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Quantum Theory in Real Hilbert Space 11

(Addenda and Errats)

by E. C. G. Stueckelberg and M. Guenin¥)

(Universities of Geneva and Lausanne)

(15. II. 1961)

621

Abstract: A more concise demonstration of the necessity of the thermodynamic

=
signature of the metric g#” and of the pseudo-chronous character of j (corre-
sponding to i = V ——1) is given (§4 of I1)). Furthermore, the anti-unitary operator
(Annex 3 of I) is wrong. A more concise demonstration in terms of observables is
given, showing the perfect correspondence between RHS (Real Hilbert Space) and

CHS (Complex Hilbert Space).

A more conoise demonstration for the thermodynamic signature and the

)
pseudo-chronous character of J is:

§ 4bis. The Thermodynamic Signature of g ~#» and the

Pseudo-Chronous Character of J = J

For a local scalar observable, we have the identity (« . . .
‘Fi'a) = Fig) = FlL-1%) =0 Fx) 0,

Le 0 o= La={"%= L% [x% & IA,

g =L"* " L, g,

We form the bilocal observable

s )

Glxy) = J [F(x), F(y)]
appearing in the UP:

1

CAF (%)% <AF(y)®y >

*) Supported by the Swiss National Research Fund.

Glxy)p.

(4 bis. 1)

(4 bis. 2)

(4 bis. 3)
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The hypothesis, that an L-tnvariant vacuum state ¥'° exists

(GEY)Dpe = flxy) =— f(yx) (4 bis. 4)
requires that

f(x'y) = c(L) f(xy) = o(L) (L "x L-1"y) (4 bis. 5)

'f(x'y) = f('x"y) (4 bis. 6)

because vacuum is a frame-invariant concept.
¢(L) is a (real) number, satisfying the representation condition

¢(Ly) C(Ly) = ¢(Ly Ly) . (4 bis. 7)

From the identity, following from (4 bis. 5) and (4 bis. 6)

() /

(L) (L-Y'x L-V'y) = f('x 'y) = — [('y %) (4 bis. 8)

A\

follows, that f(xy) is, except for the factor ¢(L), an invariant anti-sym-
metric function. Such a function exists certainly, if we choose a metric

signat (¢*#) = 4+ (11...1—-1). (4 bis. 9)

We call {x%} —x (tk...=12...d,d = n — 1) space and x" = ¢ time and
define

fey) =siglen —y) - f((x —9)?) = —flyx)  (4bis. 10)
f(22) =0 for z=x— y = spatial.
We have therefore

A

e(L) (L1 'x L1 'y) = e(L) sig (L=, (%™ = 'y™)) - /(% = '2)?)

— c(L) sig(L™,) - sig (%™ — 'y™) - f{('x — 'y)?)

=¢o(L) sig(L™) - f('xy)

7(’94 ‘v), (4 bis. 11)
i.e.
¢(L) = sig(L™,). (4 bis. 12)

=)

This means, that f(xy) is a pseudo-chronous number, caracterising the

J

vacuum. Therefore G(xy) must be a pseudochronous observable i.e.
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'G(x 'y) = sig(L™,) Glxy) = sig(L™,) G(L~1'x L-1"y) =
—0-1G(x"y) 0 = (0-1 ] 0) [0-1 F('%) 0, 0~ F('y) 0] =
— (0-1] 0) 'E(x), "F()] = (0-1 ] 0) [F(x), F(y)] =

— (0-1] 0 J-1) JIF(®), F&)] = (0~ ] 0 J-) G(xy)
(4 bis. 13)

where we have made use of (4 bis. 1). Comparing the second and the last
member, we have 01 J O J-1 = sig(L™).1

0-1]J0=sigL™)J="] (4 bis. 14)

which is equation (4.14) of I. jis thus a pseudochronous operator. Writing
Lienr) < Openp and L(pchr) < Ofpeny for ortho-chronous (sig(L™,) = + 1) and

pseudo- ~chronous (51g(L o) = — 1) Lorentz-transformations, we have
[0(001-;1-)» ]] == [O(oéhr)r ]j— =0, (4 bis. 15_)
(O(pchr) ’ ]) = [O(pchr)' ]].q. = Iy (4’ bis. 154%)

We are left to show, that (4 bis. 9) are the only two possible signatures
of g#*. To show this, let us assume a metric, in which z={z*} hasd=n—7»

space components and » <{1/2 n time components f= {9}y = [} Gk...=
12... n—7,ab.. (n—r+1)(n—r+2) M),

