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Paramagnetic Resonance Intensity of Anisotropic Substances
and Its Influence on Line Shapes

by F. K. Kneubühl and B. Natterer
Laboratorium für Festkörperphysik ETH, Zürich

(10. VI. 1961)

Zusammenfassung. Für paramagnetische, anisotrope Substanzen wird eine
einfache Formel für die Abhängigkeit der epr-Intensität von den Richtungen des
statischen und des oszillierenden Magnetfeldes abgeleitet. Dabei wird das Fehlen von
Hyperfeinstruktur-Termen vorausgesetzt. Als Anwendung werden Pulver-Linienformen

berechnet und verglichen mit solchen, die unter Vernachlässigung der
Intensitätsanisotropie bestimmt wurden. Der Einfluss des Feinstrukturterms wird
für den axialsymmetrischen Fall studiert.

1. Introduction

Anisotropie paramagnetic centers with a random distribution of
orientations are found in a great number of substances - polycrystalline material,
powders, glasses1), biological samples2), matrices containing free
radicals3), highly viscous solutions5)6). Paramagnetic resonance applied to
these substances can provide valuable information. However, the line
shapes observed (powder line shapes) can be very complicated. Several

papers have been published about this subject1)3)5)7). For the calculation

of the shape functions, the angular dependence of the absorption
intensity arising from one individual paramagnetic center has usually been

neglected and some objections concerning this procedure have been made.

Recently, Bleaney8) determined for an axially symmetric g-tensor the
variation of the transition probability with the orientations of the static
and the oscillatory magnetic field. He has proved for this case, that
the absorption intensity is largest if the two magnetic fields are orthogonal.

In this paper, we wish to present a simpler and more general equation

for the transition probability and its influence on powder line shapes.
In addition, we shall demonstrate the effect of the fine structure term in
the Hamiltonian on the intensity and the shapes. We shall neglect
hyperfine interactions, spin-spin and spin-lattice broadening by referring
to previous publications1)3)6).
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2. Paramagnetic Resonance Intensity

Assuming a spin Hamiltonian

S &> +.S.« + e'mt §osc

H-ißSDSA-ßHstGS + etmtHoscGS (1)

we shall neglect §fl in a first approximation. §>D, §st and §osc represent
components of the Hamiltonian arising from the fine structure, the static
and the oscillatory magnetic field respectively. §>st has the following
eigenvalues and eigenfunctions :

Sst Wm =EmWm>

EM=%ß\GHst\M=hßgHstM,

M= S,S-1,...,- S 4-1,- S. (2)

The transition probability between two of these states, PMt M>, is related
to the matrix <M [ £osc | M'>

PM>M,^|<M|§0SC|M'>|2. (3)

The calculation of <M | §osc| M'y, which we shall describe below, gives
the following result :

<M | Sosc \M'y=hßM 6 M, -^ ^'Gfst) +

+ i- Ä ,$ («-«• J/S(S + 1)-M(M+1)^ „,_ x +

+ « + •> /s(S+l)-TM'(Af' + l)^_1, M') - ]R~^{ H—
• (4)

The angle 99 depends on the choice of the coordinate system and is not
of importance. Equation (4) shows that the only allowed transitions are
those with AM ± 1. Their frequency and intensities are

m ß\GHst\,

PM, M+i ~ VS (S + 1) - M (M A-1)] -^^^fi0- - (5)

The absorption intensity IM: M+l is determined by the probability PM> M+x
and the population of the levels EM and EM+X. Neglecting saturation ef-
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fects, we can take the latter into account by introducting the Boltzmann
factor12)

Im,m+i Pm,m+ino?1o}0coI(2SA-1) kT. (6)

X, Af+i is a measurable quantity only if the spin S equals 1/2. Otherwise

Im,m+i represents a first approximation to the Hamiltonian including
fine structure or hyperfine interactions. The diagonal elements

<M|§osc|M>

are important for the evaluation of forbidden transition intensities and
distortions of the transition probability given by equation (5).

