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On the -Definition of the Renormalization Constants
in Quantum Electrodynamics

by Gunnar Kéllén.*)
Swiss Federal Institute of Technology, Ziirich.

(14.11.1952.)

Summary. A formulation of quantum electrodynamics in terms of the renor-
malized Heisenberg operators and the experimental mass and charge of the
electron is given. The renormalization constants are implicitly defined and ex-
pressed as integrals over finite functions in momentum space. No discussion of
the convergence of these integrals or of the existence of rigorous solutions is given.

Introduction.

The renormalization method in quantum electrodynamics has
been investigated by many authors, and it has been proved by
Dyson?) that every term in a formal expansion in powers of the
coupling constant of various expressions is a finite quantity. No
serious attempt at a discussion of the convergence of the series
has been published, and the definition of the renormalization
constants 1s always given as a formal series where every coefficient
is infinite. It is the aim of the present paper to give a formulation
of quantum electrodynamics where only the renormalized opera-
tors (in the Heisenberg representation) will appear and where the
renormalization constants are defined in terms of these operators
and the experimental mass and charge of the electron. There thus
exists a possibility of studying the renormalized quantities directly
without the aid of a power series expansion and especially to decide
if they are really finite and not only a divergent sum of finite terms.
No discussion of this point, however, will be given in this paper,
only the formulation of the theory.

*) On leave of absence from Department of Mechanics and Mathematical
Physics, University of Lund, Sweden.
1) F. J. Dysox, Phys. Rev. 83, 608; 1207 (1951) and earlier papers.
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The starting point of our analysis is the following formal Lagran-
gian

2= — v @ (a5 +m)v@)] - I~ F v, + mp(a), wia) |+

1 04,( 0A4,(x)
+ o P,y 3 S5 5 -
1-L [0d4,(x) 0Au(z)\ (0d,(x) 0Au(»)
" ( e ()va )( R P )+

+18 N2 Ay (@), [ (2), y v (5) ]} (1)

In this expression 4,(x) is the renormalized vector-potential of
the electromagnetic field, y(x) the renormalized Dirac-operator of
the electron-positron field, m and e the experimental mass and
charge of the electron, and K, L and N three universal constants,
the definition of which will be given later. The three quantities K,
N-1 and (1—L)~! might be infinite but in spite of that, we will
adopt the convention that the usual algebraic operations can be
performed with them. K and L describe respectively the mass- and
the charge-renormalization, and N is a normalization constant for
the w-field. The other notations are nowadays standard symbols
in quantum field theory.

From the above Lagrangian we obtain without difficulty the
following equations of motion for the field operators in the Hei-
senberg representation

(55 +m) v(@) =5 {4,(@), », (@} + Ep(@) =f@) @)

01 4p(2) = ~3% N*[p (@), 7 (@) + I O 4 (@)~ 5252 =, (2). @)

0xy, 0%y

In Eq. (2) and (3) f(x) and j, (x) are only to be considered as abbre-
viations for the right-hand sides.

From our Lagrangian we can also obtain the commutators for
the electromagnetic operators and their time-derivatives in two
points, the distance of which is space-like, and the corresponding
anticommutators for the electron field. As the terms with K and L
contain the time-derivatives of 4,(x) but not of ¢ (z), the canonical
commutators involving the electromagnetic potentials will be
rather complicated and really meaningless if L = 1, but the anti-
commutators of the matter-field will have the simple form

(Pal®), vp(a)} = 0 gy - N2 8@ —7") for my=1,  (4)
8(%) = 0 () 0 (z5) 0 (z) . (4a)
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For the electromagnetic potentials we get for (x — 2')2 > 0

[4, (), 4,(z)] =0 (5)
2459, 401|065 [ 2~ 2ot O
[OAO“t(x) , Oi,,t(lx’)] :15}]3(6;14 Fon +6p4 ox )6(5‘5_ ) (7)

Besides, every component 4, will commute with every component
of v on a space-like surface.

General Properties of the Operators.