We have to build a function f(z) == f(x t) which is snvariant under homo-
geneous continuous transformations L, (= proper Lorentz-transforma-
tions) and changes sign under reflections ('x = (PT) x = — x). Thus, we
look for a vector z, = {22}, which changes sign under the transformation
L = PT but does not change sign under any continuous transformation.
If » > 1, it is evident, at least for space-like and time-like vectors z, that

no such vector z, exists, because every vector z = (¢, z) can be trans-

formed into — z by rotations in ;—space and ¢-space. For null-vectors
(8ap 2™ zf = 0) we use the theorem?), that in #» dimensional space time
with » <{1/2 n, there exist exactly » two-by-two orthogonal linearly in-
dependent null vectors z. Therefore, for » > 1, a rotation of this »-dimen-
sional ‘frame’, transformes z into — z (for instance z on the ‘frame’). Thus
only in the case » = 1, time-like vectors and null vectors (on the light
cone) exist, which change signe under L = PT.
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The text of I is correct, if we write, on page 748, under b):

‘We pose. ..  instead of “We try, posing. ..’ and leave out, on p. 749,
the text following (A-3.20). (A-3.20) is the correct formula, the text follow-
ing (A-3.20) is erroneous. However, a more logical deduction, using only
observables F¥ = FXT = F*f---(xy...) (X ={af... xy...}) shall be
given below in:

Annex 3bis. Unitary (G’) and Anti-Unitary (V) Operators in CHS

We rewrite the operator identity of (I 3.9) in RHS

FX,=L%,0,,E,0%,; FX, =FX,. (A-3bis.1)

aa “ab

For:

a) Orthochronous Lorentz Transformations

We decompose the RHS (a-space) in the direct product of a two-
dimensional ((7) (¢)-space) and a w¢ = (1/2) wy dimensional p-space, using
the two-dimensional matrices (in (r) (z)-space)

/1 0 , 0 -1 ,
1:(0 1), 72(1 O)' (A-3 bis. 2)

On account of (4 bis. 15_), we have (O = Oyp):

Flr,=1xFX%., . +ixF3

) @)'p'q
= L% (1X Oy + 7 X Ogyp ) (X Figy 7% Fy ) -
(1% O(Tf)q'q_j A Og)q’q’
Fope=Fowos Fare=Fawa (A-3 bis. 3)

formula, which, may be rewritten in CHS, using the correspondence
RHS == CHS, 4 = 4 given in (I A-2.3) = (I A-2.5) in the form

-~ N

o pi X at _ 1'X {1 EX [7t : :
Fryy=L"%0,, F, 0!, =L U, F, Ul, (A-3Dis.4)

P X Yp'p
with :
Pl = F=Frr-FT
U=0;, U'U=U0UU'=1;, U'=U-! (A-3bis.5)
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~~ /\

where A* is the ‘complex conjugate operator ((Z ™.

AT = AT* s thehermitian conjugate operator ((Zﬁ)’r — B'4") in CHS.
Explicitly ertten and omitting the indices pg... = 12... o, referring
to a frame in w-dimensional CHS, the identity

F*'P(x'y..) =o(L) L, L?,...UF*f (L-1'x L-1y..)) U-1

holds, with ¢(L) = 1, sig (det(L",)) and sig (det(L™*,)) for ortho (ﬁ ), pseudo-
o)

chronous (/1:"), pseudochorous (?) and ;bseudo-(l? ) observables. The frans-
formed operators are given by

FePo (x'y ) =e(l) L&, LB, . Fef (L-1g L1y )
_U1F*B(x'y. ) U. (A-3 bis. 6)

They lead to the identity, for expectation values:

P, Fo (n . )Wy =c(L) L'*,... <P, F* (L% ..) ¥>

— P T () Py (A-3 bis. 7)
with
YUY, Ly« Upan- (A-3 bis. 8)

b) Pseudo-Chronous Lorentz-Transformations

We need an operator
K=kx1l;, K'l=K=K-1; K?=1 (A-3 bis. 8)
which transformes
J—K1JK=—]; J=jx1. (A-3bis. 9%

Such an operator can be given in terms of the pseudoquaternions
(I A-4.8). We chose, for exemple, the two-dimensional matrix in (r) (z)-
space

B=kl = ((1) (1)) i B=1k =k (k) =0. (A-3bis.10)

*) InCHS K= K : Ki K = —i (A-3 bis 9%).

40 H.P.A. 34, 6/7 (1961)
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The operator O,y = O can now be given in terms of
0=0'K; 0T=0-1=K'oT—KO0T; [0, ]]=0,
g =00 =1 (A-3 bis. 11)
and the identity (A-3 bis. 1) can be written, using the decomposition

FX =1x FX

et 1X FQ

(#)'p'q

= L% % O(',)M, +7 % O('i),M) (Bx1)(1x F’f)pq-{—yx F(Z)M) .

