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Further Investigations on the Non-Local Convergent
Field Theory

by L. O’Raifeartaigh and Y. Takahashi

(Institut fiir Theoretische Physik, Universitdt Ziirich and
Dublin Institute for Advanced Studies)

(16. XII. 1960)

Summary: The non-local field theory of HEITLER and ARNOUS is compared with
experiment in a rather exhaustive manner. It turns out that the theory in its ori-
ginal form is not in agreement with @/l experimental results (in particular it does
not predict a zero self-mass for the photon) but that a certain very ad hoc modifica-
tion of the theory can be introduced so that all the discrepancies between the theory
and the present day experimental data vanish. It is pointed out that the Heitler-
Arnous theory is so far the only theory which provides a reasonable explanation
of the various mass differences.

Introduction

In spite of the striking successes of renormalized field theory, it is be-
coming increasingly evident that such a theory is insufficient to account
for a number of experimental results. The most obvious example of this
state of affairs is provided by the various mass-differences (z+ — #°,
p—mn, 2+ — 2= etc.) for which the renormalized theory offers no ex-
planation whatever. To explain these mass-differences a different type
of theory is necessary, and obviously one of the first requirements of such
a theory is that it be convergent.

In two recent papers?)?), which will be referred to below as I and 1II,
one such theory has been proposed. We shall call this the Heitler-Arnous
or HA theory. A detailed investigation of this theory carried out in I, II,
a third paper?), the present paper and some unpublished work, shows
that the HA theory can certainly be made convergent in all orders of
perturbation, that it offers an explanation of the mass-differences in good
qualitative agreement, at least, with experiment4)%)%)7) and that it is in
excellent agreement with experiment for a large number of other effects,
such as Compton-scattering (Klein-Nishina formula) but not for a// known
effects, at least in its original form, a situation which will be discussed
presently.

It turns out, however, that in the HA theory it is virtually impossible
to obtain strict relativistic and gauge-invariance simultaneously with con-



Vol. 34, 1961 Investigations on Non-Local Convergent Field Theory 555

vergence. (Of course, the theory is invariant under purely spatial rota-
tions.) This difficulty of reconciling invariance with convergence (which
1s, of course, common to all known field theories and which has existed
ever since field theory, classical or quantized, exists) suggests a critical
attitude toward the exact fulfillment of the former, in spite of the fact
that the success of the Lamb shift and other calculations of the local
theory rest on a postulated relativistic and gauge-invariance.

The primary purpose of the present paper (which is carried out in
Part II i.e. sections 4-8) is to investigate in detail the consequences of the
lack of gauge and relativistic invariance in the HA theory, by comparing
that theory with experiment. In view of the difficulties mentioned we
shall here take the attitude that only if the lack of invariance involves a
contradiction with experiment shall we regard this lack of invariance as a
weakmness of the theory.

The result of this investigation is already known for certain physical
processes, namely, those which do not involve integration over virtual
momenta in their theoretical calculation (e.g. Compton scattering) and
those which involve only integrations which would be convergent in the
local unrenormalized theory. In these cases, there is a certain departure
from relativistic and gauge invariance in second and higher orders of
perturbation*, but it is much too small to be in contradiction with present
day experiments (with energies less than 1 BeV). The important question
is: what about the effects such as the Lamb shift which involve for their
calculation integrations over virtual momenta which would diverge in
the local unrenormalized theory ? In this paper the investigation of such
effects will be carried out in a fairly exhaustive manner, all second order
effects, as well as all the (experimentally) important higher order effects
(anomalous magnetic moment of the electron, Lamb shift and radiative
corrections to scattering) being taken into account. The result of the
investigation is that the HA theory runs into a serious difficulty in con-
nection with the photon self-energy (it turns out to be negative definite
and not zero as required). Furthermore the same difficulty reappears,
and in a more acute form, in some of the higher order effects, notably the
anomalous magnetic moment effect. The theory also encounters other
difficulties in connection with the magnetic moment, but these are not
quite so serious.

The remarkable fact in connection with the photon self-energy is that
its negative definite character follows, roughly speaking, only from the

*) In first order of perturbation, there is a departure from the results of the local
theory, but with suitable formfactors (cf. section 1) this departure may be relativi-
stically and gauge invariant. In any case, it is again much too small to be in contra-
diction with experiment.
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fact that the Hamiltonian (in the interaction picture) is linear in the
radiation field (i. e. of first order in ¢) and is Hermitian! A consequence
of this is that the photon self-energy must be negative definite in any
theory satisfying these simple conditions. In particular, it must be nega-
tive definite in the local theory also. But in that case, the situation is
saved by the fact that the photon self-energy is also infinite, which allows
certain manipulations (depending for their success on the very divergence
of the integral in question) to be used in order to make it zero. The in-
consistency of such a procedure is obvious.

Suggestions for circumventing the photon selfenergy difficulty in the
HA theory (e.g. by means of a charge renormalization) will be given.
There are six suggestions in all. These do not necessarily exhaust all the
possibilities, of course, and further suggestions would be welcome. It
turns out that only one of the six suggestions is of any use. It consists
in adding to the first-order Hamiltonian certain terms of higher order in
e (in particular a term of second order in e, i.e. a term bilinear in the
radiation field. This second order term is of such a form that it can be
regarded as the non-local analogue of the photon mass “renormalization”
term of the local theory). This suggestion has the merit that it not only
removes the photon self-energy difficulty, but can be so modified that
it also removes all further discrepancies between the HA theory and ex-
periment. It has the drawback, however, that the form of the new higher
order terms in the Hamiltonian is ad hoc in the extreme, and so too much
value should not be attached to this suggestion. Perhaps the necessity
of adding such higher order terms to the Hamiltonian shows that the
starting point (interaction picture) of the HA theory, though the most
suitable for obtaining convergence, may not be the simplest. It could be
that the higher order terms in the Hamiltonian emerge as natural con-
sequences of a different starting point. It might be well to add that these
extra terms in the Hamiltonian do not disturb the convergence of the
HA theory in any way.

The result of all these considerations in that the HA theory in its ori-
ginal form (as in I and II) is not in full agreement with experiment, and
can only be brought into full agreement by an ad hoc modification, as
has just been described. Thus, it cannot be regarded as a satisfactory
theory by any means. But it has certain merits. Its does account for all
the usual effects of quantum electrodynamics even if it does so in an ad
hoc way. It offers simultaneously a reasonable explanation of the various
mass-differences. And once the need for a convergent theory is accepted,
it furnishes a simple model of such a theory - in fact, it is the only existing
model apart from the extreme non-relativistic extended source model (of
which it is a natural extension). Perhaps the present situation can best
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be seen by contrasting the local renormalized theory, and the HA theory
schematically, as follows:

Local theory HA theory
(divergent) (convergent)
mass-differences unobtainable qualitative agreement

with experiment

effects involving either | excellent agreement with | excellent agreement with
no integration over experiment experiment

virtual momenta or
only integrations which
would be convergent
in the local unrenorma-
lized theory

effects involving inte- excellent agreement with | agreement with experi-

grations which would experiment using renorma-| ment reached by adding
be divergentinthelocal | lisation and prescriptions | an ad hoc second order
unrenormalized theory | which enforce invariance | term to the Hamiltonian

The main part of the present paper, which has just been discussed, is
carried out in Part IT i.e. sections 4-8. In Part I, i.e. sections 1-3, some
theoretical questions which arose in I and II are settled. First, some
specific types of form-factor are discussed. Then it is shown that, by the
addition of a certain second order term H, to the Hamiltonian, the HA
theory can be made gauge invariant (in second order of perturbation
theory at any rate) but that it probably can nof be made relativistically
invariant. Only the results (just mentioned) of Part I, and not the details
are necessary for Part II.

PART I

Type of form-factor

As mentioned in I, the non-local HA theory consists in replacing, in the
interaction picture, the usual interaction Hamiltonian by a non-local
interaction i.e.

H(x,) = e [d3x p(x) v, w) A,(x) - ef d3x d4(x" x" x") p(x') x

v

x I'y(x — %', x — 2", x — x") p(x") 4 ,(x") (1.1)

and leaving the free fields y(x), 4 ,(x) unchanged.
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In I and II virtually no restrictions were placed on the form-factor
I'(x—«',x—x", x—x"). In fact, it had only to be translational in-
variant and to satisfy a hermiticity condition and a necessary normaliza-
tion condition. In this section we want to examine the structure of
I',(x—x',x — x", x — x") in more detail.