The two equations of motion are formally integrated with the

help of the retarded singular functions and the operators for the
free fields

p(@)=yO) - N7 = [ 8, (0~ ) f(a') da ®)
4u(@) = 49 (@) + [ Dyl — ') ju(a) do’ 9)
Spl@—1) =8(z—a) — 5 S(z—a) (10)
Dgp(z—2')=D(z— &) — 5 D(x—2'). (11)

The integral equations (8) and (9) have the same solutions as the
differential equations (2) and (3) but contain also the boundary

conditions for ¢ = — oo. The operators 9@ () fulfill the following
formulae

(PO (@), v(@')} = — i 8, (e’ — 2) (12)

<01[w‘°’ m)awﬁ (21105 =85, (2 — ). (13)

The properties of the operators AY (x) are a little more delicate.
In practical calculations, we want to use the formulae

[A (2), AV(z)] =~ 64y D (2’ —2) (14)
CO[{AD(x), A9(x)}|0> = 8,1, DV(&' ) (15)

but 1t 1s well-known that these formulae are inconsistent with the
Lorentz-condition

0A (x) 0 A0 (z) '
e | P> = lv>=0. (16)

*
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On the other hand, it can be shown that this inconsistency is of
no importance if only gauge-invariant expressions are calculated?).
However, in what follows we will not only be interested in gauge-
invariant quantities and are thus forced to discuss Eq. (14) and
(15) in more detail. For our purpose, the most convenient way to
do this will be to adopt the indefinite metric of Gupra®) and
Brreurer?). In this formalism the Lorentz-condition (16) is re-
placed by the weaker condition

Ty =0 (17)

and as a consequence of this, equation (14) can be fulfilled. (F()(x)
means the positive-frequency part of the operator F'(x).) Further,
1f the vacuum is suitably defined (no scalar, transversal or longi-
tudinal photons present) Eq. (15) follows from the formalism, but
1t must be understood that this is a non-gauge-invariant conven-
tion. The special gauge chosen corresponds to

<0[4u(2)[0) =<0 4(2) | 05> =0. (18)

In what follows we will, when necessary, use this gauge.
From our Lagrangian we can construct an energy-momentum
tensor T'y, and from this one a displacement operator P, fulfilling

(B, B]=0 (19)
[P, F(z)] = 'Ofg’. (20)

In Eq. (20) F(x) 1s an arbitrary operator depending on the point z.
Eq. (19) thus expresses the fact that the P,’s are constants of mo-
tion. As all the operators P, commute with each other, we can
use a representation in the Hilbert space where every state vector
1s an eigenvector of all the P,’s with the eigenvalues Pu- In this
representation Eq. (20) reads

Ca|[ By, F(x)]| 0> = (pid — pi) <a| F () | b) =
:i%<a|F(w)\b>. | @1)

(a|F(x)|by = a|F|bye @Dz (22)

2) Cf.e.g.S.T. Ma, Phys. Rev. 80, 729 (1950) and other papers quoted by him.
3) S.N. Gupra, Proc. Phys. Soc. London 63, 681 (1950).
%) K. BLEULER, Helv. Phys. Acta 23, 567 (1950).
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Here p{®) and p{) are the eigenvalues of P, in the states |a )
and | b >. In this representation, the z-dependence of an arbitrary
operator 1s thus given by Eq. (22). The detailed form of the opera-
tors Py 1s of very little interest for the present investigation, and
we will not write them down explicitly but make the following
assumptions coneerning the eigenvalues py:

a) Every vector p, is time-like.

b) There exists a state with a smallest eigenvalue of the time-
component p,. This state by definition will be called the vacuum
and, with a suitable renormalization of the energy, this eigen-
value of p, can be put equal to zero.

It is supposed that the above definition of the vacuum is not
in contradiction with Eq. (18).

Definition of the Constant‘ L.

We are now able to turn to the main problem of this paper,
1. e. the definition of the universal constants K, L and N in the
Lagrangian (1). We begin with the definition of I that describes
the charge-renormalization. This is conveniently stated in terms
of the matrix elements of the operators 4, (x) between the vacuum
state and a state where only one photon is present. (As we are
working in the Heisenberg representation some care is necessary
when we are speaking of a state with a given number of particles
present. If, however, it is understood that we hereby always specify
the system for { = — oo, no ambiguities will arise. The occupation-
number operators are then constructed from the special operators
AP and @ introduced in Eq. (8) and (9).) At the first moment
1t would seem natural to introduce the following condition for the
matrix elements

<O A, (@) | k> = 0] AD(@) | k> (@)

where | k> decribes a state with only one photon with energy-
momentum vector k, but as the calculation below shows, this can
only be fulfilled for the transversal photons. If also the longitudinal
and scalar photons are considered, the correct condition for
CO|Ap(x) | k) is

O 4u@) |5 = (8uy+ M5 05 ) CO| AP@) k> (24)

where M is another universal constant (i. e. independent of x and
k). Eq. (24), together with the commutators (5), (6) and (7) and
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the equation of motion (9), determines the two constants L and
M uniquely in terms of the matrix elements of the current operator
in Eq. (8). As this contains the constant L explicitly and the other
constants 1mplicitly, the definitions of L and M are only implicit.

