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Classical Statistical Mechanics of a System of Particles

by D. Ruelle ¥)
Eidgendossische Technische Hochschule, Ziirich

(15. VIII. 62)

Abstract. The free energy of a system of particles interacting by a two-body potential is
investigated for the canonical ensemble. The existence of a limit for the free energy per particle
when the system becomes infinite and the stability conditions are proved rigorously for a large
class of potentials. It is also shown that the pressure is a continuous function of the volume for
bounded potentials. The grand canonical ensemble is investigated in a similar manner and a
generalization of the results of YanGg and LEE is given.

Introduction

Let us consider a classical system formed by # particles enclosed in a region /4 and
interacting through a spherically symmetric two-body potential. Statistical mechanics
yields an expression for the free energy F of the system at temperature 7 (canonical
ensemble). In order to identify F with the thermodynamical free energy one is led to
consider the limit of F/# when # and the volume of A tend to infinity in such a way
that the specific volume has a finite limit. The problem of the existence and of the
properties of the limit of F/»n was studied by VAN Hove#?) and a similar problem was
treated by YANG and LEE®) for the grand canonical ensemble.

These two investigations have however been restricted to the case of potentials
with a hard core. It is indeed clear that a system of particles interacting classically
through a two-body potential does not always lead in the limit to the definition of
the usual thermodynamical functions**).

In what follows we will give less restrictive sufficient conditions on the potential so
that the system behaves in the limit as a thermodynamical system. We will then
prove the existence and stability properties of the thermodynamical potentials for
the canonical and grand canonical ensembles. We will always assume here /4 to be
a cube, but a generalization to other shapes is straightforward. ;

A detailed knowledge of the analytic properties of the thermodynamical functions
could be obtained up to now only for one-dimensional systems (VAN Hove?®)). We

*) Present address: Institute for Advanced Study, Princeton, New Jersey.
**) This difficulty appears when the potential does not decrease fast enough at infinity or
when it is not sufficiently repulsive. Suppose for instance that the potential @ is continuous and

n n
that there exist points &;,7 =1, ..., %, such that ' 3 @ (#; — x;) < 0, it is then easy to see
i=1j=1
that the minimum energy of a system of N particles becomes negative and diverges quadrati-
cally as N goes to infinity. The definition of the usual thermodynamical functions is then no
longer possible.
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have therefore also given here a proof, valid for bounded potentials, of the continuity
of pressure as a function of specific volume at constant temperature

1. Conditions on the potential

Let us consider a system of # undistinguishable particles having only the translation
degrees of freedom and interacting classically through a two-body potential. The total
energy 1s given by

E(p, %) =T, () + Ux), (1)
n pf
L) =2 5. (2)
- -1
U, (%) Z_Z'@ (% — ;) (3)
1< ]
where «,,...,%, are the particle coordinates and p,,...,p, the corresponding

‘momenta.
We will now restrict our attention to the family of potentials defined by the
following properties.

Properties A. One may write
D(x) = Dy (%) + Dy() 4)

where the functions @, (x) and Dy (x) depend only on | % | and satisfy the following conditions.
A,. D,(x) s Lebesgue-measurable with values in the closed interval [0, + oo] (It would
be sufficient to assume that @,(x) is non-negative almost everywhere). The set
{x:D;(x) = + oo} is a sphere of radius a > 0 centered at the origin. There exists a
number R > 0 such that ®,(x) is Lebesgue-integrable for | x| > R.
A,. Dy(%) 1s continuous and Lebesgue-integrable. If one writes

y(s) = (27)~ [ dp 7= Dy(p) ®)
@2( D) s non-negative and @2(0) > 0.

@,(x) is thus a continuous function of positive type and therefore bounded,

-~

®@,(p) is continuous and Lebesgue-integrable.

Let now /A be a closed cube with the volume V' = 23.