In the first place we assume that I",(x — x’, ¥ — x", ¥ — ) contains
no creation or destruction operators (i.e. it is a c-number in the Hilbert
space of these operators) but we allow it to be a function of the sixteen
linearly independent y-matrices (i.e. it may be a g-number in spinor space.
For short, we shall call it a g-number form-factor in this case). Secondly,
for the sake of simplicity, we can restrict ourselves, except where ex-
plicitly mentioned, to the special case I',(x — &', x — x”, x — ") equal
to I')(x — &', x — x") 6*(x — x™). It will be seen that the more general
type of form-factor I',(x — &', x — 2", ¥ — x”) has no great adavantage
over the simpler I',(x — x', x — ") 0% — "), particularly in connec-
tion with the most serious difficulty of the HA theory, the negative
definite photon self-energy. With I' (¥ — %", x — x") we can write

Hixy) = [ @ Q,(x) 4,00
with B |
Q%) = f d*x" x") p(x') I'y(x — x', x — ") p(x") . (1.2)

We now wish to see what conditions are imposed on I',(¥ — x’, ¥ —x")
by demanding relativistic invariance wn first ovder of perturbation theory
(this means in the terms proportional to e in a perturbation theory ex-
pansion, not the first non-vanishing terms, which may be of order e? or
higher for particular effects.). Writing I" (p, ¢) for the Fourier transform
of I ﬂ(x — x', x — x”), it is not difficult to see that first order relativistic
invariance demands that I',(p, g) be a convariant function of its argu-
ments i.e.

L q) =7, [4(p-q) +y; A'(p- Q] +2,[B(p-q) +vs B'(p- 9] +
T+, C0P-Q+y:Clp-q@] (1.3)

where p - ¢ means a four-vector product and 4, A’, .... C’ are arbitrary
functions. When the form-factor is an ordinary c-number factor, only 4
is not zero.

If, now, in addition to first order relativistic invariance, we demand
first order gauge invariance we have

y f a4 Q,(x) A, (x) — ef d4x Q%) [4,(x) + Ax),,] (1.4)
A®),, = 20— Ax)

f 0xy
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from which

e‘f d4x Q (x),, Ax) = 0 )
since /(x) is arbitrary this means that
Q,%),,=0. (1.6)

The effect of (1.6) on the I',(p, g) of (1.3) is easily seen by taking the
Fourier transform of Q ,(¥) in (1.2). We find (since (1.6) must be valid
for all possible states)

B—-C=0,
B ZiMA -7
mit+p-q

(m = electron mass)

which reduces the six independent functions of (1.3) to four. Note,
however, that for a c-number factor (1.7) is automatically fulfilled
d'=B=F=C=0(= 0.

Equations (1.3) and (1.7) are therefore the required conditions for first
order relativistic and gauge-invariance respectively. As was shown in I
and II they are by no means sufficient, in general, to produce invariance
in higher orders of perturbation. In the following sections, except where
explicitly mentioned, we shall not assume that the form-factor satisfies
either (1.3) or (1.7). On the one hand we shall at times allow it, for
example, to be a much more complicated function of the ¢’s than that
given in (1.3) and on the other hand, we shall sometimes find it conve-
nient to use the simplest of all form-factors, the special c-number cut-off,
given in terms of I',(p, q) by

I'pg)=v,16 9.7

where 4 is the cut-off parameter, Tb and ; are three-vectors, and f (a
c-number) is some monotonically decreasing function of 4 and ¢ e.g.

A58 + ;54 + ;1’4'

2. Second-order gauge-invariance

It has been shown in I and IT that in the HA theory, with interaction
Hamiltonian as in (1.1) (we shall call this H; since it is of first order in é),
neither the S-matrix S(H;) nor the expectation value of the energy
<t | Py | t> is necessarily gauge-invariant in higher orders of perturbation
theory —in particular in second order (order e?). The conditions for gauge-
invariance have been given in I and II. It appears, however, that these
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conditions are very difficult (perhaps impossible) to fulfill in a theory
which is at the same time convergent. We shall assume therefore that
the S-matrix, S(H;), of the ordinary HA theory is not gauge-invariant and
we show now how this difficulty may be circumvented (at least in second
order)*).

There are two ways of circumventing the difficulty. The first way e,
to add to the HA Hamiltonian H, a Hamiltonian H, of second order in is
so that for the total S-matrix we have (in second order)

Se (Hy+ Hg) = S,a(Hy) + Sp(Hy),  Sa(Hy) = ifdxo H y(x,) - (2.1)

The problem then is to find H, such that S,.(H, + H,) is gauge-invariant
and such that S,.(H,) = 0, in the local limit. The second way to circum-
vent the difficulty has already been suggested in II. There, it was sug-
gested that since P, of

<t |Py] £ — <~ o0 |Hy| — 00} = Lim - <—o0|S(T) — 1| —o0) (2.2

(cf. II(60)) is not gauge-invariant, a term P¢ should be added to P, so
that P, + Pf would be gauge-invariant. This is what is done in the local
theory but, unlike the local theory, in the HA theory <¢|P?|¢)> is not
necessarily zero (it is zero when S(H,) is gauge-invariant!). However, we
could content ourselves in the non-local case with demanding that
<t | P?| ¢> be time independent, and zero in the local limit. The problem
then is to find such a P?, and from (2.2) it can be seen that this is exactly
the same problem as that of finding H, or S,.(H,), above. We now give
the solution to this problem. It is

1

Sullly) = — [ @4 %) 8x — %) [Q,), Q)] {A,00) — 7 A, A()

where

u=3
Alx) =D a, 0" A,(x),
u=0

=3

i
where the o, are constants satisfying only Fé’g «,= 1. Thus A(x) is de-

fined so that under the gauge-transformation [4,(x) > 4,(x) + A(x), ],
A(x) > A(x) + A(x). We have now to show (1) that S, (H, + H,) is
gauge-invariant and (2) that S,.(H,) - 0 in the local limit.

*) We assume that we already have gauge-invariance in first order i.e. that (1.6)
is satisfied.
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Let A denote the change in any quantity on making a gauge-transform-
ation. Then

NS, (Hy + Hy) = ASA(Hy) + ASA(Hy)
=4 [ 42 %) Qu(0) Qufx') 4, 4,x) —

4 [ 5, 2) (0,0, Qulw)] {4,6) — 5 A0, A1)

fd:zjc %) Q,(x) 4,(%) A(x'),,

+ n il e
. fd:xxia ) 10,(0), Q) {5 AW, AW) + [A,0) — 5 40, ] A6)
- B ) Q) Qo) 4,0 A)

-+ a similar term

—fd4xx

om0, Qe {4, — & A, Aw)

1

[Qole), Qule] = 5 Alr) W),

using repeatedly, partial integration, and the condition 0, Q ,(x) = 0 for
first order gauge-invariance [cf. (1.6)],

= [ a ') [Qu), Qo(*)] A,(x) A(x') —
- [ iz ) [Q (%) Qo(x')] A4,(x) A1) =0, (2.4)

as required. It remains to show that S,.(H,) vanishes in the local limit.
It is tempting to assume this without any further ado, since in (2.3) a
spacelike commutator appears and so, on putting I',(x — ', ¥ — x”)
equal to d*x — x) d*(x — x”) (in other words, letting the cut-off para-
meter A tend to infinity), S,.(H,) vanishes. This is not a correct criterion,
however, because in (2.3) there is sometimes an integration over virtual
momenta to be carried out, and it turns out that, for certain processes,
a different result is obtained according to whether the local limit is taken
before or after this integration. (The ambiguity is due, of course, to the
fact that in the local theory the corresponding integrals are divergent, or,

36 H.P.A. 34, 6/7(1961)
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at best, ambiguous). The only valid test of the behaviour of (2.3) there-
fore, is to take the local limit (4 - oo) after all the integrations over vir-
tual momenta have been carried out. Only then can we really examine
whether the departure from the local theory result is of order 1/4, or not.

