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The Production and Absorption
of Neutrinos in Beta-Decay Theory
by Charles P. Enz ,
(Swiss IFederal Institute of Technology, Ziirich)
(15. XI. 1957)

Summary. The implications of non-conservation of parity and of lepton charge
for the processes (1) (A, Z—1)—>(4,Z) + ¢ + v and (2) p+v—>n+et are
studied. The neutrinos from (1) are described by a density matrix which, in a
form applicable to pile neutrinos, is used, in particular, to calculate the cross
section ¢ for reaction (2). From the general dependence of ¢ on the coupling con-
stants the result of LEE and Yang, that ¢ is twice as big in the two-component
theory as in the conventional theory, is recognized as a special case. In addition
experiments are discussed to determine the spectrum and polarization of pile
neutrinos. Attention is also given to Pauli’s invariance principle.

1. Introduction

Now that enormous neutrino fluxes are available from uranium piles,
the neutrino has become a particle of the experimentalists as is seen from
the work of CowaN and REINES!) and of Davis?). On the other hand,
since the breakdown of parity was discovered, the neutrino has also be-
come a particle of great interest to the theoreticians as is examplified by
the proposals of a two-component theory®). We believe that in the
present situation a formal description of neutrinos emerging from a pile
1s neither entirely trivial nor is it without interest. In fact, if one adopts
the point of view of a phenomenological beta-decay interaction with non-
conservation of parity and of lepton charge as proposed by PAULIY), one
finds that free neutrinos have to be described by a density matrix. The
reason for this is, that unless lepton charge is conserved, there will be
interference between the two states of different neutrino “charge”
I=1, 2 and given longitudinal spin s= 4, —. This is a consequence of
Pauli’s canonical transformations of the neutrino field4) which mix
“particle’” and “‘antiparticle’ states, but do not mix states of different
longitudinal spin for a given neutrino momentum. Thus, the density
matrix is diagonal in s as is shown explicitely in section 4.

On the other hand, the interest of such a description of free neutrinos

lies in the fact that the discussion in terms of the coupling constants of
the cross section for any neutrino experiment is only possible if due ac-
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count is taken of the production process. The example which has been
most discussed in the last months is the cross section ¢ for the Cowan and
Reines experiment. The reason is that from this experiment, if accurate
enough, conclusions for or against the two-component theory can be
drawn. Indeed, in their paper quoted in ref. 3 LEE and YANG indicated
that in the two-component theory g is twice as big as ¢°, the value of the
conventional theory. This statement was based on a purely qualitative
detailed balance argument. In section 2 we shall reproduce this argument
(as we understand it) in a more quantitative form. The statement will
reappear in section 5 as particular value of the expression o/c® which
exhibits a continuous variation with the coupling constants. It will be
seen from the results of section 5 that for the calculation of ¢ the neutrino
spectrum and its polarization in function of energy is needed (and still
a third function if lepton charge is not conserved). The possibility of a
measurement of these functions is discussed in section 6.

It should be mentioned also that the density matrix concept is not the
only means of arriving at ¢. Indeed, production and re-absorption could
also be considered as a double process analogous to those studied in an
earlier note3). The connection between the two methods, which are
entirely equivalent, will be briefly discussed in section 3. Of course the
density matrix is the more physical concept and has the further advan-
tage that it can be used to describe any experiment with free neutrinos.

We should like to add a remark about Pauli’s invariance principle
since the formulae of the present paper are typical examples of its appli-
cability. A general formulation of this principle was given in ref. 4. In
a special case it was also applied by PUrsEY®) and reformulated by
KAnaNA and PURSEY?). An important contribution is due to LUDERSS).
It is contained in the following statement: If O is any invariant operator
and ¢}, ¢ are the creation and destruction operators for a neutrino in
a state of ““charge” ! = 1,2 and longitudinal spin s = 4, —, then the pro-
jection operator Zz‘ c; Oc;s into the (two dimensional) subspace of given

spin component s is invariant?).

Based on Liiders’ result we propose the following formulation of the
invariance principle, which is well adapted to the examples occurring in
the following sections:

A sum of products of S-matrix elements is invariant with respect to the
Pauli group if the state vectors with 0, 1, 2, ... neutrinos,

| TS, e | TS, 6 the | Ty o oy
form projection operators into the subspaces of given neutrino spin com-

ponent
I U><V|’ ;‘C;Fsl U><Vi cls’lé‘czks c;:s’[ U><Vlcl’s'cls’ et
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This statement becomes evident if one considers as elements of the
Pauli group the combined transformation of the neutrino field and of the
coupling constants, such that the interaction Hamiltonian stays in-
variant. Since, for zero neutrino mass, this group also leaves the free
neutrino Hamiltonian and the commutation relations invariant, the in-
variance of state vectors is guaranteed, except for transformations within
the two dimensional subspace of given neutrino spin component.