We now compute the vacuum expectation value of the commu-
tator between the electromagnetic potentials and obtain

0| [4u(®), 4,(2)]]0> = CO|[4(), 4D(2")]| 0> +
+CO|[A4 () — A7), AP (2)]] 05 + CO|[AR(2), 4, (") — A (2")]| 0>+
+ [ [da" 2" Dyl — ") Dl — &) <O [Gu(e), Gyfa]| 0> (25)
It is here convenient to introduce a special notation for the vacuum

expectation value of the current commutator. Considering the defi-
nition of a matrix product and Eq. (22), we obtain

O (),7,(2)] 05 = 37<0]5,| 2> C2]5,| 0y e PO _

. N 5 i (2) —zx -1 in(x'—z
= DOy 2 i 06 #7@ = | [ap =22 (p) -

Do >0

_ /dp ei??(z’—:v)n(l;} (p)} (26)
De< 0
Ty (D) —> v 2 <Olgyle><zliu]0) (26a)
P\ =p
ﬂfu“ﬁ(:v)*V()Z <O0|gul2><2]5,|0>. (26b)
p¥=—p

In Eq. (26a) and (26b) V is a large volume in which the fields are
supposed to be enclosed, and summation over states and inte-
gration in p-space are freely interchanged. Due to the equation

Oul®) _ 27)

0z,

(which 1s easily verified from Eq. (3)) we must have

(+) (+) (=) (=)
punﬂ’v:ﬂﬂvppzpyﬂyv':nﬂvpv:O- (28)

From reasons of invariance, on the other hand, n(;':v) must have
the form

-”T;,eiv) (p) = 5;&1'14(:!:)(?2) T Puly B=)(p?). (29) 7
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Combining (28) and (29) we get
v (P) = (— P? Opy + Pu p,) 2 (p) (30)
with
T = g X Ol |2 130> =20wY . @)
We thus have o
CO[[7(x),7,(5")][0) =
— g [ AP EPE Ve (®) (- P20 +pup) (Y (32)
2 (p?) = =g X <015, <2[5,]05. (32a)
,p(z)_

Here 1t can be observed that if we compute the vacuum expectation
value of the anticommutator instead of the commutator we get

CO[{7u(=) 7vw)}|0>—
1
= j dp gD (@ —2) (—p? 5,uv+P,up,,)7€(P2) (38)
with the same function 7z (p2) in (33) as in (32). This follows imme-

diately from the analysis above. Noting that z(p?% = 0 unless
p? < 0 (this follows from Eq. (32a) and (24)) we can further write

CO[[1u(®), 3,(")][0) =

-1 e r
g/ P ETEIe() [dad(p?+a) (—p? 0+ Pup,) (—a) =
o 0

02

=—i [da(08y - 55) A@ —m ) (~0).  (84)

Xy 0y

Here A(x" — z, a) is the usual singular function constructed with
the “mass’ |/a. Thus we also have

— 5 e (@’ 1) <O [f(2), 5, (#)]| 0> =

oo e _
:/da(maﬂv—m—m)a (&' — &, a) 7 (—a) =
0
1 s _
- @ f dpe” =D (—p*ou +pup) BPY)  (35)

(p?) =P /OP (35a*)

p+a,

*) The letter P in Eq. (35a) 1nd1cates that the principal value of the integral
has to be taken in the point @ = — p2.
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Returning to Eq. (25) we get with the aid of (24) and (82)
O][A4p(x), 4,(2)]] 0> =

OO

— /dpe”’“”' f>e(p)] dad(p*+a)F,, (36)

By =20(a) Ouv—2Mpyp,)+ L;a)“ (5M+ —p”,pv ) =

(- -a)
=3 (3@ + 752 +pup, (PG -2 Mo (@) @87)
Putting x," = z, in (36) 1t follows from (5) that we must have
1 r 7w (—a)
M_gf =% da. (38)

0

The integral in (38) may diverge both for a = 0 and for a = oc.
The first divergency is of a kind usually classified as “infrared”.
It can always be avoided if we introduce a small photon mass pu.
The function = will then vanish for ¢ < 9 #2, and the denominator
1s zero only for @ = u2 We will not investigate this point further.
The convergence of the integral at infinity will be discussed later
in this paragraph.

