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Borchers' Classes and Duality Theorem

by M. Guenin*) and B. Misra
Institute for Theoretical Physics, University of Geneva

(17. XII. 63)

Recently some attention has been focused on the so called 'duality theorem'1).
In order to formulate a version of this theorem, we first introduce the following
notations:

If B is an open space-time domain, then B' denotes the set of all space-time
points which are space-like with respect to B. A space-time domain B for which
B B" will be called a 'diamond'. Corresponding to every given field theory, there
will be von Neumann algebras RfB) generated by field operators of the open space-
time domains B2)3).

The 'duality theorem' states that if B is a diamond and RfB) denotes the von
Neumann algebra (associated with B) of a local field theory then

RfB') R'fB) (1)**)

This result has been proved for free-Bose fields1). Unfortunately it has not yet
been possible to deduce the duality theorem from the usual postulates of Quantum
Field Theory. Nevertheless we shall assume, in this note, that the duality theorem
is true and point out some easily deducible, yet amusing consequences.

Proposition 1

Let RfB) denote the von Neumann algebra (associated with the domain B) of a
local field theory. Further let the 'duality theorem' be true for this field. Let RifB)
and RzfB) denote two other fields which are not necessarily local and for which
the duality theorem is not necessarily true. If the fields Rx and Rz are local with
respect to the field R then

RifBx) cz R^(B2)

for every pair of domains Bx and Bz which are totally space-like with respect to
each other (i. e. Rx and Rz are local with respect to each other).

Before proving this proposition, it may be noted that it is a slight paraphrase of
a well-known theorem of Borchers4) and is basic for the theory of 'equivalence
classes' (Borchers classes) of fields.

Proposition 1 may be proved with the help of the following

*) Supported by the Swiss National Fund for Scientific Research.
**) It is known that relation 1 is not true (even in the case of free Bose field) for an arbitrary

open domain B (cf. ref. i)).
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Lemma 1 :

If B is a 'diamond' then

RifB) £ RfB) and RzfB) £ RfB)

Proof of Lemma 1

Since the field Rx is local with respect to the field R, we have

RifB) £ R'fB'). (2)

Since the duality theorem is assumed to be true for the field RfB) we have

RfB) R'fB)
thus

R'(B') R"(B) R(B) 2 #i(.B) (3)

One can similarly prove that
RzfB) £ i?(S)

The proof of proposition 1 may now be accomplished by noting that if Bx and Bz
are any two domains, totally space-like with respect to each other, then there
always exist 'diamonds' Dx and Dz such that

Bi £ Dx ; Bz £ D2

and Dx and D2 are totally space-like with respect to each other. We now have

RifBx) £ RifDi) £ R(DX) ;
1

and \ (4)
RzfBz) £ i?2(D2) £ i?(Z)2) j

Since Dx and Dz are totally space-like with respect to each other and since the field
R is local, one has the relation

RfDx) £ R'fDz) (5)

From (4) and (5) we obtain

RifBi) £ RfDx) £ R'fDz) £ R'2fBz)

We now mention the following

Corollary to proposition 1

Let Rhea local field and i?i a field which is local with respect to R. li the duality
theorem is true for both the fields then RfB) RxfB) for every 'diamond' B.

Proof of the corollary

We have seen that the assumption that the field R satisfies the duality theorem
implies that RifB) £ RfB) (Lemma 1). Since Rx is also assumed to satisfy the duality
theorem one obtains similarly RfB) £ RxfB); hence RfB) RxfB).

This corollary may be also considered as the algebraical expression of a result
obtained by Epstein5) in the case of free fields.

From Lemma 1, it also follows that

Rifoo) £ Rfoo) ; Äa(oo) £ Rfoo) (6)
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where oo means here the entire space-time. The usual proof of Borchers' theorem4)
assume that Rfoo) is irreducible but one can ask the question whether the condition
(6) is not sufficient. Indeed we have the

Proposition 2

Let Afx) be a local field with the algebra Rfoo). If Bfx) and Cfx) are two fields
(with corresponding algebras Rxfoo) und i?2(oo) respectively) which are local with
respect to Afx) and if i?i(oo) as well as i?2(oo) are subalgebras of Rfoo) then Bfx)
and Cfx) are local with respect to each other.

Proof of proposition 2

Proposition 2 is proved by Borchers4), with the additional assumption that
Rfoo) is irreducible. In order to prove proposition 2 without the irreducibility
assumption we only have to note that the commutant R'foo) of Rfoo) is Abelian2)6).

Since the algebra R'foo) is contained in the algebra generated by the super-
selection observables2), it is reasonable to assume that operators in R'foo) have
discrete spectra. Hence the Hilbert space §> can be decomposed into a direct sum
2J %>k and the algebra Rfoo) into a direct sum £ RA°°) where Rkfoo) denotes the
e* ©*
algebra of all bounded operators in §,k. Since i?i(oo) £ Rfoo) we obtain R'foo) £
Rifoo).

Therefore the subspaces §£ will also reduce the algebras i?i(oo) and hence

Rifoo) can be written as the direct sum

Rifoo) 27 4(°°).
e»

¦Jc,with R\foo) £ Rkfoo). Thus if we confine ourselves to a subspace §& we have an
irreducible field Rk. Since the fields R\ and R2 are local with respect to 7?^, we
conclude that Rx and R2 are local with respect to each other for all k. Hence the
fields Rx and Rz which are the direct sum £ Ri and H, R\ respectively are also
local with respect to each other. © ©

N. B. In the proof of Proposition 2 we have assumed, for the sake of convenience,
that the superselection observables have only discrete spectra. This assumption
does not however seem to be necessary and one could carry through the proof by
considering direct integral representation7) (instead of direct sum) of the field.

References

*) H. Araki, Von Neumann Algebras of Local Observables for Free Scalar Field, preprint.
2) M. Guenin and B. Misra, Nuovo Cim. 30, 1272 (1963).
3) R. Haag and B. Schroer, J. Math. Phys. 3, 248 (1962).

H. Borchers and W. Zimmermann, Nuovo Cim. 31, 1047 (1964).
H. Araki, J. Math. Phys. 4, 1343 (1963).

4) H. Borchers, Nuovo Cim. 15, 784 (1960).
5) H. Epstein, Nuovo Cim. 27, 886 (1963).
6) H. Borchers, Nuovo Cim. 24, 214 (1962).
») M. Naimark and S. Fomin, Uspekhi Matem. Nauk 10, 111 (1955).


	Borcher's classes and duality theorem

