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Numerical Evaluation of the Pseudo-Tridents Production
Cross-Section

by C. Piron, M. Gailloud, Ph. Rosselet and M. Biasutti
(Laboratoire de Recherches Nucléaires, E.P.U.L., Lausanne)

Summary. The number of apparent tridents produced by Bremsstrahlung has
been calculated for arbitrary experimental conditions and E/mc? < 105. '

I. Introduction

Several authors have studied the direct production of electron pairs by
charged particles in photographic emulsions and more recently in diffusion
chambers. It is well known that, due to the finite resolution of the
detector, pairs produced by conversion of Bremsstrahlung photons on the
track of the primary particle are indistinguishable from direct pairs. The
number of these spurious events (pseudo-tridents) can be evaluated in a
semi empirical way from the number of pairs observed within a given
distance to the track-3). This procedure implies the knowledge of the
theoretical distribution of the pairs, and of the scanning efficiency as a
function of the distance to the primary track; it is therefore subject to a
serious experimental bias. In this work, the number of pseudo-tridents
per unit length has been calculated in a completely theoretical way from
the known radiation and materialization cross-sections, using the spatial
distribution function of multiple Coulomb scattering given by Ross14).

2. Derivation of the general formula for the number
of pseudo-tridents

Let us consider a particle of charge ¢, mass m and energy £ moving in
a given medium. Let 7, be the number of Bremsstrahlung pairs produced
per unit length inside a tube of radius p around the trajectory. »,is a
constant at sufficiently large distances from the boundaries of the
medium, that is as soon as the mean square lateral displacement ¢ due to
the multiple Coulomb scattering is larger than p%) *¥). We have then:

_y+zz
nf_pr dkfbeEkGdlffdydz——-—e “ 26 (1)
2mg c? C(10, @)
where D (E R, 0)dkdl

*) This can be seen in Figure 5 of reference 5) for a particular case.
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is the macroscopic radiation cross-section, differential in photon energy %
and emission angle 0. 0 is the angle between the emitted photon and the
outgoing particle.
2, (k) is the total macroscopic cross-section for the conversion of a
photon of energy k. ) D2 -3
T X, (E-F)?

X, is the radiation length of the medium; D is a constant (3 D? = E? as
in equation (7) page 68 of reference 4)).

The notation C(l6, g) means that the integration with respect to y and
z is carried out in a circle of radius g centered at a distance / 6 from the
tangent to the trajectory (Fig. 1).

A g;//@,ﬂ) e*

—F

Fig. 1

For useful values of g, the average distance between the emission and
the conversion of a photon is small compared to X,, as will be verified
later on. We have therefore neglected, in equation (1), the energy loss of
the particle over the distance /.

The angular distribution of the radiated photons is given by a hardly
workable expression which can be written, with a good approximation,
as a function of 0, E/mc? where 0, is the angle between the initial particle
and the photon®). The symmetry under time reversal allows us to write
it as a function of v = 0 (E — k)/mc?:

S (E b 0)a0 =~ X, (E k) an (2520

where dn is the fraction of the photons of energy % emitted in the
elementary solid angle 2 7 sin@ 40 and

my\2 1 dk
D ER = () 5 5 (2)
Substituting in equation (1) we get
", = /Ep dk- X, (E, k) -1 (E — k, 0, m, X, D?) (3)

with
(vi+2%) X, (E—Fk)?

I = / dlfdn (%) // dy 2%£j§§—.lsk) e aie 4)

7 ] C(i6, o)
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3. Computation of [
[ is the average path length of the photons converted inside the tube of

radius p. ¥ depends on many parameters, but we can substitute for it a
function depending explicitely on one variable only. Defining:

— D2 1 - __z‘ D2 1
ST e X, ST R X,
, _  (E-R)D? ,  _ (E-hk)D? (E— k) D?
COR T AR 7D A N T .
and noting that (0+2%) Xy (E—R) 172
D23 - g®
and I6(E—F) D*
(me?)?- X, a
equation (4) becomes . 1 i .
g — f dg f an(@) || @, it £ )
g T C(g?,r)

The dimensionless function g is independent of the medium, the mass
and the energy of the particle, but depends only on the parameter 7.

For the actual computation of g(r), we took for dn(r) the values
calculated by Kocr and Motz®) for 300 MeV electrons and for 2/E = 0,3
(based on the Schiff differential cross-section). These values were then
normalized to unity.