Performing a differentiation with respect to the time ¢ in (36)
and putting the two times equal afterwards, we obtain

<01 [()Au(x) v(m')]‘0>=“”35uv5(5’*5’)(1 +7 (0)) —

Ty=1a,"

— s [ 4P 67 [dap,pup,elp)o@r+a)| " —2 Mo(@)]. (89)
0

If u and » are both equal to 1, 2 or 3, the last integral in (39) is
zero due to Eq. (38). If they are both equal to 4, we get

(@) =

(2’;)3 d/' dspeiﬁ(x_'—?c)/ da(—p?— a)(ﬂ(c;‘z"“)_.
0
=416(x'—x) =(0).
If only one of the indices u and » is equal to 4, the integral will
vanish due to reasons of symmetry. We thus have

G| [P, 4,00

Ty =,

= — 30 — ) [0ur (1 +7 (0)) — 0,y 0047 (0)] . (40)
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Equations (40) and (6) are identical if

1
1-L

1+7(0) = (41)
which 1s our formula for L%). It now only remains to verify that
Eq. (7) is consistent with the formulae (38) and (41). With the
same method as used above we find from Eq. (36)

QO[22 4] 03—, +hu'y] 165 2

which is in fact identical with (7) due to (41).

If we consider the definition of the function z(p2) in Eq. (32a),
we observe that i1t 1s defined as a sum over only a finite number
of terms or rather as an integral over a finite domain in p-space.
(The two surfaces p? = 0 and p? = — m?, where in fact an infinite
number of states exist, are of no importance, as the first kind of
matrix elements will vanish in view of Eq. (24) and the second
kind will vanish as a consequence of the charge-invariance.) If a
solution to our equations exists at all, 7z(p?) is thus a finite quantity
for all values of p2. The question if L, M and & (p?) are finite or
not 1s thus answered, if we know the behaviour of 7z(p?) for large
values of — p2 The assumption of the renormalization method 1s
that although 7 (0) might be infinite (and hence L = 1) the diffe-
rence 7(p%) —x(0) (and thus also M) is finite. This means that
nt(p?) 1s not allowed to increase as strongly as — p? for large values
of — p&.

Concerning the general behaviour of the function z(p2), we will
here only mention that it must be posﬂ:we This follows e. g. from
the formula

V 27015, |2><2|fu| 0> = (—p? duv+pup,) 7 (%) (43)

2@ =p

1f we here put u = » = 1. As the z-component of the current ope-
rator is self-adjoint (not Hermitian, in view of the indefinite metric!)

we have
(2)

(210> = (<014 2)* (~1)"* . (44)

In Eq. (44) N® means the number of scalar photons in the state
| 2 >. To obtain (44) we have made use of the explicit form of the

5) A similar formula for the charge-renormalization but in terms of the un-
renormalized current operator has been given by UmEzawa and KamerucHI, Prog.
Theor. Phys. 6, 543 (1951).
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metric operator as given by Gupra®) and BLeuLer4). Eq. (48) and
(44) now give

7 -(2)
AP = e X (<015 (-1 - (45)
r— P B i
The negative contribution to the sum in (45) from a state with a
scalar photon will exactly cancel with the contribution from a si-
milar state with a longitudinal photon, if we observe that the current
1s a gauge-invariant operator, and hence that we can write

| Oljulz,k>=F,; <O AP [k (46)
with
FM}.’C}LIO' (47)

In (46) | 2, k > means a state with one photon with energy-momen-
tum k and other particles present, some of which may also be
photons. The quantity Iy then depends on the vector k (but not
on the polarization vector of the photon) and on the annihilation
operators of the other particles. The only surviving terms in (45)
will then be the contributions from the transversal photons and
these terms are all positive. It thus follows

a(p?) =0 (48)
7 (0) = / Lzr_ié;ﬂ dz> 0 (49)
0
7O _
0 g = D=1, (50)

This property of the charge-renormalization has earlier been proved
by ScawiNGEr (unpublished) in a somewhat different way. I am
indebted to professor Pauwrr for information concerning ScHWIN-
GER’s proof.

