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Polarization Phenomena in Deuteron Stripping Reactions

By L. C. Biedenharn1) and G. R. Satchler2)

Abstract. Polarization phenomena in the usual theory of (d, p) reactions (i. e.,
the distorted wave Butler theory without explicit spin-orbit coupling) are shown
to have a common origin, which is in effect simply a measurement of the neutron
transfer angular momentum direction (multiplied by quantum geometrical factors).
The limitations implied by this result are discussed.

The effect of explicit spin-orbit couplings is discussed in detail for the important
case where the transfer angular momentum is zero. 1t is shown that for this case
the proton polarization is approximately given by the derivative of the (unpolarizecl)
angular distribution. (Conditions are given under which this approximation is
useful.)

Symmetry considerations in the distorted wave Butler theory are next discussed,
and illustrated by application to Coulomb effects. Various numerical examples are
cited to illustrate the qualitative predictions of the present discussion.

The great importance of the Stripping process for nuclear reactions lies
in the fact that from the qualitative features of the angular distribution
one may infer, almost directly, Information of use in nuclear spectroscopy.
Although deuteron induced reactions had previously been considered in
much experimental and theoretical detail (e.g., the Oppenheimer-
Phillips process) it was the simplicity and usefulness of the Butler
Stripping theory that lecl to the widespread attention this process has

reeeived since Butler's paper [l]3) in 1951. Since that time numerous
further developments of the theory have been made, and the whole
subject has been treated comprehensively in several reviews and books

[2] devoted either exclusively to the Stripping process, or eise treating it
as a special case of the so-called 'direct reaction theory'. Following
Austern [2], one may divido the Stripping theories into three classes:

(1) the 'crude' Butler theory, which uses plane waves [1], (2) the simple
theories, which employ distorted waves in the Born approximation (with
or without explicit spin-dependent interactions), and (3) the 'sophisti-
cated' theories which attempt a more or less fundamental treatment from
general reaction theory. In surveying these it seems fair to say that two

l) Department of Physics, Duke University, Durham, North Carolina, USA.
*) Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tenn. USA.
3) Numbers in brackets refer to References, page 400.
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points are clear: (1) The Butler theory, even in its simplest form, works

surprisingly well and (2) the Butler theory, and all later modifications,
are but approximations whose real applicability has yet to be fully
assessed. This last point is hardly surprising since the Stripping process
is an instance of the general three-body rearrangement process, and above
the deuteron binding energy, even the general Wigner dispersion theory
becomes, in principle at least, inapplicable.

It is not our intention to attempt a discussion of the foundations of the

theory; rather we shall accept the general applicability of the distorted
wave Born approximation (a development that stems from Horowitz
and Messiah [3]), and try to assess some of the consequences4). One of
the bothersome difficulties of the distorted wave treatment lies in the
fact that it is so general, and contains so many parameters, that it is not

easy to know whether agreement (which generally is founcl sooner or
later) is really significant or not. It is, therefore, particularly important
to understand intuitively the qualitative predictions, and this is the real
aim of the present discussion5).

The nuclear spectroscopic information obtained from the Butler
analysis (in favorable cases) is the orbital angular momentum l (and thus
the parity) of the transferred neutron6). Further information, such as the
total angular momentum of the absorbed neutron, is desirable, and it was

quicklv pointed out that further measurements on the Stripping process
could be useful. Boyer [4] for example, suggested angular correlations
with any gamma rays emitted; this gives information both for nuclear

spectroscopy and the Stripping reaction mechanism. It was Newns [5]
who suggested polarization measurements, and since this Conference
deals with polarization we shall confine our attention to the information
such measurements convey.

4) There are some exceptional cases where the observed Stripping pattern may
be fortuitous or the result of other mechanisms (for example, B10[d, p)), but we
shall not discuss such cases. It is possible to regard the distorted wave calculations
in a more subtle way, and consider that the distorted waves themselves already
contain resonant effects in both the elastic and inelastic Channels. This latter
would then relax the Stripping selection rules. For example take Mg24(^, ^)Mg2°*,
with the Mg25 in the 1.611 MeV, 7/2+ State.

The usual selection rules require l 4; but if Mg24 were first excited to the 1 — 2

rotational level, then l 2 Stripping would now be permitted. This process would,
to be sure, be both improbable and not a well defined l 2 Stripping pattern.
We shall not, however, go further into such extensions of the distorted wave
calculations, since they are not directly at issue in polarization processes.

5) A quite different approach to the same problem (for Stripping, as opposed to
polarization) is the 'semi-classical' treatment of Austern [2]. Although marginal
in application perhaps, it nonetheless is quite helpful for an intuitive feeling for
the Stripping process.

6) The (d, p) reaction will be considered as the prototype.
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In order to understand intuitively the basis for the cxistence of proton
polarization (even in the absence of explicit proton spin orbit coupling)
let us consider the (d, p) reaction from the Standpoint of the Stripping
assumption. This we take to mean that the process rnay be described by
the Born approximation, with the transition matrix element:

(kp) i vnt>\w^ (kd)y. (1)

Here is the initial System with (outgoing) deuteron waves, and xp^ is

the final System with (ingoing) proton waves. For simplicity we take the
n—p potential, Vnp, to be of zero ränge. Whether or not the integral
extends over the nuclear volume is a matter of preference; the usual
considerations that the Stripping process occurs primarily at larger
distances exclude the nucleus proper7). According to eq. (1), the
assumption that the proton spin-orbit coupling is neglected in ip^ is

equivalent to the assumption that the proton spin is not directly in-
volved in the process at all, and is only affected by virtue of its coupling
to form the deuteron in the initial State.