2. Preliminary Discussion

A “theory‘ shall be defined by the coupling parameters in Pauli’sinter-
action Hamiltonian4)

Hy (%) =2 ({/"—noiwm){(i/_)—@h’lpe) + (9;Q2:%,) } + herm. conj. (2.1)

7

Here we have introduced the abbreviations
Qri= (Fri3 U+ y5) + G131 —y5) O;
Qoi = (—Foi 3 (1 +y5) + Gy 3 (1 —75) O;

and 0; =Ly, 1v,7, (& <9), 1¥57,.¥s (2.3)

2.2)

so that O] = 0;, O? = 1. As in ref. 4 and 5, v contains the emission of
particles and the absorption of antiparticles (see footnote 12). The
charge conjugate y° is defined as in ref. 4. We also use the assumption
m, = 0.

The conventional (parity and lepton charge conserving) theory is
characterized by Fy; = Gy;, Fy; = G,; = 0, the (lepton charge conserving)
two-component theory by Gy; = Fy; = Gy, = 0.

The S-matrix element for neutrino absorption from a charge and spin
state (/, s) in the reaction of Cowan and Reines, » + v—>»n + e*, 1s of
the form

(net|S|pyy=—i2a)28 (b, + po— by — £,) Ti°-  (24)

For the absorption cross section ¢ an average over the initial states (/, s)
has to be formed which in the case of lepton conservation can be written
(! = 1 for antineutrino)

121 als | lezbs
S

2. lZ'alszl,a23=O
5

(A general expression for ¢ will be derived in section 3.) In the conven-
tional theory the antineutrinos are not polarized,

Ay = ay_ =3 (2.5)
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whereas in the 2-component theory they are completely polarized back-
ward (or forward)

a1+ — O, dl_ == ]_ (OI’ a1+ - 1, 611_ — O)¢ (2.6)

Now for all states (/, s) for which a;, vanishes 72" vanishes too. This is

a sort of detailed balance argument since the a;; are determined by
matrix elements of the type describing neutrino emission in the decay
of the neutron

<P6_V|S|1’L> == "I:(Z.TE)—Z(S'{(PI,—I- pe +pp"‘Pn)'Tlesm'
T3> =0, all (I, s) such that 4;, = 0 (2.7)

But if

we can write, using (2.5) and (2.6)
2 | TP 2= 2| T 2 (2.8)
ls Is

with 2z = 2 for the conventional and z = 1 for the 2-component theory.
The expression 3, | T2 |2 (summed over spin and angle variables of #, p,
s

et) is an example of Pauli’s invariance principle and, as we shall see, it
depends on the same invariant expressions of the coupling constants as
“the lifetimes of allowed transitions do. Now since lifetimes are empirical
quantities these invariants have to be constants with respect to a change
of the theory (coupling parameters). Likewise the neutrino spectrum is
an empirical quantity!!) and thus is a constant in this sense. Then the
only quantity in ¢ which is different for the two theories in consideration
is the number z in (2.8) and it follows

gt =2 (2.9)

(“2” for 2-component, ¢ for conventional) which is the result of LEE and
Y ANG.

To be more specific we shall write down explicit expressions for
(| T |2y and (| TS™|2), where () means an average over the spins

of n, p, e and over the direction of e*. In first order of perturbation
theory it follows2)

T = Zz' (,0;u,)* (v _Qy; v,)* (2.10)
= 2; (,0;u,) (v LQyu,) (2.11)
As a consequence of m, = 0 the neutrino spinors have the property
v, 0y = Gy v ,0;

— _ L (2.12)
v Qu=FFuv 0 I= {2
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For non-relativistic nucleons it then follows

8 T5be |2 = (|G |2 + 1G|?) + 3 (|G| + [Giy |®) & 213)
=+ % [(GisGry + Gy Gis) + 3 (GirGry + Gy Gig)]

8| Tabs |2 = (| Fys|®+ By ®) + 3 (|Fir]® + |F ) £ 2.13)
+ — [(FF,y + FyFig) + 3(FjrFyy + FlyFip)]l

where m and W are the mass and energy of the ¢*. It can immediately
be seen that a detailed balancing between the reactions #—> p + e~ + v
and p + v—> n + et (which are not inverse) of the form