Definition of the Constant K.

The definition of K (the mass-renormalization) can be carried out
in a way similar to that of the definition of L. Here we state the
renormalization in terms of the matrix elements of the operators y
between the vacuum state and a state | ¢ > with only one electron
present

Ofp(z)|g> =<0 pO(z)|q> (51)

<0[f(z)]|g¢>=0. (52)

or
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To investigate the last condition we compute the vacuum expecta-
tion value of the anticommutator between f(x) and p©@ (z').

OUFO (@), 1,(2) }]05 = X (0199 (&) lg> <qlf,(2) 0> +

q -
+<0|f5(2) | g> <q|p(2) | 05). (53)
With the aid of the formula

N1O) — [fla") Sle"—) do"—i [ I Sla"—2) " (59
(Eq. (54) follows from the equation of motion (8) — or rather its

adjoint — and some well-known properties of the S-function) we
can write

N~ O (@). f@)}1 0> = [<OI{F(@"), (@} 0 8 (a"—a') da"—

—i [ <O1{ ("), {(@)}]0) y,S(z"— ') dx". (55)
The three-dimensional integral in (55) contains the anticommutator
of operators for equal times and can thus be calculated with the
aid of (4). In view of the definition of f(z) in Eq.(2) we get

{#(2"), f(2)} = (iey A(2) + K) y,8(z—3")-N-2  (56)
Olfw(=", f(@)}10) = K"y, 0(z—2") (57)

(in view of Eq. (18))
N-10 {9 O(x"), a:)}|0> = / <O]{f($” f(Z)} 0y S(x"—a)da" —

—iK'S(z—a); (K =K-N-Y. (58)

Here again it is convenient to introduce a special notation for the
anticommutator in (58). In analogy with (26) we write

O{f, ("), f5(x)}] 05 =
(fdpeﬁ“’”“x”){zm Wp+m2(+) bt

Po=>0

+ [dp e O + (iyp+m) T (pz)}ﬂ_a) (59)

Pe<<0



428 Gunnar Kallén.

(X @H)+GEyptm) 3 (p )ﬁa=—V2<Olfﬁlz><z|f|0> (59a)

p@=p

(X O +@yptm) O 09)p=—V 30|, |2> <2 f5] 0>. (59b)

p(z)z—p

In view of the charge-invariance of the theory, we must have

—V 3701 (C1), | 2> <2| (Cf)4 0> =

p@=—p
=2 @) bt (iyp+m)p, 3 O (p?) (60)

where C is the charge-conjugation matrix of ScawiNcerS®), which
has the following properties

T —_( (61)
— Oy, O =47 (62)
If we compare (60) and (59a) we get, considering (61) and (62)

Z( (p?) Z’H—) (63)
2 Pz):—“Z‘;’p : (63a)
We thus have :
<Ol{f "), fo(x) }| 0> =
=3 )3jdpe”3“‘“ Ne(p){X (p?) + (iyp+m) X, (0% s - (64)

As on page 423 we also have

O[fo("), f5(2)]| 0> =
- f dpere= {3 (p%) +(iyp+m) T,0)},  (65)

and

— 5 &(@—2") O {f,(&"), (@)} 0> =

am | APETEIT () + Wyt m) 09} (66)

(o.o]

=P [ 55

m?

) J. SCHWINGER, Phys. Rev. 74, 1439 (1948).

~% da; (i=12). (67)
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With these notations we can write Eq. (58) as
N=20|{y© ('), fw)}]0> =

" T p(x—a" S(p
=@ )sfdw jdpe p(z—2") {2 +(iyp+m) X (p?) }S(z"~2")+
e )Jdm”/d?f"’“(x_”"){Z +(yp+m) ¥ (p?)}8 (2" —a')—
—@K’S(a;—fc). (68)
As

S(@) = oy | AP e(p) (iyp—m) 6 (p* -+ m?)
Eq. (68) can also be written
N7 L0 {(x), f () }[ 0> =
= —i[K’—f}(——mz)—iﬁe(p)Zl (—m?)]S(z—x'). (69)

From Eq. (52), however, it follows that the right-hand side of (69)
must vanish and, as X;(— m?) = 0 in view of e. ¢. (59a), this means

— Ooz;'l - 3
221(_m2)=f_(z£7w;’da=K-N 2. (70)