Since (2.3) is of second order in e, let us discuss first of all the effects
in this order. The two unambiguous second order effects of the local
theory are the Klein-Nishina formula and Mgller scattering. Now it is
easily seen that (2.3) does not contribute at all to Mgller scattering, apart
from a vacuum contribution which should be neglected (it does not con-
tain enough Fermion operators). It does contribute to the Klein-Nishina
formula, but because the contribution snvolves no integration over the
momentum of virtual particles the spacelike commutator in (2.3) does result
in the contribution tending to zero with increasing cut-off parameter (the
exact calculation is given in appendix A). The remaining second order
effects are the self-energies of the electron and photon. It is to be noted
that the local limit for these simply does not exist. What has to be checked
therefore is that the contribution of S,.(H,) to these does not conflict
with direct experimental evidence. That this is so, is shown below. The
contribution of S,.(H,) for higher order effects (e.g. anomalous magnetic
moment of the electron) will be discussed later and leads to no further
difficulty.

We, therefore, conclude that at all events gauge-invariance can be ob-
tained within the framework of the HA theory (in second order, but,
therefore, probably in all orders). Before completing this section there
are a number of remarks to be made concerning S,.(H,).

The first concerns the vacuum expectation values of S,.(H,). To obtain
a zero vacuum expectation for it without interfering with its gauge-trans-
formation properties, we must write it as a normal product (i.e. with
destruction operators to the right) either with respect to the radiation
field alone [S,(H,),] or with respect to both the radiation and electron
fields [S,.(H,)n]-

The second remark concerns the constants «, and the photon seli-
u-3

energy. Gauge-invariance alone demanded only Y «,= 1. But if we
w="0

calculate the contribution of S,.(H,), or S,(Hy)y to the photon self-

energy, the transverse character of the polarization of a free photon leads
to an infinity unless a; =0, oy =1 (appendix A). Hence, we must choose
these values for the o,. But once we have chosen these values we find
that S,.(H,) does not contribute at all to the photon self-energy. This
result is of great importance and will be used later.

The last remark concerns the electron self-mass. As is known, this is
generally velocity-dependant in the HA theory. The question is: does
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the contribution of S,:(H,) to the self-mass make the velocity-dependance
worse (so as to conflict with experiment) or better (perhaps removing it
altogether) ? To investigate this question in the most simple manner pos-
sible we have carried out the calculations, with a;=0, «y=1, using a
special cut-off form factor [which is, of course, too primitive to be taken
seriously as the correct type of cut-off, but nevertheless should give some
indication of the role played by S,.(H,)]. The results are (appendix A)

1 p ’
OMg g,y = Mg [1 + oy "Zz‘ + ] Y (2.5)

where dm = self-mass, dm, = self-mass for }E = (0, m = mass, ; = mo-
mentum of the electron. dm, is proportional to log 4 where 4 is the cut-off
parameter.

6m — (Sm 0 — _1_ E 4 e
Sez(Hz)Ar - 0 36 mz »

(2.6)

6mng(H2)n = O .

Thus the contribution of S,.(H,) to dm is not large enough to conflict
with experimental evidence at present, but at the same time it certainly
does not compensate the deviation from strict relativistic invariance of
dm. This shows that although S,.(H,) produces second order gauge-
invariance in the HA theory it by no means produces second-order rela-
tivistic invariance.

3. Second-order relativistic invariance

In view of the fact that in § 2 a functional S,.(H,) could be constructed
so that S,.(H, + H,) is gauge-invariant (though not relativistic invariant,
as we have just seen) and such that S,.(H,) - 0 in the local limit, the
question naturally arises as to whether an S,.(H%) could be found such
that S,.(H, + HY) is relativistically invariant and such that S,.(H%) -0
in the local limit (with or without S.(H, + H%) being also gauge-
invariant). We have not succeeded in finding such an S,.(H%) and it is
extremely unlikely that such a functional exists, as we shall now attempt
to show.

Writing S,.(H,) again asin (2.4), it has been shown in I, that §; S..(H;),
the change in S.(H;) on making a Lorentz transformation x, > x, +
dw,, *,, is

*) A different result was obtained in another paper 3) but in that case a different
form-factor (not the simple spherical cut-off) was used.
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o0

0; S,.(H;) = const. x / dz d*(x x') [Hq(x), H{(x")] x

— 00

X o(n-x+2z2)0n-&+z) 0 (3.1)

’ ’
X, — 1, %,) 0w

# 2

Let us try to find S,.(H%) such that 6§;S,.(H3) = — 0.S.(H;) and
S,(H%) = 0 in the local limit. It is very difficult to see how one can
avoid making S,.(H%) a functional of [H,(x), H,(x")] since 8; S,.(H%) must
contain this expression and H (x) ¢s a scalar under a Loventz transformation.
But then the most general Ansatz for S..(H%) would be

SalHE) = [ d*lex) de [Hy(0), H\(@)) fon, 2,20, 2)  (3.2)

where f is, as yet, a completely undetermined functional of n, x, ¥" and z.
Since, again, the form of (3.1) is relativistically invariant, it is difficult
to see how 6. S,.(H%) can compensate (3.1) unless

fngdsgi=f(n~%n--5, 8, (3.3)

Assuming (3.2) and (3.3), however, we can show that S,.(H%) must be
equal to — S,.(H,) if 8, S..(Hf) is equal to — d;S,.(H,), and thus that
S,.(H%) cannot vanish in the local limit. We have

O, SalHE) = [ %) ds L), Hu)) = (g )umers

of ; ;

ST x,)} (n, %, —n, %) dw,,. (3.4)

For this to compensate (3.1) for arbitrary states the only possibility
would seem to be

0 0 ’
B (O(n{x) )x:xr’Lo(T{x) =—0n-x+20mn-&+z. (3.5

With some manipulation the solution of this equation is seen to be
fln-x,n-& 2 = —%6(n-x+z) en-& +z2)+hn-xn-x,z2 (3.6

where ¢ = 4 1 according as its argument is Z 0 and 4 is an arbitrary
symmetric function of n - & and n - &'. Inserting (3.6) in (3.2), however,
one finds that % drops out, and the first part of (3.6) is just such that

Sa(HE) = — Sa(HY) (3.7)

as mentioned.
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It is, therefore, plausible that S,.(H%) satisfying both 8, S,.(H, + HE) =0
and S,(Hf) - 0 in the local limit, does not exist. But, of course, the
above demonstration is no more than plausible and a more rigorous proof,
or counter-proof, would be welcome.

It might be enquired if one can see at a glance why S,.(H%) does not
exist while the corresponding S,.(H,) of the gauge-invariant case does.
It seems to us that the reason for this state of affairs lies in the remark
made above that under a Lorentz-transformation H(x) is a scalar. This
fact gives us very little scope in trying to construct S,.(H%) —as we saw
above, only the functional form of f(n - &, n - &', z) was at our disposal.
In the gauge-invariance case, on the contrary, not only is f(n - ®, n - &, z)
at our disposal, but also, since under a gauge transformation H(x) =
Q%) 4,(x) > Q,(x) 4,(x) + Q () A(x),, we have the variation of 4,(x)
to play around with. That this variation of 4,() is, in fact, used in con-
structing S,.(H,) in § 2 can be seen from the fact thatin S,.(H,) the rather
peculiar function A4 (x) [such that A(x) > 4 (x) + A(x)] appears.

PART II
4. Comparison of HA theory with experiment in low order

We now go over to the general HA theory and we do not use in the
following any of the results of Part I except where explicitly mentioned.
In this section we wish to investigate how the HA theory compares with
experiment for first and second orders of the perturbation expansion.

In first order (which includes effects such as the Dirac magnetic mo-
ment of the electron, Coulomb scattering without radiative corrections
etc.) there is no difficulty in seeing that for energies less than the cut-off
energy (& mass of the nucleon), which are the only energies for which
we have experimental evidence at present, the discrepancy between ex-
periment and theory cannot be observed. Experiments using energies of
the order 1 Bev, or higher (which may soon be possible, perhaps), should
be capable of detecting the departure from the local theory cross-sections
predicted by the HA theory. (The HA theory predicts a falling off of the
cross-section for energies greater than 1 Bev. in the centre of mass sys-
tem.) But to date there is no discrepancy in first order.