Let O//.(A) be the family of all positive measures which have their support in /.
If n(x) € 9/ (A) we may write

n(x) = (2 )" [ dp ¢#= i(p) (6)

where #(p)* = # (— p) and =(p) is entire analytic by the PALEY-WIENER theorem3).
One has

Jayniz)n(s+3) = [apér=ii(p) i (— p), )

[ dxdy @y (y— ) n(s) n(y) = @@ [dp Bup) A(p) 7 (—p).
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If u is any unit vector, the function #(p u) # (— p u) is entire analytic, non-negative
for real p. Term by term minorization of its power series expansion at the origin yields

’;L(;b u) 5 (—pu)>Q2n)3 (d/dx n(x))Z {1 { 1/3}. P2+ Vz_!}l_)fpﬁ + ”

s (/dx n(x))2(1 _ Ch}/3Ap—cos}3ip )

2

The continuous non-negative function f(p) = max (0, 1 — (Ch /31 p — cos /3 1 9)/2)
satisfies f(0) = 1 and

fdxn > @2a)? a(p) # (— /dxn ip). (10)
From (8) and (10) we obtain

Jdmdy B (v — ) n(s) n(y) > @)= ( [dwn()’ [dpBu(p) f1p) (11

and there exist positive constants 4 and A, such that for A > A, one has

(9)

(2 7)- f ap By(p) (3 p) > - (12)

fdxdy®2 (y— %) n fdxn 4, (13)

Let now x = (%, ..., %,), ;€A fors=1,.
We get for the potential energy U, (x) the 1nequahty

=2@ (%, — ;) >.2®2 (%, — %) = [2:; é¢z (%, — %;) — ""@2(0)] l
i< i<j] i=1;5=1 (14)

= % [fdx ay D, (y — &) n(x) n(y) — n B]’ I

where we have written

®,0) = B >0, n(x) :Zn‘a (% — ). (15)
(13) and (14) give =1
Uyx) > > (A > - B) for 4> 4,. (16)

We will base our discussion in the next sections mainly on inequality (16) and on a new
condition which we will impose on the potential @(x).

Property B. There exists a number R > O such that ®(x) <0 for |&| > R

This condition emphasizes the integrability condition for @,, givenby 4,. It seems
likely that B is not essential for the proof of the results below, and that the properties
A might be sufficient. In any case there exist many interesting potentials which
satisfy both 4 and B. Some of them are indicated in the appendix.

2. Existence of the free energy per particle

Let us consider a system of » particles enclosed in a cube A with edge 4 and
volume V' = 13, let also § be a positive number.
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One defines functions f and ¢ by the following formulae

. 1
¢~ BIB A _ (2 n)*aﬂﬁfdpl ...dp, fale .. dx, o PERPD) (1)
()"
e~mPBA) — (8 A, m) = fdxl... ds, ¢~ PUn) @
(A4)*

We have thus

3 2
— 55 log 5 4. (3)
For A > A, we have according to (1.16)
0(8; A, n) < V_’:g—nﬁu/zu V)~ B)] (4)
. 1 n 1 %4
<p(ﬁ,/1,n)>7(A?_B)_F(1og7+1). (5)

Let now A} be a cube with the edge 27 A — R, m: non-negative integer. We will

assume in what follows that A — R > A,and A — R > (#/}/2)'3 a in order to obtain a
density smaller than that of closest-packing. Let

On=0QB: 45, 22" n), @, =g 4, 2°"n). (6)

One can place eight cubes A2 inside of a cube A2, +1in such a manner that the distance

between two Afn is never smaller than R.
From this one concludes by using property B that

fn+1> (an)s: 9931+1<?’;}@- (7)

The sequence (@) < » < oo being decreasing (7) and bounded (5), has a finite limit ¢*,

1 1 | %4
If A < A’ one has Q) < 0% thus

¢ > ¢* 9
which shows that ¢* is a decreasing function of A.
Let A, = (A + A')/2 one can then place seven cubes A% and one cube A% inside of
Ah +1 1n such a manner that the distance between two /,, is never smaller than R.
From this one concludes that Q% , < (Qh)° QF, thus

7 1 5

(9) and (10) imply that ¢*is a continuous function of A for A > R + max (4, (#/)/2)! a).
One proves indeed without difficulty semi-continuity to the left, then to the right.
Consider now a sequence (N));< ;.o Of positive integers such that N; > oo and a
sequence (V));<;<o Of positive numbers such that VN, >v > a3/|/2. We will
denote by V; again the cube with volume V.
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One may then choose numbers # (positive integer) and V' = 23 such that v = V/n
and 1 > R + max (g, (n/)/2)'3 a).
@* being continuous, for any & > 0 one may choose 4’, 2" such that

R + max (ilo, (;—2_)1/361) <A LA<A and ¢F —¢*<e, ¢ -9 <e.
Let E(x) represent the biggest integer not greater than x, one may then find an
integer ¢’ such that for ¢ > ¢’ one has

(B[] 1)< v, g

Let then 2™ < E[(N,[n)Y3] < 2m+1 m integer.
Inside of V; one can place, starting from one corner and at mutual distances
greater than R the following cubes containing in all N; particles.