The numerical integrations were performed on the Zebra electronic
computer of the E. P. U. L.*). To simplify, the circle C(gt, ») was re-
placed first by a square of the same center, of sides 2r parallel to the axes
(Fig. 2), then by this same square rotated by 45° around its center. As

Z
|
2p
Py
L
il Y
~
—~ /6
o
// 45°
Y .
/

Fig. 2

shown in Table I, the results for the 2 domains of integration never differ
by more than 69,. In Figure 3, the average of the 2 values of g has been
plotted as a function of ».

*) We thank Prof. BLanc and Mr. RapIN for their collaboration.
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Table 1
L4 E// 845° §
0-5 0:594 0:636 0-615
1:0 1-082 1-153 1117
15 1-531 1:623 1:577
2:0 1-955 2:075 2:015
3-0 2:754 2:902 | 2-828
4.0 3-506 3674 3:590
6-0 4.913 5:110 5011
3-0 6-231 6446 6-338
10:0 7-477 7-703 7-590
15:0 10-39 10-62 10-50
20-0 13-07 13:30 13:19
30-0 17-93 18:16 18:05
50-0 2643 26-63 26-53
100-0 43-99 44-15 44-07
1500 58:80 58-94 58-87
200-0 72:07 72-19 72:13
300-0 95-68 95-78 05.73

1251

Fig. 3
This represents g as a func-
tion of ». The numbers on
both scales have to be multi-
plied by 10 for curve 2, by
100 for curve 3. g and 7 are
dimensionless quantities.
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4. Evaluation of the number of pseudo-tridents

Coming back to the physical problem of determining the number of
pseudo-tridents produced along the track of a particle, we have to take
for o a value depending on the radius of the track and such that a pair
created within the distance g cannot be distinguished from a direct pair.
In photographic emulsions as well as in hydrogen diffusion chambers, the
ratio p/X is about 10-%. Since g is of the same order of magnitude as»
(Fig. 3), one has

I (me®)? =
X, b 8%
Therefore the hypothesis I << X, is verified for E/mc? < 105%).

We still have to give the expression used for 2 (k) in equation (3).
Four different regions must be considered:

o) 2 m, ¢ < k << 20m, c®: the contribution to the integral can be
neglected, since pairs of ernergy lower than 10 MeV are hardly detectable
because of their large opening angle. |

B) 2m, 2Lk <137 m,c%- Z~13 (no screening): equation (9) page 81
of reference 4).

y) ke ~ 137 - m, c® - Z~13 (partial screening): X, is given numerically by
BETHE and HEITLERS).

0) B > 137 - m, c*- Z-1B (complete screening): equation (10) page 81
of reference ¢).

In order to be able to integrate analytically, we have used the following
expression for 2,

mc2

1 7 2k 109 ,
2= X, In(183 Z-173) (1;“ in = A ) for k2 < kg **)
1 7 B \1/2 1
2= smmae |5 [in (183 2-0) — 2 (2) 7| — o) for k> ko
with : 4
ko= ¢ - 183 Z74-m 2 (7)

For the integration over %, g(») is approximated by a linear function
fitting the curve in the upper part of the domain of integration, this part
giving the major contribution to the integral

g =[+a(1-5) + £ 5] T ®)
h D2E
where 1’max=7(k=0)“_7m§;'—m3—'

*) The number of pseudo-tridents produced by electrons in photographic emul-
sion has been calculated by TumaNYAN ef al.”) by a Monte Carlo Method, for few
values of g and for E = 10%, 105 and 108 MeV.

**) This expression is obviously not valid for 2 << 10 m, ¢2, but one can verify
that its contribution to the integral (9) from 2 to 20 m, ¢? cancels out almost exactly.
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Taking (2), (4), (6) and (8) into account, equation (3) becomes
2 1 dk (mc?)? EY\
v 20 G o N[k a (1 )+