LT By =& | T2 (Z,s) fixed

is only true for vanishing Fierz-terms but that (2.7) is a true special case
of such a relation. '

After summation over the states (/, s) one gets

4 2T |2y = (Kgs + Kpp) +3 (Kppt Ky & |

n (2.14)
£ 37 [(Esy+ Kpg) + 3 (Kry+ Kyq)] '
where K,; is a Pursey-Pauli invariant, defined by
1 e
with
Ai_j: F;Fu“*' Fzﬂ;szm A;i_;*
N « b (2.16)
A= GG+ Gy Gy = A
The only other type of invariants occurring in this paper is
1 r —
Lij -7 (Az}; - Aij) = Lfr (2-17)

These invariants L;; always occur in connection with pseudoscalar quan-
tities (see for instance the table in ref. 8). If for instance the difference
between s =+ and s = — in the expressions (2.13, 13’) is taken one
arrives at the right side of (2.14) with the K;; replaced by the L,;. This
is a measure for the neutrino polarization (see (4.18)).
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3. General Form of Density Matrix and Cross Section
Let us consider the nuclear beta-decay
N(A,Z-1) = N(4,2) + e +». (3.1)

The S-matrix element for this reaction is

(Fev|S|Iy = —i 2m) 128 (Wy—W—ow) TN~ (3.2)
where -
Tl 7= [@x0 (%) e (v,(9) Qux () (3.3)
and R
@, (%) =fd1:’ (UZ0,;eU,). (3.4)

Here U; and Uy are the properly anti-symmetrized wave functions of
the initial and final state nucleus, ¥ being a neutron and a proton coordi-
nate respectively. [d7r’ means summation over all nucleon coordinates
except #. The operator ¢ exchanges the neutron with coordinate x in U;
against a proton. y, 4 ,, (Z, %) is the Coulomb wave function of the electron
in a state of positive energy W = ]/m2 + 2 with radial functions f;, g
(k=-+1,4 2, ...). Wyis the spectrum limit, ¢ and w = | ¢ | the neu-
trino momentum and energy respectively.

To facilitate trace formation in the density matrix we temporarily
introduce discrete energy-momentum variables by a finite normalization
volume V for the neutrino field and a finite transition time 7. The
prescription is '

—

(G —q) > Ve oy

(3.5)
0 (w— ) —>T(2n)"10, .

with Kronecker instead of Dirac ¢’s. Then we can write instead of (3.2)

Shg=—iTV"8y o Th7

s, q ts,q (3 2’)
For the density matrix of a convergent neutrino beam in the direction
€=¢|w =q'/e’ we need the expression

I* 2
nucl km/dp St 7 q SEN: ¢ 6w,w’fdp_Tn 0 (Wy— W—w)

s 4 A T

nucl km

* T
TN :7275 6&),(1}’ R}g,l’S' (6{))

ls, q I's’, q
where

C LS

EM

7 Thet [y (3.6)
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and )’ means an averaging over initial and summation over final
nucl

nuclear states. Then the density matrix is

P;\srg s’ q = aw,m' : Rg\;, l's’/ Z 2 R?s ls * (37)
ls q
This is normalized to give
Tr PV = 22 Plsq 157 = 1. - (3.8)

Here 2’ means summation within a small solid angle in the direction ¢13).
g

To give a description of a neutrino beam from a pile we have to take
into account all possible processes (3.1)14). Let us call Ay the relative rate
of formation in the pile of the initial state nucleus N (4, Z—1). Then
the correct averaging procedure is

PlS;l'S'f = 6(9, ' <Rls, l's'>/ Z El <Rls, ls> (37')
where Is
(R, py (@) 5= %' Ay O (Wy—m—w)- st s (0); 22 =1 B39

The step function @ ensures that the condition W= Wy —w = m in
(3.6) is fulfilled.