Eq. (70) gives the formula for K. Returning now to Eq. (51), we
can write the matrix element of y between the vacuum and an
one-electron state '

<01w($)lq>:%<Olw(°’(x)|q>+(l—~§r—)<01w“” . (71)

The normalization constant N can be determined from the anti-
commutator of v and y for equal times. Computing the vacuum
expectation value of this quantity, we get in analogy with Eq. (25)

O (), p(a)} 0 = 1o S(a'—a) [1 +2(N—1)]+
_‘_f /Pdwﬂd.’L"” SR(.’B’_ rr) <0 {f(a;”),f(:n”’ }\0> SA(QJW—'CB) —
/‘dpe”j(x x) [5(292-{-?7?/2) 1+21£T1§___)_+

+ (;yfm?l {Z,0%)+ (iyp+m) Z, @3} (iyp—m). (72)

As

iyp—m . typ—m
pj}2+m2 (21+(Q/’})p+m)22) p2+ﬂ2_:

~ 7, 2m X, J =,

p*+m? - (p2+m?)? - p2+7ﬁ? (73)

= (iyp—m) |
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we get for equal times with the aid of (4)

e 1+2 1
N2y, 0@ —F) =y, 0(F =) [ 720 -
F o (—E(-a)  2mEZ(-a))
_j da’{—c_z',"-—m2 " (@—m?)? }} (74)
and hence
N-1 -1,— ] e 2 -
e =g (T,mh+2m 3 (- mY) (75)

f,(~*m2):_/"E.‘_l(—m)da: _dZi(pY)

1 (@—m?)? —  dp*  pr=—mr’

(76)

m2

As was the case with the function 7 (p2), it is necessary if the renor-
malization method is consistent that the difference

>®)—3 (—m) (i=12)

(] K4

1s finite, or that the integrals

o0

2i(—a)da
(p*+a) (a—m?)

m?

will converge. The last term in (75) is thus a finite quantity (apart
from an infrared divergency for @ = m?) but the first integral might
be infimite. This is, however, not serious, as the normalization con-
stant 1tself is not observable. As a matter of fact, it has been shown
by Warp7?) that, for an observable quantity, all infinities of this
kind will disappear from the coefficients in an expansion in powers
_of the charge.

We will end this paragraph with the observation that if one con-
siders Eq. (68) as an 1dentity in z’, one concludes e. g.

<Olf |q> fdmuj dpew(x @) ¢
X [K’—Z (p )—MS(p)Z (p?) —

1

—(iyp-+m) (X, 0% +ize(p) X (p))I0[pO(") | (77)
where the equation of motion for 4@ has not been used. One could

7) J.C. WarD, Phys. Rev. 78, 182 (1950).
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then try to compute the normalization constant N from (77) in the
following way

n ZilpY) ;-
f dx f dp [—,;;;2_ (iyp—m)+1me(p) pzipﬂfg— (typ—m)—

“_'22 (pz) —n 8(p) 22 (pZ)] <0 i'{P(O)((E”)’ qQ> el p@—a") _

~N|[— T (-m)—2mlm HEIEH(m 1<01y(@)] g>. (78)

p*+m*—0 pi+m?

In Eq. (78) the equation of motion for %@ and the fact that X;(p?
vanishes for — p? < (m + u)2 has been used in the last step of the
computation. (# 1s the small photon mass introduced to avoid in-
frared divergencies.) The value obtained in this way for N 1is,
however, not the correct value in Eq. (75). This error comes from
the way in which we have ambiguously put

— [ Sula—a) (y 52 +m) p@(@) da’ = yO).  (19)

The left-hand side of (79) 1s not a well-defined mathematical sym-
bol, and the example above shows that a formula of the kind of
Eq. (79) 1s not always to be trusted. Similar observations have
been made in the past by many authors$).

I want to express my deep gratitude to professor W. Paurr for
his kind interest and valuable criticism and to the Swedish Atomac
Commuttee for financial support. -

Appendix.

The physical meaning of the functions n(p2) and z(p2%) can be
made clearer if we consider a system with an external electro-
magnetic field. The influence of such a field can be taken into ac-
count if we add the following two terms to the Lagrangian (1)

ie N — ,
2 A9(x) [y, v, 9] + LA (). (A. 1)

8) Cf. e. g. R. KarprLUs-N. M. KrorL, Phys. Rev. 77, 542 (1950); F. J. Dyson,
Phys. Rev. 75, 1736 (1949) and G. KiiLew, Ark. f. Fys. 2, 371 (1950).