(kx1) (1 x0,f ., —7ix0

(r)q’q (zqq)

. 'x ’ ] ' X
=W x (1 X O(r)’pp 4+ X O(i)'pp) (1 X F(r ] A F(‘)Pq)

(1 X O g =1 % 04y ,) - (A-3 bis. 12)

(") a'q

We have the correspondence RHS = CHS.

1x FX, —fx FX = FX i Ff = F* (A-3bis. 13)

Now, using again the RHS = CHS correspondence (I 'A-2.3) = (I A-2.5),
we may write (A-3 bis. 12) in CHS, omitting again the p-space indices,
FX—FX4iFX=L% 0 F*0o—

—~

— LX, U F* U1, U-1=U"  (A-3bis. 14)
or, explicitly

Fa(x'y..) = (L) L', L?, ... U' F*0-* (L-t'x L1y ...) U'-*.

(A-3 bis. 15)
The transformed operator is defined by
,F'a..- (’x ) ( (pchr)) I‘(;chr)cz L . (L_l ' )
= Ur-1x Feo* (g L) U7 (A-3 bis. 16)

The identity for expectation values takes the form
A, Fe (. ) Py = o(L) L% P, F* (L% ..) P>

— (W, F% (x..) "D (A-3 bis. 17)
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Defining the anti-unitary operator Vv by

YaVY UV, =U, ¥V Ly« V, (A3Dbis. 18)%)

we have

CU, Fee (x..) "Wy =c(L) L'%,... P, Fr (L-1'x..) ¥> =

_ Y [T* Ta...gr ’ ¥ _ gk 7T Fa T I @
o ng P?;’ F’g’q (‘%) U’qq l"'Uq - 'Pq Uqu F’q’P (%) U'Mb gj;b o
— (P, Ut FT() U W (A-3 bis. 19)

By definition, F*-* (x...) is an observable. Therefore it follows, from
(A-3 bis. 5), that in (A-3 bis. 19), we have

Fe-T(x., )=F**(x..) (A-3 bis. 20)
and, from (A-3 bis. 16) (Ut = U'-Y)
Ut  FooT (g ) U* = ¢(L) L'*,...F* (L-1"%...). (A-3bis. 21)

Thus, formula (A-3 bis. 19) is identical with the second equation (A-3 bis.
17) and with (A-3 bis. 16).

In order to show the physical significance of (A-3 bis. 16) let us con-
sider the ‘real’ scalar free field**) considered as an observable:

~~

w(x) = w’ (x); w(x) = w0 (v), (A-3 bis. 22)

expanded in plane waves (signat (g*f) = (11...1 — 1)).

w(x) = (2)-12 (2 7) -2 f do(k) (a(k) et ®® 4 at(k) e @)

RyM2=0; k> |M|,

v W w i d o

do(k) = (k)1 dd k; dik— Hdkl (A-3 bis. 23)***)

) WU RY=U W
¥*) ‘Field Quantization in Real Hilbert Space’ will be the object of a forthcoming
paper in this journal (referred to as III).
***) The surface integral is to be extended over the positive shell of the hyper-

U A A=
boloid A2+ M2 = 0. k = {k*} is therefore a pseudochronous vector (see I1I).
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where, if the sum over plane waves is made denumerable, /c;(}cj) and zT(k)

are the usual annihilation and creation operators of quanta in a state &.
Using (A-3 bis. 16) for the transformation L = PT

=(PT)x=—x; 'x%=—x¢ (A-3 bis. 24)

we have (A-3 bis. 16):

— @2 )4 [ dofh) (alh) e + Q1) ¢ R
— U'-1% w¥(x) U

z( ) 12 (27z dizfda U’* 14*( ) U’*) —z(\k},’x)_i_

- U'*—la*f*(k) U'*) o ) . (A-3bis. 25)

Thus, we have
U'-1% g* (k) U'™* = a(k) (A-3 bis. 26)
U'—1% gtx () U* = at(k) . (A-3 bis. 26)

As the relations

AV A Y

[a(k), at(R)] = 8(k, k') Ok, B) =k 0(k — k'), (A-3bis. 27)
[a(k), a(k')] =0, (A-3 bis. 28)
are invariant, if we go over to the conjugate complex operators, an uni-
tary matrix U’* exists always, satisfying (A-3 bis. 26). In particular, if

the annihilation and creation operators are chosen real, U'* =1 is the
unit operator.
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