This density matrix has to be used to get the cross section for the
Cowan Reines experiment. First we write the matrix element (2.4) in the
V, T-normalization (discrete energy-momentum)

. T
abs , _ 4 & abs_,
Isg= "t 0 PutbetDps Py ey

where the energy-momentum vectors are (target proton at rest)
Pu= (51’3: En = sz +—p>12w f)p = (O, mm)
b= W =Vm*+5"% p,= (4,0 =1q))
— 14 abs abs¥
o :T% g 222 22 Slsq Isq, l’s'q—”sl’s’?
n p’

then

pne ls q lsq

where }, means the spin sums of $, # and e.

pne
Going back to continuous variables (V= oo, T o0) replacing Z by
[dw- »? and Kronecker by Dirac §’s, one easily finds 7

Is I's’

7= [iw-or X 5 {wz<Rls,z,sl>/.§/dw-w2<st,13>}-

-(Zaz)—zfd3p'a (Ep—myp+ W) L3 TH0% Th

1 .
2 pne sq
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This formula takes a simple form if one introduces a reduced density
matrix

le, s ((D) = w? <Rls, I's’ (CU)> / %‘fdw + @? <Rj,'s, ls> (310}
o
and a cross section matrix

O, e (@) = 27)72 [@3 8 (B — my + W'— w)
2»0 (3.11)
. i 2 Tabi* Tabs_)

2 pns Isq I's’q*
It follows that

Is I's’

o ZEZdeO'w2 O, s (@) Op g 15 (@) =fda) ~w?-Tr (p-0). (3.12)

Here
Wy =My, — M, + m==353-m (3.13)

is the threshold energy for neutrino absorption.
It is clear that

olw) =T7r p=w?2 Tr{R> /fdw-coz Tr{R> (3.14)
0

is the neutrino spectrum which as a consequence of (3.10) has the prop-
erty

fdw-g(w) =1. (3.15)

It is also useful to introduce the matrix

a(w) = olo = (Ry| Tr (R (3.16)
for which

Tra=1. (3.17)

With this matrix the cross section for a given neutrino energy  is

o(w) = Tr(a- o) (3.18)
so that according to (3.12)
E=fdw-w2-g(w)~a(w). (3.12))

The important quantity in this formulation obviously is RY.
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I't is also possible to express lifetime vV and f--spectrum N~(W) in terms
of RY,

=22 5 X [apS)- zzgfdw-aﬂ TrRY

ls q km
(3.19)
:fdcoNN(WN—w).
NY (W) == (Wy— W)* Tr R (Wy — W). (3.20)

An other quantity of interest is the polarization vector for the pile neu-
trinos.
We can write

1 —_——
Zl‘ als, s = 7 (1 + Pa)ss’ (321)

where g, 0,, 0; are the Pauli spin matrices and the coordinate system
is such that ¢ = (0, 0, ®). Then from (3.21)

1 ; -
7(P1izP2)=2“zi,tq:; P3:2(“1+,l+_“l—,l—)- (3.22)

Similarly a polarization PY for neutrinos from the decay (3.1) can be
defined with the matrix

a'=R"|Tr-R" (3.16")
instead of (3.16).
It should be mentioned that there is complete equivalence between

this formulation and the method of double-processes described in ref. 5.
Indeed the matrix element for the double-process is (in V' T-normalization)

52"_ ZZSlsq S?:)Sg

and the cross section is given by the probability for the double-process
divided by the probability for neutrino emission:

=-*2[5 2/ 27| SV

(2 means summation over all final state variable and averaging over all
initial state variables). Since the summation over the intermediate state
variables Isq is carried out with the amplitudes S and not with the
probabilities | S |2 (coherent summation), interference phenomena are
possible and are exhibited in non-diagonal terms of the density matrix.
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4. Formal evaluation of Density Matrix

We shall first calculate RY for an allowed decay. The modifications to
get the general case will then be apparent. For allowed decays only the
S-wave part g3 ,, for £ = 4 1 of the electron wave function y; ,, is im-
portant. '

In the representation

{10 _{ 0-1\ »_.(0-¢
yr(o_l), y5~(_1 0),;;_@(0 0) (+.1)

x(-}rl,-%%z_f-%l(g)’xg‘l’“%: +f+1(€)

we have

: : 0 ; 0
x21,+%= —#E i (a> ) XO—L—%: gal (ﬂ)
where o = (3), B = (3)-
For the neutrino we may without loss of generality write g = (0, 0, w).

It then follows, apart from a phase factor,
v,.=2%8,8),v_=2%(a — ). (4.3)

Furthermore, the connection between the relevant matrix elements (3.4)
and the usual Fermi and Gamow-Teller matrix elements may be written

M =fd3xd§s=/d3x®V

?MGT:fd3x(_ﬁT:/d3 xg%A ‘
Here ?is a unit vector with the property
- 5 1
=0, {Jpferr= 3 O
where < »>; means averaging over initial nuclear states. Finally, the radial

functions f,4, g_; in (4.2) taken, as usual, at the nuclear radius give rise
to the expressions

: 2 1+
|72+ 18-, |2= Zpﬂz 'FO(Z:W)"—ZJ—

(4.4)