If we neglect proton spin-orbit coupling, the angular momentum
relationships which govern the proton spin in the Stripping process are

simply:
a) sp + s„ sd

b) sn + ln jn (2)

c) h + j„ if
That is to say, the proton spin, by assumption, is coupled only to the
neutron spin to form the incident deuteron, and the neutron spin is

coupled to its orbital angular momentum in the final System. Since, by
hvpothesis, the initial and final spin angular momenta and jf) are not

observed (therefore random), one secs from (2 c) that the direction of/„ is

similarly random. One can now obtain the proton spin polarization dis-
tribution quite easily by applying semi-classical correlation techniques
[6]. (This is given in detail in Appendix I.) These techniques lead at once

to the relation:

Pprotoa Pl Ä, ' Sn) Pl l) P/i [l 2- l)j1/2 <f„> • (3)

In other words, the measurement of the proton spin is effectively a measure-
ment of the direction of the neutron's orbital angular momentum, diminished

') T. Honda and U. Nagasaki, Proc. Phys. Soc. London, 74, 571 (1959). These
authors go further and assume that the proton is completely excluded from the
nuclear region, even in the final State wave function.
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bv the (quantum) geometrical factors PL(sn sp) 1 /3 from the deuteron
spin coupling, and the factor

I"-— 11/2 P Cs T)
1 (/ + 1)_1 f°r ,=l+ 1/2i

L 1(1 + 2) J 1 1 " |(- /)-1 for j l - 1/2 J

from the neutron spin coupling.
This result for the polarization is even clearer if one takes ln 1, for

then the result may be written in vector notation, instead of the more
complicated multipole tensor products. For a zero ränge np potential and
l„ 1, eq. (1) becomes:

T/iCn 1) -> M \ip <Jtou (r) | /• Wneutmn (r) \ y, <+>teron (r) >. (4)

With this, one obtains then the simple result:

1

1/2, (i) (M x M*)
3 M-M* ' ^ '

From eq. (5) one can easily see all the qualitative features of the proton
polarization process (under the present assumptions). Namely:

a) The maximum polarization is 33%. This is actually a result of the
quantization of angular momenta, since the triangle formed bv sfi + sn

sd —even though the angular momenta are 'parallel'—still has finite area,

and Sp s„ 1.

b) The sign of the polarization distinguishes j l + 1/2 from /
/ — 1/2 (but one must know the sign of M x M* to specify either
absolutely).

c) There is no polarization if the matrix element is not complex, and
no polarization if the matrix element is a function of a Single direction.
Either one of these restrictions eliminates any polarization in Butler's
original approximation where plane waves are used. (Alternativelv one

may sav that in the plane wave approximation, the neutron is effectivelv
taken from a plane wave along the recoil direction, and since ln is equallv
probable in the plane perpendicular to this direction, </„> 0.) The irn-
portance of polarization measurements [for comparison with the theory) lies
in the fact that the polarization is solely due to the distortion effects in the

ahsence of l s forces, and is therefore a sensitive test of the Stripping mecha-
nism.

d) Since there are but two physically defined directions in the problem,
kfl and kd, it is clear that i M x M* (kd x kfi) f(kp, kd, kp kd). This is

the well known general result that P must lie normal to the scattering
plane. (None of these conclusions is in any way affected by our special-
ization to ln 1.)
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It is quite easy to apply the same techniques to determine the polari-
zation of the final nucleus in the Stripping reaction. The angular nio-
mentum relationships are exactly the same as before, except that the

experimentell observations differ. Thus s„ is now random (since neither sp

or sd 's observed), but jn is not random any longer. It follows that the

polarization of the final nucleus is given by:

<jf> P1 Uf Jn) Pl Un -X) <X>- (6)

On using the usual definition that the polarization vector P is defined as

<jf>Hf one gets:

" [ „(«..Vi,' ]"° p. (?/•&' p>«, ö <'> CT

It will be noted at onee that the neutron spin coupling introduces here

quite a different result than for proton polarization. Unlike the proton
case, here both j l =t 1/2 have the same sign. One sees further that
complete polarization can result if /, 0.

As a final example of the Utility of this method of deducing polarizations
let us construct the deuteron polarization in the inverse reaction. This is,

by the same general method,

^deuteron - P, (7d ?„) P, [7,, " Tn) <T„>. (8)
(inverse) \ Sd

However, the angular distribution of the produets of a nuclear reaction
induced by polarized particles and the polarization of the particles
produced in the inverse reaction are related [7] under very general
conditions by the equation:

(Here P1 and Pn are the polarization vectors of a particle of spin /, with
I referring to the particle initiating the reaction and II to the inverse

reaction.) We may now Substitute eq. (8) in eq. (9) and, if we further
recall eq. (3), then one obtains

da \ (—-\ [l + 3 P P 1 (10)dü) ro1 \ dQ J unP0'-- [ P deuteron proton j • V

This relation was first obtained by Satchler8) and is of interest experi-
mentally in that reactions produced by polarized deuterions may be a

s) G. R. Satchler, Nucl. Phys. 6, 543 (1958). Note that the sign Convention in

eq. (10) differs from that given in this reference.
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100% effect, as opposed to the 33% limit of the proton polarization. One

further notes that tensor moments do not enter this relation (eq. (10)).
Referring to the angular momentum coupling diagram one sees that this
is due solely to the fad that the angular Information on the deuteron spin is

coupled through the nentron spin. Thus Pv(sa • sn) enters for the tensor
moments, but (because sn 1/2) v must be 0 or 1 onlv.