+c--§] Blrmae) = 20 [ [+ ) fzp (3 — &) @+

E 2mp c?
5 k1 -
+ & /Zp(k) f:l ) g(rmax) =
2m‘:
1 2 _
- e [0 PE, 2) 4+ - PyE, 2) ]| ) - )
Introducing (7) and carrying out the integration yields for E > &;:
7 1 i E
P(E, Z) = ("é“‘ ~ 54 Tn(183 2P ) In Zm, & T
2
1 28 7 i 2 m, c \12
e e R R ( ) .
4
1 151 7 707 ) 2mg (10)
In(183 Z-17) ( 5~ gt gpe 1832 ) E
7 Y 1553 1
— g In(183 Z-13) — (7378,“ —2ln44+ L 1n24) R, —
25 i '
— 2t g In4.
2
-1 14 ) s 2m,c®\1/2
Pl(E,Z) = m > '?' . 67 . (183 Z—I]3)1]2 . ('_E )
4
1 151 7 .7 _13) 2m, ¢t (11)
T Tassz ) (54 —gind+ 5 1832 )_E B
1 I 7
T In(183 Z-1B) ~ 54 g

P and P, are plotted on Figure 4 as functions of E, for different values of Z.
One can get a crude approximation of #, by takinge = { = 0, or
2 -
re B - P(E, 2) - 5l (12)
For a better approximation, equation (9) should be used, with & and {
estimated from Figure (3). One sees easily from this Figure that ¢ &~ 0-02
and { & 0-1 for most values of 7, (or E).

n

6. Applications

Consider for instance the case of 1 GeV electrons in photographic
emulsion (Ilford G5). We take the following values for the parameters of

LT mhe 0=03um; Xy=299cm; D= 11 MeV*¥).

*) This value has been determined experimentally for 380 MeV electrons.
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Fig. 4 This figure represents P and P, as functions of E, for Z = 82 (curve 1),
Z = 13 (curve 2), and Z = 1 (curve 3)

From Figure 3 and 4:

2 mae) = 7°05 (0 = 9-1); P =1-76; P, = 0-66;

max

admitting: &= 0; {=0-12, we have finally: n,= 9-1-10-% pseudo-
trident per cm. |

This number is to be compared with the theoretical production rate of
true tridents #,. In Table 2, the ratio n,/n, 4 n, is given for various
energies, n, being calculated after Brock et al.?).

Table 2
7

7 —T -1 i___
E(MeV) n, (cm™1) ny (cm™t) nptm,
100 1-84 103 0-35 103 0-16
400 51 103 29 10-3 0-36
700 72 1073 59 103 0-45
1000 8-8 1073 9.1 10-3 0-51
1400 105 103 13-2 103 0-56
1700 11-5 1073 16-4 10°% 0-59
2000 rZa LS 20-0 103 0-62
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These results are correct at distances larger than 500 microns from the
entrance in the emulsion (see § 2).

For p-mesons of same velocity (E/m, ¢* = 2 - 10%), » becomes (m,[m,)?
times smaller, whereas the direct pair production cross-section remains
unchanged. The proportion of pseudo-tridents is now completely negli-
gible.

In a hydrogen diffusion chamber (pressure of 20 atmospheres), we
have approximatively: p = 0-01 cm; X, =410 cm; D = 11 MeV.

For 1 GeV electrons, we find: g(7,.,) = 0:31; (7,0 = 0:24); P =1,58;
and by the approximation (12): n, = 0-28 - 10-7 pseudo-trident per cm,
to compare with n, = 2:6 - 10-7 direct pair per cm. In this case, the
asymptotic value 7, is reached at about 30 cm from the walls.

The above computation can be applied to determine the radial dis-
tribution of the Bremsstrahlung pairs around the trajectory of the pri-
mary particle. In equation (9), only g depends on the radial distance g;
therefore the shape of the distribution is given by the derivative dg/dr,
which is approximately a constant (see Figure 3).

One can also apply this computation to the direct pair production by a
charged particle in a thin target. A ‘trident’ is observed as a triplet of
collimated tracks at the exit of the target. In this case, any pair produced
in the target by a Bremsstrahlung photon constitutes a pseudo-trident.
The total number of these events in a target of thickness a <€ X is:

N, = | dﬁjdta—tzpleZbEk f]d/\zpzb—]

Z

(13)

2 mg c? ) 2m, et
- 5% (52) [PE. 2) + PA(E, 2) ]
whereas the number of direct pairs is N, = an,. With 1 GeV electrons
in an aluminium target (X, ~ 9 cm), we have for instance N,/N, = 0-1
for a ~ 200 um.

We thank Prof. CH. HAENNY for his continuous encouragement. This
work was supported by the Commission for Atomic Science of the Swiss
National Fund.
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