4.5
| faP—1g_a |? . :Vlﬁmzzz ( )
TalP+gnr w7

where Fy(Z, W) is the usual Fermi function and « is the fine structure

constant. With the help of these formulae a straight forward calculation
of (3.6) with (3.3, 4) yields

RY () = (27) WpF, (Z, W) =52 { (C5 + C77) | M |* +

+(CTT 4 CH) | MOT |2 4y 3 [(CV+ €7F) [ My |2+ (46)

H(CTH 4+ C4T) [ Mr |21} W= Ty—o
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where the matrix C%¥ is defined by the elements
¥ o=y
+ 1

= ff (4.7')

€8, b, =068, CY . _iFHF*{ (4.7)

g

if i]
Cz+,z'— = Cl-— Iy =

Remembering the invariants defined in (2.15, 16) we see that

26l+1+ A%, ZC” _=4d5, TrC¥=2K;,. (4.8)
Thus we conclude from (3.19, 20) that g-spectra and lifetimes for allowed
transitions depend on the coupling constants through the invariants
Kss + Kyy, Krp + Kya, Koy + Kys, Krg + Ky
From (4.7’) it is seen that states of different spin do not interfere. We
shall now show that this is still the case using the general expression (3.3)
of the matrix element. Indeed, (3.6) may be written in the form

— — —k

R ro= (0, (§) Xpo re (6) 9% @) (4.9)

where X, ¢ can be expressed as a linear combination of the 16 Dirac
matrices

Xisre E xz(f)z s’ k), (4.10)

Now in R, . all directional and spin variables have been averaged out
except g, s. Therefore Rff o has to be a scalar with respect to 3-dimen-

sional rotations of the coordinate system.
It follows that X is of the form

X=xM.14x®.9,1+x09, + x®y, y (4.10")

where the x4/ depend on @ only. But with this expression it is easy to
see from (4.1, 3) that (4.9) vanishes unless s = s’,

R vo= 0y R

is, I’s

(4.11)

which proves our statement above. Furthermore, from (3.3) and (2.12)
it 1s seen that Rg’ . contains the coupling constants in the form (4.7).

Thus we can write
N t]
RY p, (o Zh,i w) Cil poy

where the f’s are independent of the coupling constants and consequently
independent of I, I’. Next we want to show that the f’s are also inde-
pendent of s = 4. For this we consider a space reflexion,

@) =ing (% VL@ =-iv, (@
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(Here the phase is fixed because we have used # = 1v°, see footnote 12.)
Then from (3.3) we have, remembering (2.12)

-—>‘~—->

Ty, - *Zchfd 2@, (X)e 1 (0, (=) ya Osva g (— %))

and similarly for T} .. But

D, (%) 4 O3y =nDP; (%) 0;;  [y|=1;alls
so that
TN—>-—17 T

ls, q lsq

Now according to (3.6) RY s 1s @ summation over | T 5| % hence

Ri\.{s Is Rizf\.[;, Is~
But then the coefficients x{),, ) in (4.10) have to be zero. It
follows from (4.13) that
s Xy v D) =X, vE) =),

Consequently
%‘fﬁ-%— C;?-{- 1+ %Efzyﬁcﬁe- 1+

and similarly with C% , . Therefore we can introduce
y 1=, 1
RN
i 2 Maj 4 b g —

R (w) = Zj' fis (w) - €V (+.12)

so that

where (4.11) is fulfilled due to (4.7').
It is seen from (4.8, 12) that spectrum and lifetime for any f—-decay

depends on the coupling constants only through the invariants K,;.
Indeed from (3.19, 20) we have

12V = -%fdw 0t Z Y (o) Ky (4.13)
NY (W) == (W= W) X £ (Wy— W) K. (4.14)

Since (4.13) is real it follows that
;7‘;-* (w) = fﬁ (). (4.15)

With the definition (3.9) of the averaging procedure characteristic of the
pile it follows from (4.12)

(R ()} Z'(f“ > CH. (4.12))
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Then the neutrino spectrum (3.14) is

0 (@) = @2 3 ey (@) Kyif /}zw c0? {foy (@) Ky (4.16)

It again depends on the coupling constants only through the K;;. The
expression for the matrix (3.16) is

a(w) = %’ (fij (@) CH ]2 4? {fis (@) K. (4.17)

For the conventional and the two-component theory the nonvanishing
elements of @ take the values given in (2.5, 6). Furthermore, from the
property (4.11), that interference between the states of different spin s
is absent, it follows that the neutrino polarization is always longitudinal.
Indeed, with (3.22), (4.17) and (4.8), (2.17) one gets