Finally one may ask as to the generality of the results given bv eqs. (3),
(7) and (9). It is clear that they are all a direct consequence of the as-

sumption that the proton spin is not directly coupled to the reaction in
the Stripping approximation without spin-orbit forces, and are no longer
valid upon considering spin-orbit couplings9). This is important because
several examples are already known where % > 1/3, and hence the
Butler theory is not always applicable.

To summarize: Polarization in the Stripping approximation, without
explizit spin-orbit coupling on the proton, is essentially a measurement of the

transfer angular momentum direction, multiplied by the appropriate quantum
geometrical factors.

Let us turn next to the effects of spin-orbit coupling. The general
results that can be obtained using the Stripping hypothesis, are quite
involved because of the complicated nature of the angular momentum
couplings. This general result is given in Appendix II, but will not be
discussed otherwise10). Not many numerical calculations have been
carried out with spin-orbit coupling included, but in these [8] the effect is

found to be small. (Since Pproton % 1/3 is not valid here, there can in
principle be quite large effects.)

The special case where ln 0 is of particular interest, because here it is
clear that proton spin-orbit effects are the only cause of polarization. In
order to obtain most conveniently the desired polarization formula, it is
useful to recall that for spin .1/2 particles and photons the polarization
can be formal/vu) expressed quite simply in terms of the angular dis-
tribution [9]. Thus if the angular distribution is given bv:

(Ijl'j') P„ (cos 0),
vljl' V

9) Dr. J. Gammel has also arrived at similar conclusions in a paper appearing in
these Proceedings. The authors are indebted to Dr. Gammel for discussions on these
topics prior to delivery of this paper.

10) See also the paper by Goldfarb, these Proceedings.
u) It is essential to call attention to the formal nature of this result, for the

polarization and the angular distribution are in principle independent functions and
one cannot be obtained from the other. The difficulty resides in the fact that in
eq. (11) only the Symmetrie (real) part of the dynamical factors in B enters, while
in eq. (12) only the anti-symmetric (imaginary) part enters; hence eq. (11) and
eq. (12) only formally involve the 'same' dynamical factors.



378 L. C,. Biedenharn and G. R. Satchler

with (11)
then:

m n (%) "l
(0 X (z / 7") (-)>+''+'"+1/2 •' ,ljl>j'

.[O^+i'fcl(121
• Pf (cos 0)

In eq. (12) the unit vector n has the direction kd xkp, in accord with the
'Basel Convention'. An identity [10] for the X coeffizient that appears in
eq. (12) is given in Appendix III; this simplifies eq. (12) but is less useful
for the usual manipulations of the Racah algebra. For the special case
that ln 0, one finds the result12) that the angular distribution is:

S - (2 (;+r) (4((]t) p.(*»*-> (13)

where:
b= \ Zz(lPhlpi'p- v) (-)

z (hiäi'äi'ä. säv) (-)

• (-)' [(2 + 1) (2 ./; + 1) (2 u + 1) (2 j'd + l)f2 W (/; r 1ä, j„ jd)

4 In 4*^n 1n /I J\
biv'hld lp üS>'ldid' 1 ;

with,
l*n In gi [^(/p jp) 4- ö(ld jd) Q ld ^n lp

1 p> ld ld 0 0 0

•|/(2Z+ 1) (2 s I X ('tä'Ä • G'r'n (15)
' \l c j / lplp> Ld ld

Vp p Jp/

Gli"'jl-idjd is discussed following eq. II— 3 of the Appendix.

It is convenient now to neglect the spin-orbit coupling on the deuteron,
and then:

(-«lfr •( ZB-"."0)
B,V.-0)-(z (1,7/; f. ,))«(.V WV

12) Here, and elsewhere unless stated otherwise, wc are assuming the Stripping
hvpothesis with a zero-range np potential. The further approximation is rnade that
the center of mass is fixed throughout on the target nucleus.
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A,j exp + ö<») Gl;f. (16)

It has been noted many times in the past that the polarization obtained
in calculations with the optical model are qualitatively similar to a

derivative of the angular distribution. Recently Rodberg [111 has shown
that this 'derivative relation' is in fact semi-quantitative for small spin-
orbit coupling, and that moreover the ratio

i'i (w)/[w(i)]
is a measure of the strength of the spin orbit potential. Rodberg'sphysical
argument is more general, it appears, than his specific application (to the
optical model), and it is tempting to apply it to the Stripping process as

well. For the Situation described by eq. (16) it is shown in Appendix 11'

that for small spin-orbit forces on the proton, the polarization*) is

' " (,£)' ,» (i&-) l <">

OO

where <ß{, <("/ e--* fdr L/">* M T'sp,„ U, (r)\

(If one assurnes that the deuteron spin-orbit potential is small, then the
same result applies at once to the more general case given by eq. (15).

Although we do not have a proof, it is quite plausible that eq. (17) is

approximately correct for the spin-orbit contribntion to P in the general
case. One sees that this is qualitatively correct from examining the results
of ref. (15), but the published data do not permit much more than a very
rough estimate.)