1. One cube A% containing 23™ » particles.

2. Successive layers of cubes A%, containing 23™ n particles, m’ < m, m' strictly
decreasing.

3. A certain number of cubes A} containing # particles.
4. A cube Af,', containing %’ particles, 0 < n" < n.
We may then write
@(B; Vi N) < 3 ¢ w4+ - @(B; A5, 1), (12)

m =0

withec, >0, 2 ¢, + #'|N; = 1. When 7 tends to infinity the c,,, for s’ smaller than
m’ =0
a given constant, tend to zero.
Therefore, for 7 big enough

e(B; Vi V) < ¢ + . (13)

On the other hand one may find an integer 7" such that for z > 2"

()" vy + Ry < 27 (14)

2

It is then possible to choose # so big that one may place 28™ n N} cubes V; inside of a
cube with edge 2™ N; 1" — R in such a manner that the distance between two V, is
never smaller than R. We get then

(0B Vi, N))?
and if 2¢-1 < N, < 2¢, p integer, we obtain

3m

"N} < 0 B; (2n N, 2" — R)?, 22m 5 N?) (15)

Q (B: (2 N 2" — Ry, 28mn N3) (Qin)™ "5 < Ol . (16)
(15) and (16) give
ZBP a 23? - Nz3 a
(p(ﬁ, Vz" ]Vi) b F‘Pmﬁ—;ﬁ - N3 Pon (17)

? (4
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and if we let m go to infinity

@(B; Vi, N) = ¢*" for 1> i", (18)
(13) and (18) show for any given ¢ > 0 one can find 7" such that

' —e<q@B; V,N) <¢"+2¢ for ¢ >i". : (19)
Therefore
lim ¢(8; V., N;) = ¢".

Theorem 1. Let (N;)1 << o0 be @ sequence of positive integers such that N; - oo
and (V))1<; <00 @& Sequence of positive numbers such that VN, > v > (013/]/2). If one
denotes again by V, the cube with volume V; the sequence ¢(f; V;, N;)1 < ; « 0o CONVEYgES

lim @(8; V, V;) = (P, v) (20)

1—00

and its limit depends only on 5 and v.

This result has been obtained for cubic domains but it might easily be extended to
more general cases. The function f(§, v) related to ¢(f, v) by (3) may be interpreted
as the thermodynamical free energy per particle at temperature 7"= 1 and for
specific volume v.

3. Properties of the free energy per particle

We have found in the last section that ¢(f, v) is a continuous and decreasing
function of v. We will prove that it is also convex*).

Let indeed (a%/)/2) < v < v, »[o’ rational. We may then write

and

%I

s Ad —_
g AL, 2 ). (1)

n
n + n'

(B AL, L, 224 (n+n)) < @(B; AL, 28mp) +

Letting m go to infinity we get

2 p—1 yr =L 7
PB ) < g P ) + e 9(B ). @

(2) and the continuity of ¢ as a function of v imply its convexity. Let us now come
back to the sequences (N,);i- oo (V;)1<ico Of theorem 1. If we write

pld) =y [ s duy 8[E - Uy + 51 (457 - B)], 3)
(v

*) Convexity and concavity will here be defined with respect to the negative part of the
ordinate axis.
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1; 1s a positive measure, with support in the positive part of the real line and such that
s |l < (Vﬁv*/Nz') We have

[ e i) = e vivi, )
| 1/, N,
vilP) = B [#(8; Vs Ny — 5 (4 3 — B)]. (5)
According to (4), ;(f) is an increasing and concave function of .
When 7 goes to infinity it converges pointwise towards w(f, v) = g [@(B
{A v} B)[2]. (B, v) is thus an 1ncreasmg and concave function of f, and the
same applies to y'(f,v) = B [@(B, v) — {4/v,} — B)/2] when @)2) < v < v}
v'(B, v) is also an increasing and convex function of v.