PIZPZZO» P _‘P 2<.fw >Laz/2<fw( >Kn (418)

Finally, we mention that from (4.13) an average lifetime for the pile in
equilibrium is defined as

<%> :%fdw ' w2%:<fz'j (w)) Ky (4.13%)

5. Evaluation of cross section

For not too high values of w, say w < 100-m, the expression (3.11)
for the cross section matrix simplifies because energy-momentum con-
servation (target proton at rest) gives

]?n|£2w—w0+m<mn (5'1)

where @, is the threshold defined in (3.13). From the experiment of

MUEHLHAUSE and OLEKSA!?) we take the information that the neutrino

spectrum p(w) falls off at energies w~13 MeV =~ 26 - m so that (5.1) is

largely fulfilled and we can replace E, by m, in the -function of (3.11).
Thus

(5.2)

p'w’

0y, vy (@) = [ 2 = pzn; Tazbssz Ttabssq ]W'=m+m—mo'
The further evaluation with (2.10) is very similar to that one of the
density matrix for an allowed decay given in the preceeding section. In
fact the sum in (3.6) changes into the spin sum in the above expression
by the formal substitutions
W' —m | 2 W'+ m

WJ ) g-—l =50 W'

| Mp|2— 1, | Mo |2— 3, |fi1|2—
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Thus one reads from (4.6)

p/W’
2m

O(w): {(CSS—!—CVV)+3 (CTT—{—CAA) _

(5.3)
W’ [(C°V+ C") + 3 (C™ + CAT)]}; W =m+ o — w,.
Using this expression together with (4.17) we see that o(w), (3.18), 1s a
linear combination of terms T» Ci C¥7, From the invariance principle

we know that not only these terms but even Z Cil e Cid' for both

signs of s, are invariant. Indeed, according to (2. 16) and (4.8),

jg? 4

ZCh v Cl= A Al ZCH . CF —45"45 64
and with (2.15, 17)
5 TrCi C¥ =K%, K+ Ly Ly (5.5)

To correct for the permutation of indices on the right side we introduce
the bilinear invariants

A =K/ K., — K, K, +L5L.,— L, L,=—A (5.6)

SEE i[9

and remark that the vanishing of the A'’s is a necessary invariant condi-
tion for lepton charge conservation'®). Thus

(5.5')

1 ij il .
-é“ T?’C ]C ! :K]iK]’i’_{—L]'I,L}’z'—A”H'I'
and according to (3.18), (4.17, 18), (5.3)

o (w) =0 (w; K) + P (w) 0 (w; L) —4 (w; 4) /%:(fm K (5.7)

where
/W/
o (w; K) = ﬁzﬂ !(Kss + Kpy) +3 (Kpp+ Kyq) —
(5.7)
m !
— P [(Ksp+ Kyg) +3 (Kpy+ Kyp)] } W =m o — w,
Wf
A (w; A) = Pzn = v L (Aijyss+ Aijypy) +3
m (5.7

(Aif/TT €3 A'ii/AA) W [(Aij ISV +Az’j/VS) +3 (Aij/TA + Az’j ,’AT)]}

W =m+ o — w,
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and o(w; L) is (5.7") with the L,; replacing the K;;. The total cross section
is according to (3.12")

o ={Z(K)+Z(L }/( ) (5.8)
where A
2 (K) Zifdw'w‘i 2 iy Ko (w; K)
o 58
A4 :—ﬂfdco w*A(w; A)

and <1/7> is given by (4.13").

To get an idea of the dependence of (5.8) on the invariants we take
the conventional theory as a reference theory. Its invariant characteriza-
tion 1s1%)

L, =0; A

if [§7e

(5.9)

(c for conventional). Taking all S-spectra NV (W), lifetimes vV and the
neutrino spectrum g(w) as given empirically, we conclude from (4.13, 14,
16) that all K;; are ““‘measurable” and, therefore, constant with respect
to any change of the theory (i.e. its coupling parameters),

| K;=K¢, allij 1), (5.10)
Thus '
o () = o (w; K) 1) (5.11)
and
olat=1+{Z(L)+d (N} X (K). (5.12)

Since the invariant characterization of the two-component theory is!)
Lij=— K;; (or Ly; =+ K,j), A;j75 =0 we find the previous result
(2.9) as a special case. It does not, however, follow in general that the
value 2 is an upper limit to (5.12).