The origin of the factor of 1 /2 in eq. (17) (as opposed to the result of
ref. (11) for elastic scattering) comes from the fact that the spin-orbit
potential acts on the outgoing wave onlv.

Qualitatively then one may say that for Stripping reactions with /„ 0,

a measurement of P is approximately the same thing as measuring the

proton polarization in the elastic scattering from the final nucleus.

It was early noticed in the numerical calculations involving Butler's
theory by the use of distorted waves [3, 12] that Coulomb effects and
nuclear scattering effects tendecl to compensate, thus improving the

ränge of applicability of the simpler theory (but no general basis for the
cancellation [other than the difference in sign of these potentials] has

been given). Nevvns and Refai [8] gave a qualitative argument to show

*) Note added in proof: Recent numerical calculations of Mr. William Gibbs for
Cl2(d, p)C13* (/„ 0 case with spin-orbit coupling), indicate good agreement with
this "derivative relation", particularly for giving the minima in the polarization.
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that absorptive distortion effects on the incident particle tended to
cancel absorptive distortion effects on the emergent particle in producing
polarization. Recently Okai [13] and Satchler [14] have investigated
the origin of this cancellation. It is shown in [14] that if the two con-
ditions: 1) \kd\, and 2) mp Mf Vpf md Mt Vdi, hold, then the

polarization is exactly zero. To understand whv this occurs one need onlv
note that the two conditions given are equivalent to eliminating any
physical distinction—except direction of motion—between the incident
and emergent particles, since both have equivalent length scales and

equivalent interactions (i.e. same dimensionless strength parameter, and

same length scale).
There is, however, now a physical Operation which can interchange the

role of the two wave functions in the matrix element by intcrchanging the

two dircctions kp and kd. This exchange may be accomplished in two

steps: 1) a rotation by n about a direction bisecting 0 cos 1 kp klh

and 2) a reversal in the dircctions k — k. These two Operations give
an invariance Operation for the process. But P reflects under the same

process; therefore, P must vanish. Clearlv the vanishing of P implies that
distortions (whether absorptive or not) must give cancelling effects on the
polarization. The second condition (abo\_e) requires that the deuteron
potential, Vdi, must be about half as strong (since mp Mf ^ 112 md Mf) as

that for the proton; since it is usual to take the two potentials to be about
of the same strength this supports the general Statement that deuteron
distortion is the dominant effect in Stripping.

For Coulomb effects on the Stripping one sees that the second
condition is never satisfied since this would require k rj to be the same, whereas
kd )]d 2 kp r/p. (It is interesting to note that for the Coulomb field, these

two conditions are necessary for the classical limit to exist, as in, for
example, Coulomb excitation.)

For /„ 0, Stripping calculations using Coulomb distorted 'plane' waves
lead to an integral which (for R 0) can be expressed in closed form, and
this result can be exploited to give a qualitative understanding of the
effects of large Coulomb fields [15]. Unfortunately no similar result can
be obtained for ln >_ 1- The best that can be done (without employing
series) is the integral for M given in Appendix V. From this one sees that,
for the special casc \kp\ \kd\, the effect of the Coulomb field is to
mtroduce besides the reeoil vector (kd — kp) a second independent vector:
(r]p kd — ijd kp) which leads to the result that

P (ljd - 7/p) (kd X kp) / (kp, kd, kp kd)

This explicitly shows the cancellation of Coulomb distortion effects on
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the polarization. Morcover, since kd ~ kp implies that >]d 2 rjp it is clear
that the deuteron distortion dominates once again.

With these qualitative results in mind let us look novv at some of the
numerical results13).

Example 1: B10(rf, p)E>11, Q= 9.24 MeV, 1=1, j 3/2.

The data for this example are taken from the summary of Hensel and
Parkinson [16] and give the angular distribution of protons for an in-
cident deuteron energy of 8.1 MeV (lab.). The Coulomb parameters are:

Vd= 0.4, rjp ^ 0.2; hence the wave numbers are approximately equal:
kp kd. To carry out a distorted wave calculation the ancillary task of an

optical model fit to the elastic deuteron scattering (from B10) and the
elastic proton scattering (from B11) inust be carried out. These fits (corn-
pared to an experiment at approximately the desired energy) are shovvn

in figures .1 and 2. The optical model data are given in table I.

Table I
Parameters characterizing the three examples illustrated

B10(rf, p)B11 Ti48((f. P)Ti49* 016(d, p)0"
a b c d

£'rf(MeV) 8.1 8.1 2.6 19.0

ß(McV) 9.24 9.24 4.46 1.918
/ 1 1 1 2

j 3/2 3/2 3/2 5/2
R(i.) 5.41 6.15 6.18 3.944

Wooc -Saxon well parameters:

'"„(MeV) - 60 - 50 - 44 - 40

W'iÄ(MeV) - 17 - 14 - 13 - 15

aid( f-) 0.70 0.68 0.7 0.75
3.66 3.23 5.32 3.8
- 50 - 50 - 60 - 38

B^MeV) - 11 - 8 - 7 - 10

0.4 0.4 0.45 0.5

R,vV-) 2.9 2.9 4.36 3.35

Turning now to the Butler curve (plane waves) first, figure 3, one sees

that the shape of the peak is rather well fitted but is quite poor beyond

13) Examples 1 ancl 2 are taken from the paper of W. Tobocman, Phys. Rev. 115,
98 (1959). Example 3 is preliminary, and is taken from the thesis of Mr. William
Gibbs, Rice Institute (1960), (in preparation). We are indebted to both Dr. Tobocman

and Mr. Gibbs for permission to include their examples. (It should be noted
that the sign Convention used in the paper cited is not explicitly stated, but appar-
ently the kd x k Convention is used, juclging from the quoted experimental data.)
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50°. From the high energy and low Z value one expects the simplest
Butler theory to be reasonablv applicable although, as suggested by
Wilkinson, the relatively high Q value may be a factor opposed to this
conclusion.