In second order of perturbation there are four possible processes —
Mgller scattering, Compton scattering, self-energy of the electron, self-
energy of the photon. In the case of Mgller and Compton scattering there
is again no disagreement between the HA theory and experiment for
energies less than 1 Bev in the centre of mass system. (For future experi-
ments with energies greater than 1 Bev a difference between the HA
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and local theory should be observable, just as in first order effects, with
the one difference that the falling off of the cross-section predicted by
the HA theory would probably be non-relativistic in second order). The
reason that for low energies there is no difference between the HA and
local theories is that the theoretical calculation of the Mgller and Compton
scattering involves no integration over virtual momenta. A rigorous proof
that no discrepancy can exist for low energies is easily constructed, and
is analogous to that given by CHRISTENSEN and M@LLER®) in discussing
the same problem in their theory. In the case of the self-energy of the
electron, it has been shown in a previous paper?) that there is an appre-
ciable dependence of the self-mass on velocity (which does nof vanish as
the cut-off tends to infinity), but that nevertheless the resultant deviation
from relativistic invariance of the total mass is not big enough to be
noticed in the direct experiments so far existing. Better experiments,
especially at higher energies are most desirable. The last second order
effect is the photon self-energy and here the HA theory meets with its
first and most serious set-back, because it turns out that the photon
self-energy, far from being zero, as required by experiment, is negative
definite and does not tend to zero as the cut-off tends to infinity. Let us
now discuss this question in more detail.

As is well-known, the photon self-energy is given essentially by the

si-component of the induction tensor I ,,(k) with &y = | & |, £; = 0, where
k is the momentum, and ¢ is the direction of polarization, of the free
photon (z = 1, 2, 3). What we find on calculation is that

Iii(k)k _% ¥ 0 *). (4.1)
Furthermore,

Lim 7, (k) 7 + 0, although Lim 1,,(k), 7 =0 (4.2)

&0 ki - 0 E—0 ki -0

for the other components of 7,

Equation (4.2) shows clearly the lack of relativistic invariance of the
theory. Note that the first equation of (4.2) already implies that a form
factor involving the momenta p, g and k at the vertex shown in Fig. 1,
has no advantage over a form-factor involving only p and g, since in
(4.2) £ = 0. The important question now is: under what conditions (or
for what form-factors) are (4.1) and (4.2) true? The answer is that (4.2)
and (4.1) are true for all form-factors, even those which are g-numbers

*) It follows from the invariance of the HA theory under purely spatial rotations
that (4.1) is a function of %% only. This is most easily seen by expanding Iij(k) in
powers of k and k,.
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in spinor space! The only assumptions that we need make to arrive at
(4.2) and (4.1) are:

1) that the interaction Hamiltonian H, in the interaction picture, is
linear in the radiation field,

2) that it is hermitian,

3) that it is translational invariant,

4) that the metric in Hilbert space is positive definite,

5) the usual assumptions for the free-fields, e.g. that the energy of a free-
field is positive definite.

To see this, we need only recall that according to an elementary per-
turbation theory calculations (which we may well use since in a conver-
gent theory all methods of calculation must yield the same result) the
photon self-energy is given by
Hy; Hyo
Ey—E;

(4.3)

i+0
where 0 denotes the free photon state, ¢ all possible intermediate states,
and E; and E; the respective energies. Note that since H is already as-
sumed to be a normal product (destruction operators to the right) and
since the photon is a Boson, (4.3) has not got to be modified by subtract-
ing out vacuum expectation values. First of all, we can easily see that
E; > E,. This is because, since the form factor involves no creation or
destruction operators, the state 7 can only be a state with a positron and
an electron just as in the local case. On the other hand the translational
invariance of H guarantees the conservation of 3-momentum in the
transition 0 — ¢. Hence

E;—Eg=Vptm ) p—brtm— k>0 (44

for all ;5, where ; 1s the 3-momentum of one of the particles in the state 7.

If we now use the fact that H is Hermitian it becomes clear that every
term in the sum of (4.3) is either negative or zero. Hence if (4.3) is to be
zero, every term in the sum must be zero and so, for all 7 + 0,

H; =0. (4.5)

But this is obviously not possible since it would imply the impossibility
of pair creation, which is observed directly in experiment. (Similarly if
(4.3) were of the order 1/4 where A is the cut-off parameter, the proba-
bility for pair creation would be much too small). Thus under the assump-
tions (1-5) listed the HA theory predicts a negative definite photon self-
energy. The most restrictive assumption is, of course, (1).

An important consequence of the above discussion is that the local
theory should also predict a negative definite photon self-energy, since
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that theory, also, satisfies assumptions (1-5). And so it does. But because
(4.3) is wnfinite as well as negative definite in that case it is possible to
make (4.3) zero by means of certain tricks?). It is interesting, perhaps,
to describe one such trick in detail. In calculating 7 ,,(%) in the local case,
one arrives at an expression

_ Y-pb—y-ktim Y btim
L) = const. x Tr [y, Y-EZERER ) YLD Gy (4.6)

(cf. JaucH and ROHRLICH (1955), p. 189). On taking the trace, integrating

over p, and choosing the z-direction as that of k, one finds that (4.6)
leads to

o= const x [P0 [ et 30 g
“ &] | p2em® (PR m
k= k]

One can then calculate (4.7) in two ways. The first is to assume

|E| < m and to expand the integrand in powers of |%| In this case one
sees immediately that the lowest term in the expansion — (the contribution

for k = 0) — is positive definite (and infinite, of course)! The other way
is to make use of the fact that the limits of integration are infinite (ignor-
ing the fact that the ¢nfegral is then infinite) and simply making a change

of variable p,+ | | = $. > p, in the second term of (4.7) so that it
exactly cancels the first term and 7,,(k), o is zero for all values of %,

including % = 0! The success of such tricks for removing unwanted terms
depends, of course, on the very divergence of the theory.

Summing up the present section we may, therefore, say: In just one
of the four possible second order processes the HA theory is, for the pre-
sent at any rate, in disagreement with experiment. The same is true of
the local theory. We next consider some higher order processes.

5. Comparison of HA theory with experiment in higher orders

We investigate in this section how the HA theory compares with experi-
ment in the three higher order effects which are important experimentally
— the anomalous magnetic moment of the electron, radiative corrections
to scattering, and the Lamb shift.

*) It is true that (4.7) is not exactly the photon self-energy since the latter is
given by I,.(R)s,-#| and not I, (k) —o, but (4.7) is at any rate the contribution of
ki=

the induction tensor to the magnetic moment of the electron, and as this should
also be zero (and is not), it will suffice for our purpose of illustration.



Vol. 34, 1961 Investigations on Non-Local Convergent Field Theory 569

Anomalous magnetic moment of the electron: In calculating this effect
theoretically, some care must be taken. One cannot assume from the
start that the magnetic moment is given by a higher order matrix ele-
ment of the S-matrix which is proportional to a first order element that
is known to correspond to the Dirac magnetic moment, because the S-
matrix is primarily a scattering matrix, whereas the effect in question is
an energy-shift. However, the energy shift will be given in the usual way
by <¢|P,4|t) — {(—o0 |Hy| —oc> where P,= H,+ H and ¢) is a state
with the external magnetic field fully switched on, and one can then prove
(by a method analogous to that of UmEzawA (1956) pp. 220-222) that
this expression is, in fact, equal to the higher order matrix elements of S
just mentioned, in the limit of %, the momentum of the external magnetic
field, going to zero. These matrix elements (for second order radiative
corrections) come from the following Feynmann graphs

k
P q P g p q 3 g P g
1 2 3 4 5
Iig. 1

On calculating the matrix elements corresponding to these graphs (for
one very simple form-factor at any rate) one finds in the local theory

14 (f%) +0. (5.1)

In the non-local theory

1;;(k)

kr)k., k=0 5:2)

4 1 e? .
L+ 5 o (a) + Lim (
where ¢ is the direction of 4, the potential vector of the external magnetic
field. The Dirac magnetic moment has been normalized to unity, and
I,,(k)1s the induction tensor. The last term in (5.2) is deduced most easily
by expanding I;;(k) in powers of £ and using the invariance of the HA

theory under spacelike rotations (so that [;;(k) =1 (k2 g, jHI® (B2, k%) B k;)

—

as well as the Lorentz condition k-A = k- A = 0 on the external field.