Let
a3 ! ’

/2
K = (B ) : B B B v < v ), | o
K={B,v): 8 <B<fovy <0<y},

p
y'(B, v) is bounded on K’ since v’'(f1, vs) < v'(B, v) < ¢'(fs, 7). From this and the
convexity properties of ¢’ follows that dy’/0f and 0y’[0v are bounded on K and
therefore that ¢’ is continuous with respect to (8, v)

0< < pr<Pa<Ps,

Theorem 2: The function § ¢(B, v), defined for f > 0, v > (a3])/2), is continuous
with respect to (B, v) concave in f§ decreasing and convex in v.
It satisfies the inequalities

Bo(v) =5 (I — B) — (ogv+1), (7)
BB, v) < —3log (v — R) for v > R3. (8)

The first part of the theorem may also be stated as follows: the function ¢(8, v),
defined for -1 > 0, v > (a3/}/2), is continuous with respect to (-1, v) concave in
f~1, decreasing and convex in ». The analogous properties for f(f,v) = (3/28)
log (27 B]m) + @(B, v) are immediate.

There only remains to prove (8). To do this we use the notations of section 2 and
take n = 1, A > R. Then

(@7 < Qh, Oi=@—Rp. 9)
If we let m go to infinity we obtain the inequality
B ¥ < —log (A— R)*, (10)

which is identical to (8).

We will conclude this section by a remark on the way in which ¢ depends upon the
potential.

Let </ be the set of all potentials with the properties 4 and B. /is then a convex
cone in the vector space it generates.
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Let o', «” be non-negative real numbers such that o’ + o’ = 1.
If we write @ =o' @' + o" @": D', D" € (/) and

U;(’f) == E@’ (% — %;), UZ(’E) = 2@” (%; — x;), (11)

<] i<

we obtain by HOLDER's inequality

Qolf; Am) = 5 [ dy...ds, (e7P Vi) (oA UH)

n (12)
(4) , »
< [Qo(B; A, n)]* [Qpn(B; A, m)]* .
@q 1s thus a concave functional of @ on /:
PalB, v) = o pp (B, 0) + " @an(B, v). (13)
4. Continuity of the function p(v)
We have seen in section 3 (theorem 2) that the pressure
Op(B, v)
p(8,v) = — 220 (1)

is, for fixed f, a decreasing function of v.
We will now prove that for a potential @ satisfying conditions 4 and B which is
furthermore bounded, i.e. such that

max |D(¥) | = M < + oo (2)

the function p(v) is absolutely continuous. It would in fact be sufficient to assume
that @ is bounded almost everywhere. For a bounded potential we of course have
a = 0.

Theorem 3. For a bounded potential satisfying conditions A and B, p is a continuous
decreasing function of v for v> 0 and fixed 3. Its derivative with vespect to v is a negative
function, locally integrable and bounded.

In fact, the hypothese made about @ are probably too restrictive and one should
be able to prove the continuity of $(v) for v > (a?/]/E) in much more general cases
(see for example?)).

The proof of the theorem is based on the following result.

Lemma. If the polential P(x) satisfies condition A [conditions A and B] one may
write

D(x) = D'(%) + (%), (3)

where @' (x) satisfies condition A [conditions A and B) and y,(X) is a continuous strictly
positive function of positive type.

Let indeed 9(p) be a continuous non-negative function with compact support
which depends only on | p| and does not vanish identically.
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Then y(x) = v (— &) = p(x)*, and the function

Wil®) = y(e) = @)= [dp &P 22 [dg () d (p—9) (4

is non-negative and of positive type. It depends on |#| only and cannot vanish on
an open set as a consequence of the PALEY-WIENER theorem?). Let us now write

PN

Ba(p) = hu(p) = [ [dq9(9) % (P — D" ®)

wale) = 22) % [ dy wi(y) v (5 — 9)

is a strictly positive function depending only on |#| and satisfying condition A4,.
If we write the decomposition

Then

D(x) = Dy() + D(#)

where @, and @, satisfy respectively the conditions 4 and B one may always choose
p(p) such that D,(x) — y,(x) satisfies again condition 4,. The functions yp,(¥) and
D' (x) = D,(x) + [Dy(¥) + 4(#)] satisfy then the conditions of the lemma.

Let now @ be a bounded potential satisfying conditions 4 and B.