Figure 1

Cross section for the elastic scattering of 8.1 MeV (lab) deuterons on B10. Curves a

and b are the cross sections predicted by the potentials a and b given in table I.
Curve c is the Rutherford cross section. (The cxperimental data (circles) arc from
ref. 16 and represent the elastic scattering of 7.7 MeV (lab) deuterons on Be9.)

Introducing now Coulomb effects only we obtain figure 4. Because

rjd> rjp", kp ~ kd\ and j l+ 1/2 we expect the polarization to be

initially positive in the Convention adopted. This is borne out by the
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numerical results. Note that P 0 at almost precisely the point where
the Butler curve has its first zero.

With the optical potentials as well as Coulomb effects, but cutting off
the integral at R, we get figure 5. Note that the Coulomb term dominates
the (opposing) optical term in the forward direction (as it must) but that
otherwise little eise can be said about the result in general.

Cross-section for the elastic scattering of 17.44 MeV (lab) protons on B11. Curves
a and b are calculated with potentials a and b given in table I. (The circles represent

the experimental elastic cross section for 17.0 MeV (lab) protons on B10.)

Finally without cut-off we get figures 6 and 7 for two choices of the
deuteron optical potential. The significant points here are 1) the extreme
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sensitivity of the polarization in the two cases and 2) the qualitative
explanation in terms of cancellation which these potentials suggest.
Taking MVR2 as the appropriate parameter, in case (a) the deuteron to
proton parameter is about 4 to 1 and in case (b) about 4 to 3. Thus the
latter case should show less polarization, which is observed.

Figure 3

B10(+ p)B11 cross section according to the Butler theory for 8.1 MeV (lab) deuterons
taking l 1 and j 3/2. (The experimental points are arbitrarily normalized to

fit the calculated eurve.)

Examfile 2: Ti48(rf, />)Ti4il*, Q 4.46 MeV, / 1, j 3/2, R 6.18 /.

The angular distribution for 2.6 MeV incident deuterons is taken from
Pratt [17]. Figure 8 shows the Butler plane wave curve: this is quali-
tatively inconsistent vvith the data. Since this case is chosen to be both
low energy and high Z (the Coulomb parameters are r]d^ 3, i]t, ^ 1.25),
Coulomb effects should be large, and the lack of agreemcnt with a plane
wave calculation is to be expected. In figure 9 only the Coulomb effects

are introduced, and the fit is improved considcrably. Since kp er kd and

7]d > 7)p with j Z+l/2 the polarization should initiallj' be positive as

is obtained. Finally in figure 10 the non-cut-off distorted wave theory
results are shown, and the agreement seems quite good.

The problem as to whether or not to extend the integrals over the
nuclear interior is not clear-cut. In figure 11 we show the effect of various
neutron wave functions on the polarization and angular distribution; in
figure .12 the corresponding wave functions are shown. The great
sensitivity of the results to the interior is disturbing, for Stripping is best

justifiable as a long ränge effect.
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C.M.)

Figure 4

B10(rf, p)B11 cross section ancl polarization using the Butler theory modifiecl to in-
clude Coulomb effects, with 1 1 and j 3/2, 8.1 MeV deuterons.

In this connection it might be well to call attention to an unusual feature of the
direct reaction process which has not, to the authors's knowledge, been explicitly
discussed14). Consider the case where the process is at such low energies that the
reaction is dominated completely by Coulomb forces. From the asymptotic form
of the Coulomb matrix element (as given in Appendix V say, since l is not important
in this limit) one can obtain the asymptotic form of the direct reaction cross section.
Now for a resonance process, this asymptotic form is simply the product of the two
penetration factors, i. e. ~ e~2n ^ • e~2n Vp. Comparing this to the direct reaction
result one may define an enhancement factor (E. F.), i. e., E. F. Ratio of direct
process to resonance process (Compound nucleus). One finds that for£"rf-> 0, E. F.

~ exp { 7] f(x) }, where TJ 4 Ze2 M/^2a (with a being the reciprocal radius of the

14) It is implicitly contained, however, in the work of Landau and Lifshits,
J. Exptl. Theor. Phys. 18, 750 (1948); and in the papers of ref. [15].

25 H. P. A. Supplementum VI
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deuteron (4.32 /-*)) and x kja. The function fix) is: f(x) [(2 + -r2)1/2 - l]-1 +
x-1 tan-1^/^- (2 + .r2)1/2]).For0->O, E.F.->exp (21/2(1 + 2" 1/2)2»j); for ß^oo, the
enhancement factor becomcs exp {»7 (44-3 ji)}, which approaches 1, as it must.
Clearly then, the direct process is considerably cnhanced by proccsscs taking place
at very large distances, i. e. the deuteron does not have to pcnctrate the barrier
to react.