6. Discussion of experiments

The principal result (3.12") and (5.7) shows that for the calculation of
the theoretical total cross section ¢ three invariant functions of w are
needed in the general case: the spectrum p(w), the polarization P(w)
which is a measure of parity non-conservation and the function

L(w) =4 (w; 4) /@,Z;Uw (@) K - (6.1)

which is a measure of lepton charge non-conservation. It is important
to note that the information from parity experiments available at the
moment is not sufficient to fix P(w) and L(w); and consequently also
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the value of the relative cross section ¢/o® is not fixed. The parity experi-
ments tell us that!8)
Ar=At — A5, — A7, —0 (6.2)
or equivalently
Les= —Kgs, Lrr=—Kyr l

~ (6.2')
LVV:+KVV» LAA:+KAA' l
But this is not all that can be said since from the inequalities?)
IAg?]ngj;A;, ]Ai“jlng;Aﬁ (6.3)
it follows that
AS*'i:ATE:A;i:AL: 0, all ¢ (6.4)
or also
KSV: KSA = KTV: KTA = (
(6.4)

Loy = Lsy =Ly =Ly, =0
which 1s much more than the vanishing of the Fierz terms
(RGKSV = Re KTA = O)

Unless recoil experiments will show that the coupling is pure (STP) or
pure (VAP) the indeterminacy of P(w) and L(w) even persists if all
neutrinos came from allowed decays, as is seen from (4.6). Therefore, all
three functions g(w), P(w) and L(w) should in principle be determined
from experiment.

The Muehlhause and Oleksa experiment!!) does not measure g(w)
directly, but the averaged f—-spectrum (see (3.9, 20))

(N (W)y =2 4y NV (W)
whereas according to (3.14, 20) g(w) may be written as
1
0 (@) =2 Ay O Wy— o —m) N¥ (Wy— o)/ (—).

The connection between these two spectra is rather involved unless the
symmetry property

NN (W) = NN (Wy, — W) = @ (W — m) - NN (W)

is used which, however, is certainly violated at the endpoints W = m and
W = Wy. Though in ref. 11 account is taken of this asymmetry the re-
sulting neutrino spectrum is probably not very accurate.

In the hope to get a direct determination of go(w) REINES has recently
made an absorption experiment in which the positron energy W’ is
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discriminated!®). The corresponding cross section follows from (3.11, 18,
12') by suppressing the integration over W’ in (3.11),

o, (W)=0w2p(w) -o(w); W=m+ o— w, (6.5)
From (5.7) it is seen, however, that p(w) is determined only if
P(w) = P = const., L(w) = 0.
According to (4.18) this condition leads to a theory with
L;;= P-K,;; %9 (6.6)

which reduces to the two-component theory if the experimental infor-
mation (6.2’) is taken into account.

Inspite of the lack of knowledge about P(w) and L(w) it follows that
a measurement of o,(W’) gives a good test of the two-component theory.
Indeed, if first p(w) is determined with the assumption P = —1 (or
P =+1), L(w) = 0 and then is used to calculate ¢, an agreement of this
value with [ dW'e,(W’) strongly supports the two-component theory. A
discrepancy, on the other hand, means that P(w) (and even L(w)) should
be determined, too.

We would like to point out that assuming lepton conservation the
measurement of P(w) is, in principle, possible in an absorption experi-
ment which discriminates not only W’ but also the asymmetry in the
angle @ between the neutrino and positron momenta g and ', (Of course
the discrimination of the longitudinal spin of the positron could also be
used, but such an experiment would be even more difficult.) We give
here the result of a calculation of the corresponding cross section
a.(W’, ) which follows from (3.11, 12) by suppressing the integration
over W’ and 6. Without any assumptions about the A’s we get instead
of (6.5), using (5.5')

0, (W', 0)sin@dO = w?o(w)o(w) - (1+a(w) cos O)sin © 4O

(6.7)
W =m+ w— w,;
where the asymmetry parameter « is given by
-
o (w) = Znol@) {(Brr— Kyq— Kss+ Kypyp) +
+ P(w) (Lyp— Lyg— Lgs + Lyy) — %1 Charp (6.8)
(A rr— A 1aa — Aijrss + Aij) | %‘ {fis> Ky}
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If in this expression we put all A=0 (lepton conservation) and use the
consequences (6.2', 4') of the empirical facts, we arrive at the formula

r

o(w) Z% {(KTI‘ — Ky — Kss + Kypp) +
+ Plow) (Krr + Ky — Kgg — KVV)}/{(KSS + Kpy) + ] (6.8')
+ 3(Kpr + Kyy) + Plo)[(Kyy — Kgg) + 3(K 4 — KTT)]}'

from which the neutrino polarization P(w) may be deduced. Note
that in the two-component theory a(w) = 0.
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%) This is easily verified from the transformation property (see footnote 12)