432 Gunnar Kaillén.

We then get the following equations of motion

(v 55 +m) w(@) =5 {40 (3), 7, (@)} +ie AP (@) v, p(2) +
+ K y(x) (A. 2)
DA (7) =— 5 [(2), pu w(@)] + L(D 4P (@) —
02 AW "
——_t) x,uvagﬂp) _j‘(;) (w)), | (A. 3)

In the formulae above, 4% (z) is the external field and 4% (x) the

mduced field. The former is a c-number and the latter an operator.
The external current j%)(z) is given by

02.4@
v (x)) (A. 4)

jg) (w) =-_(DA%)(SC) o 02y 0,
If we suppose that we know the solution (¥(z) and A(z)) when
the external field is zero, and that we have a situation where the
external field is very weak, we can expand the operators above in
a power series of the external field. It can be verified without diffi-
culty that the first two terms in such an expansion are respectively

v(@) = ¥(a) —zfu,, (@] 40(z)da’ - (A.5)

and

AP () = Ay(2) —i [ [, ('), Ay (2] 49 (2') da’ +

e (Bun— 0, 8,,) A9 (). (A. 6)

Substituting e. g. Eq. (A. 6) into the left-hand side of Eq. (A. 3) we
obtain

04 (@) =~ (@)~ grogy [ [, B@), 7 ()] 4P(e) da’ —

— 00

T /[¢ )7 Ly (@), P (2)]] 40(") da’ +

) x o
+i [ @ ([(@), Au2) 5 + [jv(a:'), 24nD] 49 (@) +

To=1,"

L ., . 024 PRI 2
157 [ [ gt | 49(@) 40 + = Bur— s rs) O 4S(a)

0x, 0x;

sl (A7)
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Using Eq. (A. 5), (A. 6) and the formulae

- 04V ) .., 0A. (= .
@/d%ﬁ ([],,(a;) Aﬂ(m)]TJr[J,,(m), (2 ]A( () -
—L 02Aff)(x) L .
==L om0 oL owsH4A0@) 2 €)
and
’i‘r H ! OZA e e ! 4
[/ dte) 52 | <>(m>dw—0x ,mfu,, ), A3 (@) AP(&) daf +
L 0 &04P(@x)
v A9
TIIL dw, & om, (8.9)
we can simplify the right-hand side of (A. 7) to
sz (#@), 7uv (@] —[# (@) — B (@), yu(v(@) — P (@)]) —
L (0240 ., |
~ = g + (). (A. 10)

This expression differs from the correct current only in terms which
are of second order in A%)(z). The verification of (A. 5) can be
performed along similar lines and will not be given explicitly.

If we now compute the vacuum-expectation value of the current
operator, we obtain from (A. 6) with the aid of (A. 8)

+ oo

0]7(= )IO>=‘_2if(1+g(m—x'))<0%[jy )y Ju(@)]] 0> A9(a') da’+
+5= L?ﬁ?(w) (A. 11)
or
<0]7@(z) |0 =
z"(le)'lfdPe“”‘(—ﬁ(p ) +7(0)—ime(p) n(p?) fid(p)  (A.12)
where

i () — f dp 7% 9 (p (A. 18)

The vacuum thus behaves as a medium with the complex dielectri-
city-constant

e(p®) =1—z(p?) +n(0) —ims(p) =(p?) . (A. 14)

The connection between the real and the imaginary part of &(p?),
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which 1s expressed in Eq. (35a), 1s very similar to a formula that
- has been given by Kramers?) for a dielectricum.

The expectation value of the energy which is transferred per unit
time from the external field to the system of particles is given by

(6)(

[a5201 5510y = [ass (52 01 19(a) |05 +

0 (2) 043 (=) 049(z)
L[<0\A“’ 0y S~ <0 8= 7) |0y 0—»-~—7§,")(a:)Otx]).(A.15)

The time average of the terms proportional to L is zero, and the
average of the first term 1s equal to

5oy | dpa(e?) L1 i) 19 (—p) (A. 16)

which is thus the energy of the real particles (photons and electron
pairs) which are created per unit time by the external field.

?) M. H. A. KramERs, Cong. Int. d. Fisici, Como, Settembre 1927.
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