The inost striking instance o£ this occurs for the case where hy i]l k2 ij.2 (unlike
the (d, p) case). For this case the direct reaction goes as e~271 I i,- I; in other
words for t/., the barrier to the ingoing particle cancels the barrier for the out-
going particle. Since barriers oppose for either direction this is a surprising, but
correct, result15).

Figure 5

Bw(d, piB11 cross section and polarization using the distorted ivave modification
of the Butler theory, with cut-off at R. The potentials given in case a of table l

were used in the calculation.

15) This effect is well-known in Coulomb excitation, and might be important in,
sa\-, Coulomb induced fission. Data in the barrier inhibited region (for protons on
U2;)s) do not decide for or against such a process. (Unpublished calculations 1956,
of R. M. Thaler and I.. C. Biedenharn.)
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Example 3: ()lc (</,/>)17(), Q= 1.918 MeV, R 3.944 /., 1 2, j 5/2.

The deuteron energy in this example is 19.0 MeV, and the Coulomb para-
meters are tjd ^ 0.4 and ^ 0.25. Coulomb effects should be quite
srnall. The required fits to the elastic scattering for the deuteron and the

Figure 6

B1(l(rf, y>)Bu cross section and polarization using the distorted xvave modification
of the Butler theory without cut-off. The optica! potentials are those of case ti,

table I.

proton are shown in figure 13. The data for the potentials are that for
case d in table I. The results obtained for the complete distorted wate
treatment, with and without cut-off, are shown in figure 14.



388 L. C. Biedenharn and G. R. Satchler

The small ?j approximation discussed in Appendix V ought to be quali-
tatively applicable to this example (even though the l value is 2). From
the results in the appendix one sees that the initial (small 0) polarization
due to Coulomb effects can be negative for k'p > k~, and small k2n, such as

obtains in this example. One notes in accord with this that both the cut-
off and non-cut-off cases show negative polarization near the forvvard
direction. Note also that in both cases the polarization vanishes almost
exactly at the first extremum in the angular distribution.

Figure 7

B10(d, />)BU cross-section and polarization using the distorted wave modification of
the Butler theorv without cut-off. The optical potentials are those of case b, table I.

Unlike example 2, where the cut-off greatly varied P but not (dajdQ),
this case shows just the opposite behaviour!
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To conclude then, it is clear that anything more then a qualitative
understanding of the Stripping process is a very arduous task. It is

equally clear that there is quite a lot of work to be done in this field—ex-
perimental, numerical, and theoretical.

Acknowledgements: In the preparation of this paper the authors were
greatly helped by many colleagues, in particular Drs. Goldfarb, Ivash,
and Tobocman, and by Messrs. William Gibbs and Thomas Griffy.

Appendix I
In the distorted wave Born approximation for Stripping reactions the

proton polarization (assuming no proton spin orbit coupling) is governed
by the angular momentum relations:

Sn + Sp Sd (1-1)

Sn + K h '

with the directions of neither sd or jn being observed.

Using (classical) vectors to represent the angular momenta, one can
diagram these relations as shown in figure (1-1).

/\
k

Figure (I—1)

The (classical) angular momentum vectors are represented by their intersection
with the surface of a unit sphere with all vectors taken to issue from a common
origin. Since sd sn + sp, and sn + ln jn the representing points for these cases
He along arcs of great circles. The vectors jn and sa are random (unobserved), and
thus the angles y1 and y2 are random. k represents an arbitrary direction in space.

Taking an arbitrary axis in space, k, the probability that sp make an

angle (0, <f>) with k must be independent of <f> (cylindrical symmetry), and
we, therefore, represent this probability by W{d) and develop it as a

Legendre series.

W{B) <PV (sfi fe)> P„ (k-7p) (1-2)
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Figure 8

Ti48(c7, />)Ti49* cross section for 2.6 MeV (lab) deuterons, calculated for the Butler
theory with l 1, j 3/2. (The experimental points are arbitrarily normalized.)

Figure 9

Ti48(^, />)Ti49* as in figure 8, except that the Butler theory is modified to include
Coulomb effects.
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Herc represents an average over the random directions of j„ and

sa. Using the addition theorem to carry out the averages (over yA and /.,)
one finds successively:

<iJ,, {s,, k) Pv (Sp sn) p (s„ • k)y

PAsp-ll) P,.Arl)<PAl-k); (1-3)
and hence:

^'(ö) E 2
V2V) P" Ä • P- Ä. l) 'P* A. ' *) > Ä ' fe) • ([-4)

Figure 10

7i48(df, p)Ti49* as in figure 8, except the non-cut-off distorted wave modification
of the Butler theory (using the optical potential parameters of case c, table I)

is employed.

From (1-4) it follows that:

Pl (Sp k) > (Sp k P1 (.sp • s„) P1 (s„ T„) ln k >,
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or, since k is arbitrary,

<s„> Px (s„ sn) Px (s„ l„) </„>. (1-5)

Ö(C.M)

Figure 11

Ti48(^, ^>)Ti49* as in figure 10, using various choices of the capturcd ncutron wave
function. (Note that various scale factors are used in the cross-section curves.)

The neutron wave functions are shown in figure 12.