It can also be seen in this way that this term is a function of 72 only.
Obviously (5.2) is in disagreement with experiment. The disagreement
comes under two headings.
(1) In § 4 it was shown that I,;(k), -z, = 0 even for £ = 0. The same
ki=0
obviously applies to I;;(k);, . ;0. But the magnetic moment is an effect
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with k&, = 0, % - 0. Hence the last term of (5.2) will give an indefiniteley
large contribution to the magnetic moment. Further, although (5.2) has
been calculated for only one particular form-factor, it was shown in § 4
that the result 7,,(k) #+ 0, k>0 is true for any form-factor and so we see
that the difficulty cannot be avoided simply by making a suitable choice
of the form-factor.

(2) The second difficulty is that even if one manages to remove the
1;;(R)_.o difficulty just mentioned there still remain two finite discrep-
ancies between the HA theory and experiment, namely the 4/3 term, and
the remainder of the I;;(k);, _z, -0 term, in (5.2). Now it may be possible
that with a suitable form-factor these two discrepancies just cancel but
1t 1s most unlikely because with the form-factor chosen in (5.2) it turned
out that the 4/3 term is (obviously) cut-off independent, whereas the re-
mainder of the ,,(k),, -0 term is proportional to Log 2 where 4 is the
cut-off parameter.

In sum, for the magnetic moment the HA theory encounters two dif-
ficulties, the most serious being (as in the case of the photon self-energy)
that I,,(k) + 0, k > 0. The fourth order radiative corrections to the
magnetic moment will be discussed later and lead to no new difficulty.

Radiative corrections to scattering: In practice scattering is observed
so inaccurately that radiative corrections have not been observable so
far, and so, normally we could neglect them if we could be quite certain
that they are really of order ¢2/4 & compared with the uncorrected scat-
tering and this will be true as long as the corrections do not become
singular and so compensate the smallness of ¢2/4 7. In general, there is
no reason why they should become singular but the result just found for
the magnetic moment (/;;(k)/k% > oo for k - 0) shows that we must
investigate whether this singularity occurs also in scattering. Since we
cannot consider every possible scattering process, we consider as examples
the role played by the induction tensor in the 2nd order radiativ correc-
tions to Mgller scattering and to Coulomb scattering (Fig. 2).

Fig. 2

We find (cf. appendix B):

(1) Coulomb scattering: since for the external field 4=0, Ay #+0
only I, ,(k) plays a role and (mainly since I, (k) >0, k-0 [cf. (4.2)])
there is no difficulty.
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(2) Mgller scattering: I;;(k) plays a role and there is a difficulty unless
I,,(0)=0.

Thus with respect to scattering the HA theory runs into difficulties if
1..(0) =+ 0 but is otherwise in agreement with experiment.

Lamb shift: This is again an energy shift, but like the magnetic mo-
ment, the calculation can be reduced to a calculation of the S-matrix.
The calculation breaks up into two parts, a one-potential part and a
many-potential part. The many-potential part (being convergent in the
local case without renormalization etc.) is the same locally and non-locally
within experimental error. The one-potential part must be treated more
carefully. However, in the observers rest-system the relevant e.m. field

is (as for the Coulomb effect) A=o, Ay # 0, so that only /,, of the induc-
tion tensor plays a role. Consequently (just as for the radiative correc-
tions to Coulomb scattering which is, in fact, essentially the same calcu-
lation) the singularity I;;(k)/k? for k - 0 does not occur here. At most,
therefore, there will be a finite discrepancy between the HA theory and
experiment for the Lamb shift. The removal of this finite discrepancy,
in the event of its not being zero, will be discussed below.

6. Attempts to circumvent the difficulties of the HA theory

It has been seen in the previous two sections that the HA theory is in
disagreement with experiment in the following way. In the case of the
photon self-energy, the magnetic moment of the electron and the radia-
tive corrections to Mgller scattering the most serious disagreement occurs
and in each case it is due to the fact that I;;(0) + 0. Apart from this
difficulty there are also (finite) discrepancies between the theory and
experiment in the case of the photon self-energy and the magnetic mo-
ment, and possibly in the case of the Lamb shift. But the main difficulty
is presented by I,,(0) & 0. And this difficulty follows directly from the
very simple assumptions of the theory listed in § 4.

At first sight, however, there would appear to be a number of ways of
circumventing this difficulty (e.g. by renormalization). We wish now to
examine this question in more detail. It turns out, in fact, that it is by
no means easy to circumvent this difficulty. As an illustration of this
we shall list in this section five fairly promising suggestions for removing
it, all of which fail. In the following section we shall discuss a suggestion
which does remove the difficulty and which removes all the other diffi-
culties of the HA theory too, but which, on the other hand, is exceedingly
ad hoc. Naturally the six suggestions just mentioned do not necessarily
exhaust all the possibilities of removing the difficulty 7,,(0) += 0 and any
further suggestion would be welcome. We list now the five suggestions
which do nof succeed.



572 L. O’Raifeartaigh and Y. Takahashi H.P.A.

(1) The first suggestion for removing the 7;,(0) # 0 difficulty is to in-
troduce the operator S..(H,) of § 2 which makes the S-matrix (and the
energy-momentum vector) gauge-invariant in second order. This sugges-
tion fails, because, as already remarked in § 2, S,.(H,) gives no contribu-
tion at all to the photon self-energy and therefore does not compensate the
effect arising from H,. Further, S,.(H,) cannot compensate the 4/3 etc.
difficulties of the magnetic moment either (appendix E).

(2) The second suggestion is that the I,;(0) difficulty might be removed
by a charge renormalization [similar to the charge renormalization of the
local theory which removes the term proportional to k* in I ,,(k)]. But it
is easy to see that this is not possible, because for the magnetic moment
an infinite renormalization factor (1 + I,;(k)/R*j_.o would be required
and for Coulomb scattering or for the radiative corrections to the Millikan
experiment, both of which effects involve only I, (k) and not I;,(%), a
factor of approximately unity would be necessary! The difference of the
two factors needed, is, of course, a consequence of the non-relativistic
nature of the theory.

(3) The third suggestion is to subtract out the induction tensor en
bloc, by introducing the second order term in the Hamiltonian

~ [ @) dry 010, Q)

Xy > %y

0 4,(x) A,(x) . (6.1)

This would not only make 7,,(0) = 0 but also 7;;(k),, - 7% +0 = 0 which,
for the photon self-energy at any rate, would be most satisfactory. But
such a term leads almost certainly to the wrong Lamb shift since in the
local theory calculation of the latter the induction tensor (finite part)
plays an important réle. Furthermore it is easy to see from the form of
(6.1) that it contributes to the magnetic moment only via the induction
tensor. Thus it is incapable of removing the 4/3 difficulty from the
theory.

(4) A fourth suggestion is to add to the first order Hamiltonian a second
order term of the kind

—%/ﬁgﬂ@MQMﬂMﬂ@m&M- (6.2)

Note that not 4,(x") but 4,(x) occurs in (6.2), a term which we can regard
as being the first in an expansion

A (x") = 4,(x) + (x — &) [ 0 4 (x’)] o

037, ¥ 2 =x

This would correspond roughly to a vertex renormalization. This sugges-
tion fails because on calculating the contribution of (6.2) to the Klein-
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Nishina formula it is found that for some choices of the gauge an infinite
contribution is obtained (note that since @ ,(x) is non-local, (6.2) is not
gauge-invariant). The singularity is due to 4, being a function of x,
rather than x’, since this leads to a term &%(p — q) /P, — g, after space-

—

time integration, instead of the usual &%(p — g — &) [Py — ¢o — &y, and

—

O3(p — q) [P — g, 1s obviously singular. (The exact calculation is carried
out in appendix D).

(5) The next suggestion is to modify (6.2) by taking the vacuum ex-
pectation value of it with respect to the electron field. Then (6.2) no
longer contributes to the Klein-Nishina formula, or indeed to any other
process except the induction tensor. It does just cancel I,,(0). Its dis
advantage, however, is that it cancels only I,,(0) and no other part of
1,;(k) since

<1 photon, k, e [4,(x) 4,(x)| 1 photon, k, e

is independent of k (apart from a normalizing factor 1/2 w;). Similarly
this term is incapable of removing the 4/3 difficulty of the magnetic
moment.