To consider the problem further, we introduce two orthonormal systems
of coordinates, (x) and (x'), (Fig. 1). (x) represents a space-fixed system
with the z-axis parallel to Hst and Hosc lying in the plane y 0. (x') is a
body-fixed system with the axes parallel to the principal axes of the
g-tensor G. The two systems are related by a pure rotation (x')
R(ol, ß, y) (x), where a, ß, y represent the Eulerian angles in the standard
notation described by Margenau and Murphy9). With our assumptions,
we obtain instead of equation (5)

co ßgHst,

g2 g2 sin2/? sin2y + gl sin2/? cos2y + gl cos2/?,

PMiM+l cc /?2 Hlsc [S (S + 1) - M (M + 1)] g2 g2 g2 g-2

sin2 &. g{2 (sin« cosy + cosa cosß siny)2 +

+ g2~2 (— sin« siny + cos« cos/? cosy)2 ¦

+ g~2 (— cosa sin/?)2 (7a)

¦& denotes the angle between Hosc and Hst. Equation (7 a) shows directly,
that the intensity of the transition is greatest, if the static field is normal
to the oscillatory field. If the two fields are parellel, there is no transition.
The former has already been stated by Bleaney8) for a substance with
gx g2 g±, g3 gn. For axial symmetry of the g-tensor, equations (7a)
become

g2 g2Lsin2iS + gf|cos2^.

M, Af + 1x oc /?2 H2œc [S (S A- 1) - M (M + 1)] g2x g-2 sin2

sn-ra + g* cos''a) (7b)
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To prove equation (4), we diagonalize §>sC by introducing a coordinate

system with the 2-axis parallel to G Hst. Because this system is connected
to the space-fixed system of equation (1) by a pure rotation, the Pauli

spin matrices retain their initial form. We split now G Hosc into two
components parallel and perpendicular to G Hst. This transforms §osc into
equation (4), its first (second) term corresponding to the component

parallel (perpendicular) to G Hst.
A different proof can be given by application of the following equation :

<M \$>0JG H) 1 M'y 1I±W <M |S(G H') \ M'y (8)

where

GH'

This relation can be found by the evaluation of

<M\!öosc-fDjM'y-<M\!öst-!Dosc\M'y

taking into account that for Pauli spin matrices

Si Sk — Sk bi in, eiki St.

3. Powder Line Shapes

We can describe the shape function S(H) by

g'

S(H) N(gx, g2, g3) Ä -ALrj' de, sin ß dß dy /(«, /?, y) (9)

g min

if we assume, that our spectrometer works with a constant frequency <x>

and a variable magnetic field Hst. We have evaluated S(H) before5)
considering /(a, /?, y) to be constant. We wish to study the influence of the
angular dépendance of /(a, /?, y) on that approximation. Because a> is

fixed, the Boltzmann factor of equation (6) remains constant and /(a, /?, y)
can be replaced by P(a, /?, y) of the equations (7 a, b). The integration
of equation (9) is carried out in two steps. Because g2 is independent of
the Eulerian angle a, (7 a), we start by averaging P(a, /?, y) over a. By
the aid of the transformation

t siiAy, s=(g*-g\)(g\-g\)-i
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we reduce the remaining integral into a combination of standard elliptic
integrals10). The result is

UH2<Hst<H3,

SM M+1(H, S, M) N(HX, H2, H3, S) ^(S (s+i)-m (Ma-V^
M'M^ )/(HÎ-Hl) (H*-H\)

X [(#2 HI A- Hi HI) (F (A, k)-E (f, k)) +

A-^Hl + HlHDE^^)].