By using the inequality of ScHWARzZ for a cube /A of volume V one finds

m+ 1! Q @A n+1) = fdxl...dxne‘ﬁUn‘f)fdan
A

(A"

(‘l)

12

2 n
" [ _/ dxl dxn dxn+1 dxn+2 g—ﬁUn(f)Hexp [“ ’82¢ (xn+a - xl)]
(A)"+2 a=1 i=1

= [n! Q(B; 4, n)}”z[ A%y ... A%, o6 PUn+ 20 eﬁ“’(xn+2*xn+1)]1’2.
(A)n+2
Therefore
n+1 [Q(BAn+1)2
n + 2 Q(f: A, n) ]
1 ~BUp 4 o) P lena—%n 4 1) @)
\W f dxl...dx,,+2e n+ 217 ¢ n+2"%n 4+ 1 J
(a)n+2
For any bounded measurable function ¥(«) depending only on | #| we write
a
03B A m) (P) = [ i pornulBs Am)|
f dx, ...dx, e PUs® @ (x —x ) (8)
_n=1 @am
2 fdxl.. dx,, e PUn®
(A"
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This definition allows us to rewrite (7) in the form

nts [QB: A n+ )P 2w p po
n+2 QB;An QB An+2) <1+ nwil Po (B; A, n+2) (e 1). (9)
L
et now . {n}r}@ -y "0

where the function y, is given by the above lemma.
According to (2) and (10), the potential

D) =D + h (f® — 1) (11)

satisfies the conditions 4 and B as soon as

m

— M g < h, (12)
(For h > 0, this is a consequence of the inequality g @(x) < ¢#®* — 1). When (12)
is satisfied @4, (f; A, #) and @ 4)(f, v) are both well defined concave functions of 4.
Let 0 < v, <wyand 0 < A, < hy = m|(e?™ — 1). We have

P (—ny B A n) —@g 4, (B: A7)
o (B; A, ) (¢ — 1) < TR CHERR 13

®om(B; A, n) is a continuous decreasing function of v = V/n for fixed §, 2 and #.
It converges towards @4 (f, v) when » tends to infinity. This last function being
also continuous and decreasing in v, it follows that the convergence is uniform for
U <V Vs
For v; < v < v, and fixed f8, 2 the functions g4 (8; 4, n) are thus bounded
uniformly in #. It follows then from (13) that the functions @3'(8; A, n) (¢f® — 1)
are also bounded uniformly in »:

o (B A, m) (€% —1) < L < + o0 for v, < i,': < Uy (14)
For v, << V/(n + 2) < v, we have thus, according to (9)
n+1 [QﬁA%H)]2 2
v ThAn G Arsd =ttt msT L (15)

Therefore

m+2)pBAdn+2)—2n+1) @A n+1)+nep;A,n)

16)
+ 2 2L +1 (
< g [log (14 555 L) +log 1] < gy
A being fixed, the function ¢(8, ='; A) defined by
7n\-—-1
o(B. ()75 4) = piB: A,m),
when g V' is an integer satisfies thus, for ¢ = #/V, the inequality
n+ 2 n+2 \-1 n+ 1 n+1 -1
el (3 ) - el () )|

+oglB b ] (L)< ZL; S
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Let now %, I be positive integers such that v, < n/V < (n+ &+ 1)[V < v; ! one
may then deduce from (17) that '

[_wi_fr_j+l’.9(p(ﬁ,(n+k+le)~1;/l)_ n:k Q(p(ﬁ,(n:k Q)_I;A)

- eold (g ) rentp e 0] (57 () <

Thus, if g, g, p, are positive numbers such that v, < p < o + g; + g, < v}, we have
(o + 01+ 02) @(B1 (0 + 01+ 02)7) — (o + 01) P(B1 0 + 0)77)

(18)

2L +1 (19)

—let+e) o8 (e +e)™) +egB oo e’ < 5

The function ¢(f, v) being convex in v, it follows that the function ¢ ¢(8, 0~?1) is
convex in g = v~ L.
The derivative 0/0g (o (B, 071)) = p(p) exists a priori almost everywhere. If it
exists at g and ¢ + g;, v5 1 < ¢ < p + p; < 9! we have according to (19)
Ld

e te) —wle) 2L +1
< , 20
01 A )
which shows that y(p) may be extended to a continuous function for v, < o < v;?!
(20) furthermore insures that () is the indefinite integral of a bounded 1ntegrab1e
function#).
Theorem 3 follows then immediately.