Thus, five likely suggestions for improving the HA theory fail, which
illustrates, as we have said, the non-trivial nature of the difficulties.
Even a combination of some two or more of these suggestions would not
improve matters very much. We now proceed to discuss a sixth suggestion
which is more sucessful than the five suggestions of this section.

7. Modification of the HA theory

In this section we wish to propose a modification of the HA theory
which will remove the I,,(0) difficulty from that theory and in addition
will bring the theory into complete agreement with experiment. The
suggestion consists of adding to the first order Hamiltonian a second
order term of the from

Ha(xg) = — e / B(x &) do f,,(x — ') A

- 00

o(%) 4,(x) (7.1)

where the sixteen f,, (¥ — x') are just c-numbers, and do not necessarily
form a tensor (so that the integrand of (7.1) is not necessarily a scalar).
However, we restrict f,,(x — x”) somewhat by stipulating that f;; (x — ")
be a tensor in three-space, since we know already from § 5 that this is
true of I;;(x — x"). Let f, (k) be the Fourier transform of f,,(x — /).
We wish now to show that the functions f,,(k) can be so chosen (a poste-
riori) that the HA theory comesinto complete agreement with experiment.
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Let us consider first the photon self-energy. The contribution of the
first order part of the Hamiltonian to this is, as was seen in § 4

Iii(k)kn—;ﬁﬁ (7.2)
k;=0
and is not zero. It is easily seen that the corresponding contribution from
(7.1) is
— fii(k)ko--_= ;—};I . (73)
ki -0
Hence to obtain a zero mass for the photon 1t is necessary and sufficient
that f,,(%) be so chosen that

fii(k)ku=|_’1 = Iz’i(k)ko=|7§l § (7.4)

Let us next consider the radiative corrections to scattering. We saw
in § 5 that these would be in order if only

1..(0) +0 (7.5)

were compensated in some way. But with the addition of (7.1) to the
theory (7.5) is obviously compensated (as a special case of (7.4) with

k= 0). Thus with (7.4) the radiative corrections to scattering are auto-
matically in order.

Next on the list comes the magnetic moment of the electron. The
major difficulty in that case was again (7.5) and just as for the radiative
corrections for scattering this difficulty is removed as a special case of

(7.4) with % = 0. That leaves the contributions from (4/3) (1/2 7) (2[4 )
and the remainder of the induction tensor still to be dealt with in calcul-
ating the magnetic moment. But clearly if we can choose f,,(k) further
such that

Umﬁ&)wzthﬁmki9+§2%(ﬁqxéi(fﬂ, (7.6)

s 72 47 w \4m

where i is the direction of A, the potential vector of the external field
then this discrepancy vanishes also. That the first term of (7.6)
represents the contribution of (7.1) to the magnetic moment of the
electron, follows from the considerations given in § 5. It also follows
from these considerations that (I;; — f;;)p;-2,-0 15 @ function of 2
only. The question is: are (7.4) and (7.6) CompatlbleP And the answer

is yes, because (7.4) is taken at the point %, = | kJ (all k) and (7.6) at
ko = 0 (all k). This can best be seen by expandmg I,,—f; in a power
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series according to % and ko separately*). In this way the magnetic mo-
ment (in order ¢%) can be made to agree with experiment.

The last case which we must consider is the Lamb shift, and it might
be thought that this case would provide a severe test of the validity of
fu»(R) since this has been already determined to a very large extent by
(7.4) and (7.6). This is not so. The reason is that (7.4) and (7.6) determine
only f,;(k) whereas, as we shall see, the Lamb shift involves essentially
only f,,(k). The Lamb shift consists of two calculations, a many-potential
part which, because it is convergent in the local case, even without re-
normalization (and the main contribution is non-relativistic) yields prac-
tically the same contribution locally and non-locally, and a one-potential
part, which must be handled much more carefully. The one-potential part
consists essentially of taking the Coulomb scattering operator between
two equal bound states. The point now is that in the rest-system of the
observer (and in a non-relativistic theory this is the only system we are

allowed to use!) the field of the nucleus is a pure Coulomb field A=0,
Ay # 0, so that whenever the induction tensor, and therefore f,,(%)
occurs in the calculation, only I, (k) and therefore f, (k) will play a role.
And f,,(k) is still left completely undetermined, by (7.4) and (7.6). The
only question, therefore, is whether f, (k) can now be determined so as to
yield the correct Lamb shift for the HA theory ? It might still be doubted

whether this is possible because, in fact, f;,(k) depends only on F, the

momentum of the Coulomb field, and not on  the electron momentum
(which has a certain given distribution in the bound state). However, it
must be remembered that in the final analyses the Lamb shift is not a

function of k and; but a number obtained after integrating (with given
distribution functions) over % and p. Hence, the non-dependence of f, (k)

on ; 1s no handicap and there appears to be no reason, in principal, why
one cannot chose the functions f,,(k) so as to obtain the correct Lamb
shift. (Clearly if the HA theory without the term (7.1) already gives the
correct Lamb shift, then we need only choose f, (k) = 0.)

We have, therefore, succeeded in showing that the term H, of (7.1)
1s capable of removing all the difficulties encountered by the HA theory
in comparing it with experiment (cf. § 4 and § 5). One serious objection
can be levelled against the H,. term, of course, namely that it is ad hoc
in the extreme. In the next section we shall discuss in more detail this
and other matters connected with H (x,).

*) Note that if it were not for the terms (4/3) (1/2 n) (e?/4 =), (1/2 ) (¢?/47) in
(7.6), f;;(k) would do nothing other than bridge the gap between the induction
tensor obtained from the HA theory and the “‘rquired’” induction tensor i.e. the

finite induction tensor of the local theory obtained after the photon-mass and charge
renormalization,
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8. Discussion of second and higher order terms in the Hamiltonian

We have seen in the last section that a set of functions f,,(k) can be
introduced in a second order part of the Hamiltonian so as to bring the
HA theory into full agreement with experiment so far. As remarked in
the introduction, f,,(k) is the non-local analogue of the photon mass
‘renormalization’ constant. In this section we wish to make a number of
remarks in connection with £, (k).

First it is clear from § 7 that f, (k) is not entirely determined by the
considerations of that section. But this obviously cannot be regarded as
an objection to f,,(k). The same applies to the fact that even the parts
of f,,(k) which are determined by § 7 are determined only up to the order
m/[A (A = cut-off, m = electron mass) or to within the experimental error.

Secondly it should be emphasized that the addition of the term H.,.
does not disturb the convergence of the HA theory in any way.

An interesting point is that H,. commutes with the first order part of
the Hamiltonian if f, (k) are even functions of %y, a condition which is
easily fulfilled without disturbing any of the results of § 7.

A question that might well be asked is whether the addition of terms
to the Hamiltonian will stop at €2, or whether there will be terms of order
¢4, eb etc. We first discuss the ¢* terms. It turns out that terms of this order
will in fact have to be added to the Hamiltonian. This is because in fourth
order the contributions to any effect of the graphs of Fig. 3 play a rdle

<P

analogous to that of the induction tensor in second order. The only way
to compensate certain unwanted parts of these contributions is by the
addition of fourth order terms to the Hamiltonian. This can hardly be
regarded as a handicap, however. On the contrary, it is probably an ad-
vantage, because the second graph of Fig. 3 contributes to fourth order
radiative corrections to the magnetic moment of the electron and so the
fourth order term can almost certainly be chosen, so that these radiative
corrections too, can be brought into agreement with experiment (in a
way completely analogues to that described in § 7 for the second order).

We next discuss the orders e, €8, etc. At present, because of the lack
of accurate enough experimental data, little can be said of these terms.
But it seems probable that such additions to the Hamiltonian would be
necessary if the experiments were fine enough. This, too, can hardly be
considered as a valid objection to the HA theory, particularly in view

R

Fig. 3
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of the fact that such fine experiments would very probably demand some
such modification of the renormalized local theory also.

