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Extension of McDougall-Stoner tables of the
Fermi-Dirac functions

by A. C. Beer and M. N. Chase

Battelle Memorial Institute, Columbus, Ohio, USA.

and P. F. Choquard
Battelle Memorial Institute, Geneva, Switzerland.

(29. IV. 1955.)

Abstract. The McDougall-Stoner tables of the Fermi-Dirac functions Fk(r,) for
h — -1/2, 1/2, and 3/2 have been extended to include k 5/2, 7/2, 9/2, and.
11/2. Computations were carried out on digital computing equipment, using
three terms of the Euler-Maclaurin numerical integration formula. Values are
tabulated for the argument rj — 4 (0-1) 20. Analysis of results, including use
of numerous check points, suggests that the tables are accurate to five significant
figures throughout. In order to provide a complete listing, the McDougall-Stoner
values for F_li2(rj), Fll2(rf), and Fsl2(rj) are also included in the tabulations.

Introduction.

The Fermi-Dirac functions Fk(rj) are defined by the following
integrals :

oo

FM^fj-^dx, k>-l. (1)
b

These functions occur in the expressions for electrical- or thermal-
conductivity phenomena involving transport by electrons or holes
whenever degeneracy is sufficient, so that the classical approximation

to the Fermi-Dirac distribution function is not applicable.
It is readily established that the use of Maxwell-Boltzmann
statistics is equivalent to the evaluation of equation (1) for large
negative values of r/. This case is usually realized for practical
purposes when rj < — 4, so that

Fk(ri) _5_7.!-e", v < -A. (2)

When extreme degeneracy exists, as in the case of metals, the
function approximates a power-law dependency. If, for example,
rj > 20, the Sommerfeld (1928) asymptotic expression gives
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However, for the region of small positive values of n, which is of
most interest in the analysis of degenerate semiconductors, no
simple expression for Fk(rr) is wholly satisfactory*). Fortunately,
however, a very complete evaluation of these functions for 7. 1/2
and 3/2 has been carried out by McDougall and Stoner (1938).
Since derivatives are tabulated, it is also possible to obtain F_Xi2(rj),
although with fewer significant figures, by means of the following
general relationship :

=l~Fk(r,)=kFk_x(rj), k>0. (A)

Additional evaluations of these Fermi-Dirac integrals appear in
articles by Wright (1951a) for 7. 1, 2; by Rhodes (1950) for
k 1, 2, 3, and 4; and by Johnson and Shipley (1953) for 7.

2, 3, 7/2, and 9/2. Use of the functions in specialized cases has been
discussed in all of the. above references as well as in many other
publications, including articles by Hutner, Rittner, and Du Pré
(1950), and by Wright (1951 b). Wright develops expressions for
a number of galvanomagnetic and thermomagnetic effects in
semiconductors for mean-free-path dependencies on energy, which
follow a power law. In cases where ionized impurity scattering is

important, with mean free path dependent on the square of the
energy, one encounters Fermi-Dirac functions with indices greater
than 3/2. Accordingly, we have carried out an extension of the
McDougall-Stoner tables of Fk(rj) for k 5/2, 7/2, 9/2, and 11/2,
and — 4 < rj < 20, in steps of At] 0-1. Details on the use of these
functions will not be given here, since the references previously
quoted may be consulted. Furthermore, there has recently appeared
a publication by Madelung (1954) which treats extensively the
conductivity phenomena in isotropic semiconductors, both for
isothermal and adiabatic conditions, and for the commonly encountered

scattering mechanisms.

Method of computation.

The basis of the computations is the numerical integration of the
differential recursion formula given in equation (4). For simplicity,
let us define

h(ri) ^ß*Fk(V), (5)
where

j= k(k-l)...^. (6)

*) See discussion by Blakemore (1952).
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Then, if the range of interest is a < rj < b, integration of equation
(4) yields

i
fk(v)=h(a)+fh-x(x)dx. (7)

a

The McDougall-Stoner tables, which supplied the integrands for the
above relationship, list fZj2(n), F1/2())), wF'1/2(»y), w2 Fll2(rf), and
w3 Fvz(n) for — 4-0 <ry < 20-0 the interval w being 0-1. The
functions are given to six decimals for — 4-0 < n < 4-0 and to five
decimals for 4-0 < rj < 20-0.

Details of the Computing Process.

The numerical evaluation of equation (7) was carried out, using
three terms of the Euler-Maclaurin formula for an interval of
length w, namely,

n+w

-^ff(x) dx 4 [f(n)+Kn+w)]-a^ [f\v+«) -rm
+ ^[f'"(rj + w)-f'"(ri)]. (8)

Letting Ak(rji) fk(rji+x) — fk(rji), where rj0 — 4-0, rji+x ri{ + w,
we have, by means of the preceding equations,

Ak(y{) =y[/X^)+X(^+i)]-j2-^i-2fe)
+ Xr^_4(??i). (9)

The McDougall-Stoner tables were put onto cards by summing
hand-punched differences. This gave a set of cards containing the
values of fzj2(y^, Axj2(rjf), and A_3j2(rj%)*), so that A5l2(rji) could
readily be computed from equation (9). The interval w was again
taken to be 0-1.