Replacing the classical quantities in eq. (1-5) by their quantum ana-
logues,

(i. e„ J -> and P„ (a b) -> (-)" f{2a + l)ß + lT

W (a v cb; ab) with a + b c),
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and noting also that the polarization vector P is defined as the ex-
pectation valuc of s divided by the maximum spin protection, one finds
the final result:

P )V2' [(") ((2 ^ + (2 s<> + 1))"'2 T'F(S« 1 V ^)1 •

• [(-) ((2 s„ + 1) (2 ln + 1))1/2 W(sn 1 jn ln, sn /„)] <(ln)0P> -
_

^ ^or In ^
/(1 \ \ n f.\~ T \ — 1 for jn — ln — l/2j

'
ln

^"'°P ^

Figure 12

The radial wave funetions for the captured neutron used in calculating the results
shown in Figure 11.

Appendix II
Using the distorted wave Born approximation fdirect reaction') the

angular distribution for the (d, p) reaction is most easily treated in the
angular momentum representation, and this leads to a Legendre series
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for thc proton distribution. This is not a particularly satisfying way to

develop the answer—although it seems necessary—for the angular
distribution is characteristically peaked at or near the forvvard direction, and
requires (especially for the Coulomb field) a great many terms in the
Legendre series. (One might expect that the use of an exact summation
of the high l terms could be used to advantage, but this has not yet been

carried out except for ln 0.)
For convenience we make two further approximations: a) a zero ränge

n—p potential and b) we take the target nucleus to be heavy, so that
recoil can be neglected.

With these assumptions, the usual techniques [18] lead to the result:

in-.)
where:

zQäiäi'äV.SäV) (-)ia~Sd

• (-) " [(2 h + 1) (2 /; + 1) (2 jd + 1) (2 u + l)]1'2 W% v j„ u h iä)

A • (II—2)
r l i> Kl hl Ki J p ' Kl 1d

and,
Kl hl 1p ' Kl hl

A j" -Ii exp i[ö (lp jp) + ö (ld jd) ] C '»
D >V> lä'd H ' 000

Z + 1) (2 y, + 1) X ('C y '&) G } f (II-3)1'(he Kl hl

Iii these formulas, the Symbols have their usual significance: /
orbital —, s spin —, j total — angular momenta; the Z coefficient is
defined as in ref. [18] (except that the bar denotes the phase factor is

omitted); the ö's are the phase shifts suffered by the respective proton
and deuteron waves; and C ' ' ' and A'(.. denote the Wigner coefficient
and (9—/) symbol respectively. The quantity G ' ' ' denotes the (cut-off)
radial integral over the neutron, proton, and deuteron (considered as a

point particle) radial (real) wave functions. This quantity is defined
exactlv as is the many treatments of the Stripping problem in this
approximation.

The structure of this result, as far as angular correlation effects are
concerned, is that of a general (d, p) nuclear reaction in which jp and id

play the role of intermediate 'nuclear' states connected by an unobserved
'radiation' of angular momentum The coefficient A ' [' plays the role
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of the S matrix, and involves a Te-coupling' from (/—s) to (j—j) coupling
for the nuclear process.

Figurc 13

The elastie scattering of 20.9 MeV protons on O16 (top curve) and 19.0 MeV deutc-
rons on 01G (bottom curve) calculated from the optical potentials listed under casc

d in table I. (The experimental data are from [19, 20],

The assumption that 0, and that the spin orbit effects on the
deuteron may be neglected greatly simplifies the above result. After a
little angular momentum algebra, one obtains:

(;3>k O=(4ti)-(^
B, (/„ 0) (z(ljly,±-v)YAIJA*l

AtJ e> (öiP + did)) Gf;.1/2. (II—4)

Here / and / refer to the proton's orbital and total angular momentum.
Since /„ 0, botli //; and ld are the samc.
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Appendix III
To put eq. (12) into the form given by Satchler, one needs the identity:

(Kill2\ + 1/2

C[ 0" X (l'f 1/2 ~7T~^TZ (III-l)
\ i' v 1 / 2 j/3 )'()'+ 1)

• [(2 ?' + + (-)' - »' -' (2 j + 1)] C lQl'Qv X (r /' 1/2^

-Cjo' 1/2 >') [(2 /'+ 1) + - )/+/'+ " (2 j+ 1)]

2 i !: r (i'+d) (27+1)

Appendix IV
In order to show that the polarization for small spin-orbit coupling is

approximatelv given by the derivative of the angular distribution we
assurne that eq. (11-4) applies to the process at hand and then use eq. (12)
to obtain the polarization.

9 (C.M.)

Figure 14

016(d, p)O17 cross-section and polarization for 19.0 MeV deuterons, calculated from
the distorted wave modification of the Butler theory, with and without cut-off.

The various parameters are given under case d in table I.)
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We further assume that the spin-orbit phase shift Splitting is small, so

that:

A,j^e' W+'l'0) G'°'//2 [! + (/' -I^f1)]

with A öjf* the spin-orbit proton phase shift Splitting

ß, )J 61(1+1) (2 7+T) W (/ 1 /1/2; /1/2)
and

CO

ßi ~ \ e~2id' I dr u\-]* (r) Fspin(r)orbil m<+) (r)
ö

(This definition of ßt is chosen to agree exactly with that used by
Rodberg. His choice of radial wave function (in IV-3) differs from ours in
that the phase shift e'01 is included.)

