w' wfq).
Change of the order of integration and equation (A.4) allows us to write

iff Py a pf PY) ffk) {^-f f^dzfdkffk)f '«w /
A v

+ (A:)' f *«• i»m§*A* ,„X,.-„ Z7X - ')
A v

+ -±-r f dkdfv-w) ffk) <£
^, f,gW dz

2 m J v ' 'v ' j rf>(z) (w — z)
A

which simplifies to

(poo pot + pot PV) /(*)._!. / « e _ w) /(fe) £AOW -dz

+ (tx)2/ dks<?(*) /(fe) / <** / <**' (^ („-V) (,-,-) - ^)(B,-V)(,-J
A »

^Z-v f dkd(v-w)f(k) <£ A.ff{k) dz + QfX-v)2 ni J v ' 'v ' j j,(z) (w — z)
K '

A

X -=K /" rf* /(fe) <£ ,f.gW &'2 n % j K ' J j>(z') (w - z')
V

- (aÏjÏ f d*s9fk) ffk) fdi^f (.-,¦/(,-,) *"
A v

d(x-v)~ f dkffk) <£ ,,ff(k) dz + dfv- X)
x ' 2 n i J K ' J <j>(z) (w — z) v

X
1 f dkf(k) rl ff) dz2m J 'v ' J <j>(z) (w - z)

A

26 H. P. A. 37, 4 (1964)
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which verifies equation II. Equation III follows by taking the adjoint of equation
II.

IV. The proof goes along the same lines. The details are somewhat lengthy, only
the main steps in the argument will be reproduced here :

fPf Pf + Pf Pf) - {-^rjf f ^XX äz J dq ffq)

X

X

'{?(?)

Qfq)

>') K - *')

i

{?(?)
-,-r dz' A g Qfk) j dq-—. ri o i» v / j -i 2 n i J 9\z) (w — z) (w — z)

A

dz

In. dq' ffq')
' eA)

</>(z') (hi' — z') (w" — z')

g e(i)

dz' + d (v - w') ffq)

+ 6fX-w)g Qfk) -Z— f dq /(g) r£
x ' ° L ^ ' 2 m J ^ ' v^' J ij>(z) (w — z) (w — z)

A-6(X- w)6(v - w)ffk)

dz

(A.5)

where w wfk), w' wfq) and w" wfq'). Change in the order of integration and
use of equation (A.4) gives

(X7X g eA)
<f>(z) (w — z) (w' — z)

-dzgQ(q) [dq'f(q')(f
¦ eA)

r/>(z') (w' — z') (w" — z')
th'

(~Ym)\f dq'g efq') ffq') § dz âS dz' i
tf>(z) 4>(z') (w — z) (w" — z')

X dq
0-2 n(n\2e(i)2

{AAïff
W — Z) (W — z

1

<t>(z) A - z)
dz / dq f(q) g e(l". dz'

X) (w' - z')

4>(z) - 4>{*')(aaaT J disq(i)M §d*j> m m A(z) (f,._z) ,„, :) ,v -,,A v

2 ni dfX-v) / dqgQfq)f(q)

<t>(z') K - z')

g eii)

dz'

tt dz'
<f>(z') {w' — z') (w — z')

V

—rdfX — w) / dq g Qfq) f(q) (£ rT^ dz
m v ' J * o «vz/ j \i/ y ^z) (w — z) (w — z)

2 ni 6(v-X) / dqgQ(q)f(q)
I

rj>(z) (w — z) (m' — z)
dz

^— f dq6(v-w,)go(q)f(q) j>
<f>(z) (w — z) (w' — z)

dz
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Substitution back into equation (A. 5) gives

fPr pf + pf pf) ffk) g Qfk)

A-Bfv-X) dqffq)

1

2 ni ifX-v) dq
ed)

407

dz

¦ e(q)
tf>(z) (w — z) (w' — z)

dz

<l>(z) (w — z) (m' — z)

+ 6fX-w)6fv- w)f(k)
Q. E. D.

In addition to equation (A.3) we have to prove

limP;, / and S0 Ps + / XdPx H

The first statement follows easily from the asymptotic behaviour of lj<f)fz) :

1

_
1

77) z - <?o + AM
for z R e'* and large R. The proof of

•(*)

,P,t + J XdP, H
ß

(A.6)

follows from equations (18) and (19).

oo

KoP^X J XPx)lo
ß

oo

loSo refp - So) -lo^-f X lim (^ -^) «

© iorofp-so)^l--iogQfk)^-

X lim
> (A + « S) (w - X - i < >(A — «'«f) (z« — A + iX))^

^XTX1™ /-^j-<** S/o g e(Ä) —lim ^

/o o—- lim Œ)
2314 »_„ J

X) (w - *)
efa

Ä-^ooÄ

© lo g Qfk) Y^ylim (j)
u (z -So + AM) (w - z)K^oo R

AM
fSo -AM)lo® [lo g Qfk) (-_ êo + AM w_êo + AM

Similarly one proves

)] H lo.

(A.7)

>-P,.+J X dPA ffk) -g j Qfk) ffk) dk@w ffk) H ffk)
ß I

which taken with equation (A.7) is equivalent to equation (A.6).
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This completes the proof that the family of operators Px is the resolution of the
identity associated with the self-adjoint operator H.
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