The one valid objection to these higher order terms in the Hamiltonian
(and it is a serious objection) is their completely ad hoc nature. In fact,
one introduces by means of these terms almost as many undetermined
functions as there are experiments which involve radiative corrections!
But at any rate the results of § 7 settle the question as to whether in prin-
ciple the HA theory can be brought into agreement with experiments,
in the affirmative, and we must not forget that this includes at least a
qualitative account of the mass differences. We may, perhaps, interpret
the higher order terms in the Hamiltonian as being an indication that the
interaction picture, though an excellent starting point for obtaining con-
vergence, is not the most natural starting point for the future correct
theory. It could well be that with a different starting point, the higher
order terms in the Hamiltonian would emerge as simple consequences of
the correct theory. But, of course, this is only speculation.

In conclusion, it should perhaps be remarked that, to date, only at-
temps to build a new field theory within the normal framework of quan-
tum field theory have been made. There still remains the possibility that
by dropping one of the more fundamental postulates of field theory (e.g.
hermiticity of the interaction Hamiltonian, or definiteness of the metric)
more progress might be made. But these are questions which we cannot
answer at present.
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Appendix A

Here we carry out explicitly the calculations in connection with the
contribution of S,.(H,) to the following effects: Mgller and Klein-Nishina
(Compton) scattering, photon self-energy, electron self-energy. Since the
commutator [Q,(x), Qo(x')] plays a leading réle in S.(H,) we first calcu-
late this explicitly. In all calculations the simplest type of form-factor is
used, the c-number spherical cut-off given by a form-factor of the kind

f(4, ;, E) where A is the cut-off parameter and f decreases monotonically in

;2 and 32. We use throughout these appendices the convention for metric
etc. as given by JAucH and ROHRLICH (1955). From the definition of
Q,(x) in § 1 we have

[04(2), Q)] = [ B(x) Tyfx — ', 2 = 2) i S(" = )
x Loy =9,y = 9") ply") @i’ 2" y" y") = V. V. (A1)

where V. V. (vice versa) denotes the same term with x 2 y and u = 0.
With the simple spherical cut-off, x, = % = %9 = ¥, = Yo = Vo and so
1

i S —y) = (55) 7 " — ). (A.2)

Inserting this in (A.1) and using I' (¢, 9) = v, [(#, q), we have, on trans-
forming to momentum space,

[Q,u(x)’ Qo(y)] -
o fﬁdé‘(?” Q) s pB) ¥, v(g) 1A B, 5) F(A, s, g) e~ PP ¥ Hig g+ TG _

—V.V. (A.3)

We now have to consider the contribution of S,:(H,) to Mgller and Klein-
Nishina scattering. The contribution to Mgller scattering is seen im-
mediately to be identically zero because Mgller scattering involves 4
electron operators altogether and in (A.3) there are only two. Hence,
the only contribution of (A.3) could be as a vacuum effect which must
be subtracted out. In the case of Klein-Nishina scattering the 1-electron
states to the left and right of (A.3) change y(p) and y(g) to «(p) and %(g)
respectively where % and « are the spinors for the free-particle of (fixed)
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momentum p q The radiation part of the operator in S.(H 2) contri-
butes some constant (possibly zero) times a factor e* Ey) Where % is the
momentum transfer to or from the radiation field (k p q) However

in (A.3) the d3x- mtegratmn has as consequence s = . Thus all the
momenta occuring in the form-factors are the finite external momenta
(not integration variables). We therefore have f= 1 up to order m/i
where  is the electron mass and so the two terms of (A.3) cancel up to
order m/A. Hence the contribution of S,.(H,) to the Klein-Nishina for-
mula is of this order and vanishes in the local limit A > oc.

The next question concerns the contribution of S,:(H,) to the photon
self-energy or, more generally, to the induction tensor. We find first
from (A.3)

<0 electron | [Qg(x), Qo(x')]| O electrony = 0. (A4

<0 electron | [Q;(x), Qy(x")]| O electron) =

—2 [ @(pq) LIP3, 5,4) {0, $,.g) ! FIET

Wy Wq

wpn]/;2+m2, w,= |/ ¢®+m?. (A.5)

To calculate I,, we take the radiation part of S,(H,) between two
1-photon states with O-polarization. We find

/1 photon, | 1 .| 1 photon,\
(=0 {40 — 5 4@} 4| T >_
_ '“xo Ri % E-%)
- k| ka (A._6)
so that
Ioo—Zezfd'"’xx ) dx fd3 VPl Pido 43 T 0 13 7 F) of B0 G-y
iy

oy Ry g i G-2)

41k [R]2

_ ie2og k ret oy ky VT/daﬁ PiWpip— (P+E) wp }‘( p—l—k) f(l,;+k,?)- (A'7)

2|k Wy Wk

Similarly for I;; we find

S

- [0S ’:Oﬁ'ki g—ik G2 (A.8)
E|E; 2|k
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and so

I}J:{e25zjotj + ?:820(_9 kz}VT/‘dsjb pzwp+k (P'}'k)

(k| ik 2|k| Wp Wpi 1

<P b+ @) fAb+ P (A.9)

For a photon polarized in the direction 7, 2; = 0. Hence I;; is singular
unless either a; = 0 or the integral in (A.9) is zero. Exphc:lt calculation
shows however that the integral is certainly not zero. Hence «; must
be zero. This apphes equally well for 1 = 1, 2, 3. Hence o« = 0, and only

o, survives. Since 2 o, = 1 it follows that oy =1 and (A.7) implies no

w=0
contradiction with this. _
The last contribution of S,.(H,) we wish to discuss is its contribution
to the electron self-energy. On account of what we have just found we

have A(x) = 05" A4(x). Then

[

<O } {Aﬂ(x) - % A(x),ﬂ} A ()> s

— 85 <0 | 4o() A(x) | 0y + g (0| - —} A),; A)

0>
a3k a3k’
_ k . th * — k) x
Ry lfl/zlk[ o # fl/zikl wry 7 H)

Sky + |K|) ef¥ ¥

O> + a similiar term for gf,

_ i Phk  wid 1 .k o
(27) f2|7{| ‘ [g” |%| T & 2]75|2}' (A.10)

Next we multiply this with (A.3) taken between the two relevant 1-elec-
tron states and integrate over x and y. We find

— — g BB yiup) [ s PGB L (A.11)



Vol. 34, 1961 Investigations on Non-Local Convergent Field Theory 581

We now choose the direction of E as z-direction and calculate (A.11) up

to order 1_53/1%2 in an expansion in g_;zfmz. A straightforward calculation
results in '

—

_ 3m 2 ;2 pt m2
om = 537 [O—?W+OW+O'1?] (A.12)

(using om = % <S>).

Appendix B

We wish to calculate the réle played by the induction tensor in radia-
tive corrections to scattering.

(1) Coulomb scattering: See Fig. 2. Since A =0 in this case only
I,,(k) plays a role. Since, however, I, (%) - 0 for k - 0 the main diffi-
culty of the HA theory (infinite value of I,,(k)/k?* for k - 0) does not
arise here. The only possibility of a singularity would be if k% - 0 with-

out B >0 (i.e. 2y > | k [). But this is not possible because we have the
relations k=p — q, p2+m? =0, g%+ m?= 0, from which k?= 0 im-
plies k = 0. Hence, for Coulomb scattering the radiative corrections con-
tain no singularity and can be neglected.

(2) Mgller scattering: In this case (Fig. 2) we have a contribution of

the kind
dik '
]ﬂfT Iﬂ,l)(k) ]v

where [, J, are the respect1ve electron currents. Since observers systems

exist for which ] + 0, ] 4 0 (e.g. centre of mass system), I;;(k) plays
an important réle. Hence, unless I,;(k) = 0 for k = 0 we obtain a singu-
larity. On the other hand, if I,,(0) = 0, no further trouble is to be ex-
pected since just as for the Coulomb effect k% = 0 implies B = 0 on ac-
count of the electron-momenta being free particle momenta.

Appendix C

We wish to calculate the matrix elements of the graphs of figure 1,
using the c-number spherical cut-off form-factor.