5’* C*

1ls -1 1s

(€150 €a5) =(C14, Ca5) * Us; ] =Y | &
ol® ¢
2s 2s

where, in the notation of ref. 4, U,is the unitary matrix
U, = ei io a*’ i b .
* = ¥, &)

10) In connection with parity violation the terms ‘‘right’”” and ‘“‘left helicity’’ have
been introduced to design the projection of the neutrino field on the two spin
states

al?2+|b|2=1,

1 1
v

vy =5 U=w)w,; v, =5 L+,
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11)

12)

and similarly for 'tpz . The corresponding coupling constants are simply related
to the ones used in this paper,

Cri= Fi;» Cp;=GY;, Dp;=TF§;,, D;;= —G3,.

The use of the F’s and G’s is somewhat better adapted for our purpose.

An attempt to measure the neutrino spectrum from uranium fission products
is reported by C. O. MUEHLHAUSE and S. OLEKsA, Phys. Rev. 705, 1332 (1957).

We use

p=@ayor[@p Tk @) u, B) 7 P + 0 ) o, () 7PV ) G =9ty

13)

14)

15)

16)

and define the spinors %, v by the equations

—_

(i (rp)+m) u, (p) = 0; (i (yp)—m) v, (p) = 0

oo, g <4

(Fi P+ upd) = 0; (£i (ZpI+|p) vy (B) =0
z ?_—“iy4y5y; (ufus) =Fv) =1, s = +.
Furthermore, we fix relative phases by putting

vo=u, =Clu,; wu,=1l=C71y,.
It would be easy and perhaps more adapted to experiments to introduce a
geometry factor y(g) which falls off with |(¢/w)—¢|. Then X" would have to be

P
replaced by X' y(g), summed over all 4. However, this only would complicate

g
the formulae without giving any improvement.

Since according to the liquid drop model fission products lie on the neutron rich
side of the (4—Z, Z) — curve for stable nuclei, ft-decay and K-capture is
practically absent in the pile. Moreover for lepton conservation the neutrinos
from B*-decay are in the wrong charge state for the Cowan Reines experiment.
Mesonic and hyperonic neutrino production is of course negligible.

For an invariant characterization of particular properties of H,; see ref. 8.

If among the functions fg? (w) there exist linear relations, independent of N,
only certain linear combinations of the K;; are “measurable’” and (5.10) is
correspondingly weakened. This however does not affect the result (5.12). One
example are the reality conditions

f?; () =fﬁ-* (w), all 7j and N

combined with (4.15). In this case the measurable expressions are Re sz and
(5.10) is replaced by
Re Ky = Re K.

As is seen from (4.6) such reality conditions hold for allowed decays. They are
also fulfilled for first forbidden decays as may be seen from the expressions
be(L, L) in the paper by K. ALDER, B. STEcH and A. WINTHER, Phys. Rev. 707,
728 (1957). We believe that they can be proved for the general case using time
reversal, similarly to the space reflexion argument given in section 4.
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17)

18)

19)

20)

Charles P. Enz H.P.A.
With only S- and T-coupling (5.7, 11) reduces to formula (2) of ref. 11 in
which, however, there is misprint (W' = w — e, instead of W' = m+w —w,).

See for instance the tables prepared by C. S. Wu in ‘“Proceedings of the Inter-
national Conference on Nuclear Structure at the Weizmann Institute, Rehovoth,
Israel, September 1957”’. (North-Holland Publishing Co., in press.)

I am very much indebted to Dr. ReINEs for information on this and related
experiments.

If there are linear dependences among the functions (f;;(w)> the conditions
(6.6) are weakened. As an example we mention the reality conditions discussed
in footnote 16, in which case (6.6) is replaced by

Re L;; = P-Re K.

The conclusion is, however, the same.

Note added in proof: In an ingenious experiment GOLDHABER, GRODZINS and

SuNvAaR (to be published in Phys. Rev.) have succeeded in a direct determina-
tion of the neutrino polarization P in an allowed GT ft-decay. They find P=-1
which, in accord with recent recoil experiments by HERRMANNSFELDT, STAHELIN
and ALLEN (Bulletin of the American Phys. Soc. 3, 52 (1958)) with g+-emitters,
rules out an ST-coupling. The interest in an independ determination of P for f~-

decays of course persists.
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