The initial values fk (— 4-0) were obtained to eight decimals from
four terms of the series

h(y) ßkV.£(-iy-iAki\, (io)
r=X

which holds for rj ^ 0. Using the value so obtained for /5/2 (— 4-0),

*) Although as originally formulated, Fk(rp) is defined by equation (1) for only
h > —1, it has been shown by more general considerations that the function
exists for all noninteger values ofk [see Appendix, McDougall and Stoner (1938)].
Phil. Trans. Roy. Soc. A 237, 350, 1938. Likewise, it follows that equation (4)
is also valid for all negative noninteger values of k.
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the table of f5j2(rjf) was completed by summing the differences
4b/_(i7i).

The entire process was repeated, using appropriate functions,
giving successively fm(r)t), fm(nt), and f1V2(%).

Checks on the Computations.

Independent calculations of Fk(n) were made, using the formula

Fk(0) (1 - 2-") k C(k + 1) F*(0) (11)

for rj 0, and the asymptotic series

FM
„k+x

k + 1
1 + 27 4*.t ¦RM^VW + RM (12)

for »? 10, 12, 14, 16, 18, and 20.
The coefficients a^> in equation (12) are given by the formula

,(*)

where
2C2r(k + 1) 7c... (7c-2 r

C2r (l-2i-2<~)Ç(2r).

2),

Ten-place tables of the Riemann zeta function required here are
readily available, for example Dwight (1941). The error term in
equation (12) satisfies the inequality

\Bk(rj)\ < Lk(rf) 12 | <2> | rf*\
Values of a<*>, Lk(rf), Ft(rf), and dk(rj) Fl(n)—Fk(n) are given

in Tables 1, 2, 3, and 4, respectively. Because of the great variation
in Fk(rf), the entries in these tables as well as the values of Fk(rj) in
the main tabulation are given in a floating-decimal notation. The
single digit, n, at the right of each entry indicates the power of ten
by which that entry should be multiplied.

Table 1.

Coefficients a^}'.

2r k 3/2 n k 5/2 n k 7/2 n fc 9/2 n k 11/2 n

2 6-1685028 0 1-4393173 1 2-5907712 1 4-0712118 1 5-8806393 1

4 -1-7756866 0 1-2429806 1
_ -1186825 2 4-1018359 2 1-0664773 3

6 -6-9296561 0 9-7015186 0 -2-9104556 1 3-2015011 2 4-1619515 3

8 -1-1032502 2 8-5808350 1 -1-1032502 2 2-4271505 2 -1-0517652 3

10 -3-9552306 3 2-1297395 3 -1-7425142 3 2-1297395 3 -3-9552306 3

12 -2-5232721 5 1-0389944 5 -6-2339663 4 5-2748946 4 -6-2339663 4
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Table 2. Lk(rj).
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V fc 3/2 n fc 5/2 ra fc 7/2 n fc 9/2 n fc 11/2 n

10 1 -3 4 -3 2 -2 2 -1 2 0
12 2 -4 8 -A 6 -3 6 -2 9 -1
14 4 -5 2 -4 2 -3 2 -2 4 -1
16 1 -5 7 -5 7 -4 9 -3 2 -1
18 3 -6 3 -5 3 • -4 4 -3 9 -2
20 2 -6 1 -5 1 -4 2 -4 5 -2

Table 3. FAri).

n fc 3/2 n fc 5/2 n fc 7/2 » k 9/2 ra k 11/2 n

0 1-15280 0 3-08259 0 1-11837 1 5-12905 1 2-84904 2
10 1-34270 2 1-03468 3 8-92629 3 8-32807 4 8-26504 5
12 2-08062 2 1-88225 3 1-89204 4 2-04150 5 2-32528 6
14 3-02564 2 3-14983 3 3-62572 4 4-45804 5 5-75745 6
16 4-19458 2 4-94522 3 6-42490 4 8-88666 5 1-28666 7

18 5-60305 2 7-38434 3 1-06992 5 1-64645 6 2-64579 7

20 7-26568 2 1-05906 4 1-69419 5 2-87348 6 5-08033 7

Table 4. dk r,)=Fl(n)-Fk(n).

n fc 3/2 n fc 5/2 » fc 7/2 n fc 9/2 n fc 11/2 ra

0 4 -6 -4 -6 2 -5 1 -4 8 -4
10 2 -4 4 -3 -8 -4 8 -3 -3 -1
12 -9 -5 4 -3 3 -2 1 -1 5 0
14 2 -4 -1 -3 -3 -2 -2 -1 -3 0
16 3 -4 2 -3 0 -3 1 -2 -4 1

18 -4 -5 7 -3 -3 -1 4 0 -3 1

20 9 -5 4 -2 2 -1 2 0 -6 0

Comparison of Tables 2, 3, and 4 indicates that the values of
Fk(rj) for 7c > 3/2 are probably correct to five significant digits
throughout and that for n > 0 there should only be an occasional
error of I in the sixth digit. The cumulative nature of the computation

makes it likely that any error in Fk(rj) other than a random
rounding error would be carried on to larger values of rj, so that the
listed values of dk(rf) provide a check on the entire table.

Tables of the Functions.

The values of Fk(rj) obtained here are listed to 5 or 6 significant
digits in Table 5. In order to provide a complete listing, the
McDougall-Stoner values for F_Xi2(rf), Fxj2(rj), and F3!2(rj) are included
in Table 5.
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