Graph (I): Using the rules for matrix elements gwen in JaucH and
ROHRLICH (1955, p. 154) we find

M, = up) A-yulp+ k), o=|k. (CI)

€
V2n V2w,
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Graph (III):

ie® — Y p—y-q+im _
My = [ @4 W00 7 R 1 A

__Tepiyrheyig 1
X (Po_q0+k0)2_922)+k—q '}’#%(P‘Fk) 32— X
X p—QIAp—ap—ag+RIAp—g+hp+E),

B =p—gr+m, QB =p-q+R+m. (C2

Letting j—,';: 0, ay = ky = 0 the numerator can be reduced so that in the
limit 2 > 0,

Moo 1 é3 ﬁ(p);-;:; Fulp+h) fd:; —45—2mg, +2m2—7f)
1 V2w, EnPP m m)?— 2212 (g2 — ¢?)
x 1(4,0,9) /(A ¢, 9) /(A 0, 9) (C.3)

+ terms not involving the magnetic moment.
Q=g+ m?,
Graphs (II) and (IV): These are equal and are given by

MII i MIV =

_ e fd4 p (Y P-Y gtim ¥y Py Doy gtimy,,
(2 )2 ]/2 Wy (Po—q0)%—£25_4

—

X L2 yeaulp+ k) f(hp—0.0) /(0 b — 9) [ b P+

9% —a*

(cf. HEITLER 1954, p. 308), where the mass renormalization has been in-
cluded. On reducing the numerator this becomes

. 1 up)y-ay-Rulp+h)
M, + My = 2 n)0 l/Z_wk m
fd“ ~2m gy q&]g (;"2 ’"2)’ 1, 0, 9) f(A, ¢, 0) £(3,0,0)  (C.5)

+ terms not involving the magnetic moment.
Adding (C.5) to (C.3) we obtain an integral which converges even with-
out the form-factor. Hence, we can drop the form-factor thereby making
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an error of at most ~ m/A & 1/2000. The integration of the convergent
integral is perfectly straightforward and leads to

_ 1 & ap)y-ay-kulptrk) [ 4n?
My + My + My, = VZw, Cape T (_ 3 Z)'
(C.6)
Using now the well-known relation
_— 1 = = sy = =
Wp)y-aulp+rR) =i up)y-ay-kup+k  (C7)

+ other terms not involving the magnetic moment, it is easily seen that
the ratio of (C.6) to (C.1) is
4 o
5 (=) (C.8)
asrequired.
It remains only to calculate My. We have

1 () yudyulp+k) ie
M, = £ : 2L
v l/zwk

(2’;[')9[2 k2
q+im vy-q—y-kt+im = o Fara .
XTR/d4q Y4 ] T P(A g, g— k) A D p )
¥ 93— g% —m? 4 (90— ko) — (g—k)?
(C.9)

(cf. JaucH and ROHRLICH (1955, p. 189). On reduction we find

4ic8 UP) yu Ay ulp+h)
(2 m)* k2

M, =

1, 290Gy —Guho=Go byt (=M= @G By s 7 T 41 D E T
xqu @30 [(go—ho)P—%_,] 2, q.9— k) {4, p, p + &)

T VZay)V2a ¥

eu vy Ayu  I,,(R) ' (C.IO)

For the external magnetic field 2, = 0 we can choose our axes such that
k= (0,0, |%]). Integrating (C.10) for this case we find

I,,=0 for w+» inallordersof [k, (C.11)

and
2

- Iy _ 473 8me? g2dg [ g% 2]
KB R zeE 2a)° 208 [“é’ 2| +
0

+ o | Log (W) — 2} +O(Ep. (12

2 |3 m
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The first term of (C.12) is the diverging (for | E| —0) negative definite
term mentioned in the text. It is proportional to A% where A is the cut-off.
The second term is the term leading to the ‘finite’ discrepancy in the
text. It is proportional to Log 4. I3 (on account of the Lorentz condition

k- A for the external field) and 7;; (¢ + j) play no role in this calculation.

Appendix D

We wish to calculate the contribution of (6.2) to the Klein-Nishina
formula. In other words the operator (6.2) is to be taken between the
initial and final states for the Compton effect. Changing to momentum
space in (6.2) and carrying out the x-integration we find

/1 photon, k', a
A\ electon, p

6.2) 1 photon, k", ﬂ\ _
1 electron, q /

J u(p) I' ,(— p/q) S(k) I',(— k/q) v(q) fa,(i;gi
- | @ sz (Ona s (D)
—u(p) I,(—p|q) S(k) I',(— kjg)p(g) > -

where o and f are the polarization directions of the incoming and out-
going photon. Hence, for a c-number form-factor
{final state | (6.2) | initial state) is proportional to

— -

up) Ve (o, —y-qg—im)y-eug o, (w,—2,)
+ulp) Y- ey @ty g+imy- eulg)lo, @+ 2,)
+UD) Y e PR~y p—im) 7 e ulg)|w, (@, — 2,
FUp) Y ey R, +y P +im) Y- e ulg)w, @, +2) (D.2)

where e;, and e, are the polarization vectors, and in order to handle the
singularity for £, = ¢, we have taken

S() = (= yo ko - ki m) = {3k — D) — Blko + R0},

Q=2 M2, M=m+e¢
where ¢ is small and is let go to zero at the end of the calculation. We take
now the simplest case e; = e, = e (i.e. no change of polarization on scat-
tering) and calculate (D.2). We find
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(final state | (6.2) | initial state) is proportional to

_
(g — £2,)

up) y - eulg) {¢ - q (4 +45) —2(e @)

Wp

+

t oo} (D.3)

w, (wy—12y)

where e, = e, (— 1)°°. In the rest system of the incident electron (D.3)
reduces to

i) y-enO e g (b L) - 2eq . o

m e

If the gauge is such that the incident photon is purely transverse in the rest
system of the incident electron then (D.4) is zero since e- q (=€’ - q) =

e+ ¢ = 0. However for any other gauge ¢, + 0 and
e q=—¢qyte g=—¢¢*0

and so (D.4) is infinite for & - 0.

Appendix E

We wish to calculate the contribution to the magnetic moment of

Ho=ie [ @) (0,0, Q)] {40 — 7 4@).,} 40).  (ED

The contribution comes from the S-matrix built with this term and the
first order Hamiltonian involving the external field, i.e.

Het — / Bx Q,(x) A™(x) . (E.2)

Since the external field may be treated classically, and we are working
only to the order ¢* we may take the photon vacuum value of (E.1) im-
mediately. We further simplify (E.1) by using the usual simple form-
factor. Carrying out the x-integration we obtain (cf. app. A)

{0 photon |H,

—1¢? — —

= S [ @ D ¥@) ) 110,590 10,5, ) i e

2|k

X0 (—p+s+ k) Pg—s—£F). (E.3)
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It is not difficult to see that the only contribution of this term to the
S-matrix in third order is

o0

T [ s x) Hale) H(w) +

2
Xo > x4

0 photon \ (E.4)
1 electron / '

/ 0 photon
\1 electron

+ HE¥ (o) H i)

Inserting the Fourier transforms of (E.2) and (E.3) into (E.4) we obtain
after a long but straightforward calculation

G BBy, A LR YR @) (0.5 B) LS A5 D)

P+ m? 2w3

x [0%p — ¢ — k) O(py — ¢5) B*(p" —s — ) (g —s — K)].  (E.5)

Since, however, H,. contributes also to the mass of the electron another
term corresponding to the mass renormalization must be substracted
from (E.5). Using an argument similar to that of HEITLER (1954, p. 308)
we find that this term is the same as (E.5) except that

03— p" + s+ k) 83(g — s — k) must be replaced by 03(p" — ¢q) *(g—s—&).

Putting p'= ¢ (1 + ¢) as in HEITLER (loc. cit.) one finds that the differ-
ence of the two sets of d-functions leads to a term

—

01 - Y-qt+ey-gq+im y-k
(o o 9O 7 4y 2m? 2[R 8

< ulg) [0, B 4+ 42) fh g+ qe,—k+q+q8) f(h—k+q+qe ) |
. (E.6)
with p=q + k.
It is not difficult to see that this term - 0 with ¢ - 0 (and indeed is

proportional to ;2 for small z;). This result is only to be expected, since
in Appendix A we showed that (E.1) contributed a term to the self-

energy of the electron which was of order 52 /m? for small ; And the contri-
bution of (E.1) to the magnetic moment is just the difference between the
renormalized and unrenormalized self-energy, times another factor.
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