(It should be noted explicitly that eq. (IV-1) assumes that the radial
matrix Clements G ' ' '

are not effectively different with or without the
spin orbit coupling. This assumption seems reasonable in itself, but is

actually better than may appear since the Variation in G is real, and thus
leads to only off-diagonal contributions which are small under the same
assumption that ß, is slowly varying in l.)

Inserting (III-1, 2) into eq. (12), (using (II-4) for the definition of Bß
one finds for the polarization the expression:

P(6) n X~d (2 jf+1)-- F2 e' '*\P) +
y> (2 sd+1) (2 j(+1) \dü)

T (Gu'2f 1) (21+ 1) (C'0l0°y (2 / + 1) (2 /' + 1)

de («• 0)) l/^y \E (-)' +''+"1/2 (2 / + (2 r + 1) •

K i Y

• A-(/'/'V2) Iv(ljl'f; \ vj W (7 1 j -l ;/ '
)j

(This employs the result that — dPßdO P^) (IV—4)

The bracketed sum in eq. (IV-4) may be carried out using the various
sum rules given in ref. [18]. The result is:

{••j
*

W (11 l'vjv). (IV—5)

(IV-1)

(IV—2)

(IV-3)
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Inserting this result (in its explicit algebraic form) in eq. (IV-4) one
finds the desired result:

P<0) n I d" V 1 l'A2if+l) d V1 > \ dü) (2 s(J+ lj (2 jj + 1)
'

dO
•

• ß, [| (2 / + 1) (2 V + 1) (c|/0")2 .4, Ar P„ (cos 0)] (IV—6)

If we assume, following Rodberg, that it is justified to regard ß, as

slovvly varying with l so that ß,^ </?,> then one finds that (IV-6) takes
the form:

m= -[»««»£)/^- (iv-7)

(The further approximation that </?,> ee — Vm (R)

as given in ref. [11 ], may be of value in obtaining a rough estimate of the
spin orbit potential.)

Appendix V

If, in addition to the usual approximation of the direct reaction process
with a zero ränge n—p potential, one neglects all except Coulomb dis-
tortions and takes the nucleus to have Rn 0, the Stripping integral may
be written in the form (for ln 1):

M J d3 r r hßi kn r) xp*p (r) Wd(r)

where:

v>*p(r) )V2' ,k" r
lFl '>h'1;'{kpr + kp'r^

Vd(r) ' e' "" r
1F1 (- ' Vd. !; > (kd r-k,r r) (V-l)

(All factors independent of kp, kd, r]p, r\d, kn have been eliminated.)
The approximation that Rn 0 is made for convenience, so that

Sommerfeld's techniques may be applied toevaluating this integral. This
approximation is of little importance when the reaction is Conlomb-
limited; for cases where this is not applicable a rapidly convergent series
for the contribution frorn 0 r sS Rn may be subtracted explicitly from
the result in ecp (V-l). The usefulness of the results given below (or in
ref. [15] for ln 0) lies in the fact that the contributions for large values
of r ancl / are treated concisely.
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With the application of Sommerfeld's techniques this integral may
be written as:

M 1(> 7- / "I I — |''
' L('"2-t '>»- 1) (r2-"7 >hl~ l)J

CO

• J ds {s- + k\ - kl - 2 k„ kd cos 0) -

(kd + kp + is) - 1 -'"» - (kd -kp~ is)-1 + '

(kp-kd-is)-1 + i'»> {•••}, (V—2)

{••}=(l +'r'"+"/d) (k"[ kj+js) (k"~k")+

+ s iVpkd - Vdkp) + i {kp kd) {)]dkp + >tpkd)\ F +

r 2 kp kd sin2 ~
+ 2[{kpkd-kdkp) + -s2+(Äi--^- x

x i s (k„ - kd) + [kp - kd) (k„ + ferf)J Fj (V—3)

where:

r r i • i- /~4/;"A"sm2 °A
' "'"M M,. Ä,p2 • s2 '•

and

F' -dd- (2I\(a.b,c-x)). (V-4)

Although this integral is hardh' simple, nonetheless it does present
certain information. For example, when \kp\ \kd\ there are but two
combinations of the vectors kp and kd that enter: [kd—kp) and

(rjp kd — rjd kp). From this one sees that the polarization varies as

(rjd — >]p) (,kd xkp) and is thus dominated by the deuteron distortion. (The
special case where kp kd is amenable to further reduction, but these
results will be given elsewhere.)

Since the integral M decreases essentially exponentiallv as kn in-
creases, it is clear also that the integration over s is in effect only the
definition of an average value of kn. Qualitatively then, one may simply
dispense with the integral and take s <k„y. Next one notes that
F' x nf while F x 1 so that { • • } may, for small rj, be approximated by
the first [. .] brächet. With these simplifications one obtains for the

polarization:
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kl+(kd-kvY
- A»)'2 + 4 sin2 ±?i) K-.'-jf

1

• [k'n ('/</ ^ Vp) + (kl - Ä'rf) (Vd + Vp)l (V—5)

(small rj approximation)

(the bracket {.. ]• in (V-5) is the same as in (V-3); for kp kd and 0 -> 0,
the terms 6(if) must be kept in the denominator).

One sees from this approximate result that the polarization is positive
(parallel to kd x kp) for kd « kpt but can become negative as kp gets suf-
ficiently greater than kd. In general, one would expect this approximate
result to be qualitatively valid in the forward direction, and the ex-
amples discussed seem to bear this out.
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