If Hx<Hst<H2,

Ç (M <? M\ NIM M H <a H-Z(S(S+1)-M (M+l)) wSM,M+i\.H' S,M) M(HX,H2,H3, S)
Y (H*-IP) (HI-Hj)

X [(#2 flj + H\ Hi) (F (A, k-i) - E [A, k^)) A-

+ {H*H\ + H\H\)E(?L,k-i)]
where

(gj-H*) (flj-flj)
(iï|-iï|) (H^-Hf, '

* ßglc

M =- S, - S + 1,... ,S -1. (10a)

F(jif2, k) and E(nj2, k) are the complete elliptic integrals of the first and
the second kind respectively. For an axially symmetric g-tensor, S(H, S,

M) is

sM m+1(h, s, M) n(h±, h,,, s) (xxx^yxxxxxfxx.m,m + i\ ± || )/(H*-H\) (Hl-H\_)
(10b)

Comparison of S(H, S, M) according to (10 a, b) with the equations (4)
and (7) and figure 2 of the publication already mentioned5) shows a

comparatively small difference arising from the different I(tu, ß, y). The
difference can be of importance if we determine g-values by the method
of Searl et alA), taking spin-spin and spin-lattice interactions into
account.



Vol. 34, 1961 Paramagnetic Resonance Intensity 715

4. The Influence ol the Fine Structure Term §D

The question arises whether the powder line shape of a system with
5 > 1/2 and D 4= 0 consists of a superposition of 2 S shapes each roughly
corresponding to equations (10 a, b). For simplicity, we assume axial
symmetry and a tensor D

D'ij DôiJ DôiJ(--^A-oi!i), (11)

expressed in the body-fixed system. Diagonalization of §st is achieved
by a rotation

(x") R'(x', /?', /) (*'),

a' n — y

/?' tan-1 (g± g"1 tan ß),

/ y (12)

where a, (9, y represent the Eulerian angles of Figure 1. In the new
coordinates (x") the total Hamiltonian has the form

§ ß g HstSz -\%-ißDS* + h^ßDg-* [g\ sin2 ß Si + gf, cos2/? S2 +

+ gA. S\\ Sinß C0Sß (SX S; + Sz Sx] +

+ X< #osc g-1 [gx gn sin« S, + gx g cos« Sj, +

+ (gf|-g2L)sin«sin/?cos/?Sz]. (13)

This equation allows the calculation of forbidden transitions induced by
§D (they will not be calculated, because in most cases they do not
influence our line shapes). The static components §st and £>D are in agreement

with those determined by Bleaney and Low n). We have evaluated,
to the first approximation, the energy level EM, the transition frequency
o>m, M+i and the transition probability PM: m+iAA corresponding to the
Hamiltonian of equation (13) :

EM=HßHstgM4-

+ | Ä /? D [M2 - A. 5 (S + 1)] (3 gl g-2 cos2ß - 1)

ß-^M.M+i #s. g + D (M + 1) (3 gf, g-2 cos2 ß - 1). (14a)
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If ooM M+1 constant co

H. P.A.

HM,M+i g"1 [ß-1 co - D (M + A) (2 gf, + g2±) (gf, - gi)-1] +

+ g-3 [ô (M + |) 3 & gf, (gf, - £)-i] (14b)

^,M+i(o)/PM,M+i(^ 0)

1 + (i)(M + i)sin2^-3( 4g2?2+?2«'i-5?2ig2x

(averaged over a).

(14c)

rtos)
Hst

/y' (92)

\£
Hosc \ -x'fa.)

vr

Fig. 1

Experimental arrangement assumed for our calculations

The distortion caused by §>D of the simple shape function S(H, M, S) of
(10b) can occur in two ways: by the change of PM>M+1 and by the
influence of the g~3 term of HMM+X in (14 b). The former introduces the

factor Pm,m+i(D)JPm.m+i [F> 0) into equation (10b) and has no
serious effects on the line shape. The latter, however, can lead to dH\
d(g2) 0 for a real g-value. In this case, the correspondance between H
and g2 ceases to be one-to-one, thus introducing an additional peak in the
shape function. Figure 2 demonstrates an example of this effect, which is

absent if co und D fulfil the condition

ß\D\ >8(S-|)gLx|g2L-jffl (15)

derived from equation (14b). Because of the factor | g2± — gf, |_1, this
condition is very restrictive. Therefore, we shall quite often encounter
complicated powder line shapes if S > 1/2.
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r ij
/

H u Hmax

t dS(H,S,M) f
dH

max
Hs.

Hi.

Fig. 2

Single line shape S(H, S, M) and its derivative, which can occur if condition (15)
is not fulfilled
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