5. Grand canonical ensemble

In what follows we will limit ourselves*) to the study of potentials for which @ = 0.
Let again A be a cube of volume V" and let f, z be positive numbers. We write
Q(p; A, 0) = 1 and define a function p by the following formula

PVPB5A) — B(B, 2; A) = Zz" (8; A, n) (1)
According to (2.4) the series (1) has an infinite radius of convergence, in fact
2 Q(B; A, n) < %17 [z V W2 BB [z % 3(1/2)BB+1]"’ 2)
B and z being fixed, let v, = (1/2) 271 ¢~/ EE-1 ~ (. We obtain then
1\#»
X rogan< X () 3)
v 4
" s

Let also v; > 2z-1¢~ (/285 then

14
D B A< D) [zl 6‘1’2’53+1]n< B AUNBBEIVI (g
| 4

n

L n<—
0 Uy

*) For the case a > 0, see $).

13 H. P. A. 36, 2 (1963)
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The last inequality follows from the fact that for « > 0, («/#)" is an increasing function
of n when 0 < n < ac e L.
We have furthermore

lim [zv, eVPABE+Un — 1 (5)

v, —>00

Let z = 7. It follows from (3, 8) that for any p one may choose v so big that
y — @(B, v) > 0. Let thus v be such that 8 (y —@(f,v)) > d+¢&, 6> 0, & > 0. For
big enough A, there always exists a positive integer # such that » > (V[v) and

B (y — @(B; A, n)) > 6, then
E(B, z; A) > 2 Q(B; A, n) > V1. (6)
According to (5) one can fix v; such that
(70, €MD BB+ 1l o (7)

and therefore, if A is big enough

EB 4> Q) B QB; 4, n) > %E(ﬂ»z;/l)- (8)

|4
—— N
Uy Uy

We know that ¢ (8; # v, #), which is a continuous decreasing function of v for v > 0
converges uniformly on the compacts towards ¢(f, v) when # goes to infinity.
From this follows that for V /v, <{ #n < V[v, one may write

Q(ﬂ; A, n) = g“”ﬁ('?(ﬁ, Vin) + %(B8; A, n))

2n Q(ﬁ,/_[, n):expﬁVl:y_‘P(ﬁ» V/%) _ny (9)

Vin v |
2B A, m) | < el 4),  lim (B, 4)=0. (10
We will now study the behaviour of [y — @(f, v)]/v as a function of v. One has
o () -y - piB ) +0 oY), (1)
2B +o )= 5% (12)

From (12) it follows that the function ¢ — @(f, v) 4+ v (0@/0v) is increasing, because
of (3,7), it is negative when v is small enough. It must become positive when v is big
enough. The inequality

y—(;o(ﬁ,v)g—v%J for v >0, (13)

would indeed imply, wheny — ¢ > 0

0 1
5o log(y —¢)) >, log(y—¢)>logCv, y—9p>Co, (14)

v

with C > 0 in contradiction with (3, 7).
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“The function [y — ¢(8, v)]/v has thus a maximum which occurs between v, and v.
It follows then from (1), (8), (9), (10) that this maximum is the limit of $(f, z; A)
when V' tends to infinity.

Theorem 4. When V tends to infinity, p(f ,z; A) has a limit

Jim p(B 5 A) = pi,7) = | max LIRS (15)

O<v<+00 g
and if o — v (0@[Ov) =y, z = €87, we have p(B, 2) = [y — @(B, v)][v = — Op/0v.

We may thusidentify (8, z) with the pressure and writey = g — (3/28) log (2x f/m)
where g is the chemical potential.

We will conclude this section by a remark about the entire analytic function
Z(B, z; A) defined by (1) when z is made complex.

For » > 0, we have

ax E(p,z;4)=E(B,r; 4) . (16)

m
|z <
According to (3) and (2, 5) we have the inequalities
. ” .
=B, r; A 1 n _ +(1/2)8(B -4 (n/V))
(B, 7; A) < —|—§Vr (B; A, n) < 1+0max[ne ]

n << —
Uy

v
<14 max[rv gL+ (R B(B = (Afo) Ve

14+ viomax exp [ﬁ p (UB) (log v + 1) + (1/f) log 7 + (B[2) — (1/2) A/v]

v (17)
<\1—{—U£0exp[ﬁVmax(ﬁ (—é—logr+f)—i———é—%)]
L4 Vexp[pV (4 4 L WDIoEr (B g
=1+Vexp[V %(?logr—i— )+1og27—i—%,88+1].
Therefore ' ‘
fisis log log E(B, 7, A) ~0, (18)

#—>00 log v

(16) and (18) show that the entire analytic function Z(f, z; A) is of order zero*).
From this follows that its zeros {; are in infinite number, that for every £ > 0 the

series 2 | £;| ¢ converges and that

i=1 o]

BB,z =[] (1- g—) (19)

i=1
where the infinite product in the right-hand side converges absolutely and uniformly
on the compacts.

This allows us to generalize to the case of a potential satisfying conditions 4 and B
and for which @ = 0 the results obtained by Yanc and LEE®) when a > 0. These
results follow indeed directly from the theorem of STIELTJES-VITALI*).

*) See for instance 1).
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Conclusion

The aim of this note was to study in a rigorous manner the application of statistical
mechanics to a classical system of particles in the limit where the system becomes
infinite.

In several respects the results obtained here do not appear to be the best possible.
This gives rise to interesting mathematical problems, for instance that of character-
izing the continuous potentials such that

20 P —x)>0

for all systems of vectors x;
On the other hand, it appears that our methods can be used to attack also the
quantum mechanical problem, which has not been investigated up to now.

In conclusion I wish to thank Profs. R. Jost, M. F1Erz and H. ARAKI for interest-
ing discussions and criticisms.

Note added in proof: Dr. M. E. F1sHER has informed the author of the fact that he
reached results similar to those described here by similar methods (using monotoni-
city to prove the existence of a limit, convexity to prove continuity). Dr. FISHER
also pointed out the relevance of a paper by L. WiTTEN [Phys. Rev. 93, 1131 (1954)].
I am indebted to Dr. FISHER for correspondence on these questions.

It shoud be noted that no proof seems to exist for the fact that the closest-
packing density g, of spheres is VZ]a3. Our proofs are however independent of this
fact (except for the replacement of a3/)/2 by g;1).

Appendix. Potentials satisfying conditions A and B

The conditions 4 and B are satisfied in the following cases:
a. D(x) >0,D(x)=0for |x| > R> 0;D(x) > A > 01in a neighbourhood of the origin.
b.a>0;Px)=0for || > R>a; D% >4 > — oo
c. D(x) =4¢e[(R]|*])*?— (R/|#|)%] (LENNARD-JONES potential).
d. D(x) = g (e~ 22UxI-R) _ 2 g—a(xI-R)) (MorsE potential) for e*® > 16.

Let «(¥) be a continuous non-negative function with compact support which de-
pends only on | #| and does not vanish identically. '

B) = [y aly) o (s — 3) = [ dp &% G(p)? (1)

is of positive type and one may choose «(#) such that f(x) < @() in the case a.
One may then take @, =@ — f, @, = .
As far as b is concerned, from the relation

(2 n)ﬁ312fdx e P pma®-dh) _ (D g)—312 28 g Plhe (2)

we see that the function
pli) = o7 _ ghw- ®)

is of positive type as soon as
™8 P

Qs ~ @pE i
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a is fixed and ¢=*# -9 = 1 for |#| = a. For « given, « > 0, we may thus choose
b and f such that y(x) < @(x). Finally we may increase « and take it so big that the
inequalities (4) are satisfied. We write then @, = @ — y, @, = y. For the LENNARD-
JONESs potential (c) we put
R# 6 R? 3 s 3>

Oue) =4e[(wiwr) 2w pm)] 0<e<i2-1. )
We first prove that @, is positive. a2 < i/ér — 1 implies ?/2 — o > (a?f gi/?—- 1)). We
have thus either #2<J2 — a2, i. e. 2 (1/(s% + 02))3>1 or 22> (a?/(J2— 1)) i. e.
2 (1/(%% + «?))3> (1/4%)3, @, is thus always positive as follows from the identity

(P I 1] (el [l -

(6)
[ - Gt G+ (e )+ ()
There remains to prove that
(wva) (w7 4 o

1 3 ¥ 1 2 1 g 3= 1 2 3= 1
- [Gra) V2 (e i S V2 () + V4 ()]
is of positive type. To do this we prove that each factor of the right-hand side is of
positive type. We have namely

g : e
(2n)*3’2jdxe"""‘(x2+oc2)ﬁ1= s (8)
s P 4
(Zn)—3’2fdxe““" (4ot 2= /%0, (9)
; e P% 1
@)y [awemite @ v o= |7 0 (54 5). 10

The first factor is thus of positive type when « is sufficiently small, the second is also
of positive type, being a sum of positive type functions.

For the MoRSE potential (d.) we may take @; = 0, it is indeed a function of
positive type if e*® > 16 since

&
(2 n)“3fzfdx e VP P(x) = ¢ 50 R [ E _ ! ] ) (11)
V2m (p* + 40 (p* +0?)? :
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