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On the Magnetic Moments of the Neutron and Proton
by J. M. Luttingepi), ETH., Zürich.

(14. X. 1948.)

Zusammenfassung: In dieser Arbeit wird das magnetische Moment eines Nu-
kleons berechnet für die neutrale, geladene und symmetrische pseudoskalare
Mesonentheorie. Die Nukleonen werden durch die Löehertheorie beschrieben, so
dass die Rechnung vollständig relativistisch ist. Die üblichen Divergenzen werden
durch eine vom Verfasser angegebene Methode2) vermieden und — wie beim
Electron — werden alle Resultate endlich. Die magnetischen Momente der Nukleonen

lassen sich, in der gr2-Näherung, durch geschlossene Formeln darstellen.

I. Introduction.

Is is the purpose of this paper to show that a method previously
developed2) for calculating the radiative correction to the gr-factor
of the electron may be extended to calculation of the g-factors
of the neutron and proton in meson theory. For concreteness we
have choosen the case of pseudoscalar mesons. Within the frame-
work of this theory there are still two types of coupling possible3):
that in which a pseudovector is constructed out of the meson
field, and that in which a pseudoscalar is constructed. It may be
shown, however, by simple generalization and correction of a proof
due to Dyson4) that the two theories will yield identical results
for all the magnetic moments calculated in this paper. We shall
therefore only give the calculation for the pseudoscalar type of

i) National Research Fellow.
2) J. M. Luttinger, Phys. Rev., 74, 893 (1948). Henceforth cited as I.
3) N. Kemmer, Proc. Roy. Soc, A 166, 127 (1938).
4) F. J. Dyson, Phys. Rev., 73, 929 (1948). Dyson drops the terms quadratic

in the coupling constant on the grounds that they are without physical signifi-
cance. Aetually these terms play an essential roie in making the two types of
coupling equivalent. The same proof shows that the nuclear forces are identical
in the g2 approximation. Direct calculation verifies this and shows that the inter-
action terms quadratic in the coupling constant remove the 1/r3 singularity in
the forces, and thus possibly allow a ground state for the deuteron. These forces,
however, are not at all static in nature and cannot be applied to calculate the
ground State of the deuteron. Similar conclusions have heen reached independ-
ently by Dr. L. van Hove (unpublished). I am grateful to Dr. van Hove for
a valuable correspondence on this point.



484 J. M. Luttinger.

coupling, as it is considerably simpler in structure. As a check on
the algebraic work we have also carried out the calculations for the
pseudovector coupling, and of course obtained the same results.
It may be mentioned that it is the pseudovector type of coupling
which has usually been discussed in connection with the meson
theory of nuclear forces.

In handling the heavy particles we have used hole theory throughout,

as it represents the only consistent relativistic theory for
particles of spin one half. That is, we have taken the neutron
and the proton to be quantized fields which obey Fermi-Dirac
commutation relations and the Dirac equation without the
presenee of "Pauli terms"—it is just the hope of meson theory that
it will aecount for the existence of such terms.

Three types of pseudoscalar meson field have been considered:
neutral, charged and Symmetrie. From the point of view of com-
parison with the experimental facts perhaps only the latter is of
interest, the nuclear forces generally being assumed to be charge
independent1). However, for completeness the other two cases are
included.

II. Neutral Theory.

For this case the meson field will only yield an additional magnetic
moment for the proton—the magnetic moment of the neutron

remaining zero. The Lagrangian density is given by2).

L Lp + LM + L' + L" (1)

L* - f*v (rjt+T^AV-ieA^+Mß) ip»

L^um-(v0)2-,202 VV dt
17 — |Mr ig (y>* ß yh 0ipv)

L" — 2ng2X[ip*po ipj) ¦ (y>lciipX) — (ip*py&ipv) (tp*vy&fXi\

In these equations A0 is the vector potential of an external homo-
geneous magnetic field, ipP the (quantized) proton wave funetion,
oc, ß the well known Dirac matrices3), a the (four rowed) spin ma-

i) This charge independence has recently been questioned. See J. M. Blatt,
Phys. Rev., 74, 92 (1948). Blatt's results may, however, be dependent on his
special assumptions concerning the potential.

2) We have used natural units, % c 1. M is the nucleon mass, fi the meson
mass.

3) The specific representation which we use, however, has the usual representations

of ax and ay interchanged. Cf. I, appendix.
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trices, y5 ixxa.y<x.g and g the coupling constant. The number X

which appears in L" is an arbitrary constant. The presenee of this
term corresponds to the fact that one may get different versions
of the pseudoscalar theory by adding an invariant term quadratic
in the coupling constant (see Kemmer, op. eit.). The value of X

cannot be fixed a priori, but we shall see that L" gives no contribution

to the magnetic moment and therefore this arbitrariness is
in no way disturbing for our calculations.

Using this Lagrangian density it is an easy matter to find the
Hamiltonian density.

H HP + HM + H' + H" (2)
Where

H* =vi(l-*-(V-ieA0)+Mß)y>,

nM \(n2 + {v0)2 + n202)

H' j/4^ ig (ipP ß y5 ®V>p)

fl" 2tig2X[(ip*aipv)-(xp*potpjj — (flrsfp) [wty&wX,]-

To carry out the quantization1) we write2):

Vp 2Ja" V«
n
_

oc-r + a*,«
0 y —l __?_ eip-x

«=*2"|/*^-(«,-,-«p)ö"-*-

The ipn are the Solutions corresponding to the energy En of the Dirac
equation in the presenee of an homogeneous external field (cf. I,
appendix). The quantities an and a, satisfy the commutation rules
of Fbrmi-Dieac and Einstein-Bose particles respectively, i.e. all

* I * A
(tn ctn' ~r dn' ctn — onn>

* * £

other commutators being zero. cov represents the energy of a free

meson, cov (/'/jj + p*.

') Asa general reference for the methods of quantization used here, see G. Wentzel,

Einf. in die Quant. Theorie der Wellenfelder, Franz Deuticke, Wien (1943).
2) Our Solutions are normalized in a large box of volume V. However, since

in all end results the quantity V drops out, we simply put it equal to 1.
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Substituting in the Hamiltonian we obtain:

flj> ***** /. anan En

HM : 27aPa*

wbore

0(p)
fl' =1/471 ig ZE< «»' < M^ + <?• C

«,«' p |/2 a>ß

ti — ATZ g A 2j an ®n' ®m °W ^nn' mm'
n,n'
m, m'

Q^Jd3x(ip*nßyaipn,)e-ir>-

7tnn'mm' j d2 x[(ipnO If'„.) * (lfm a Vm) ~ (fn Va V»') {WmV5 VM •

Proceeding exactly as in the case of the electron, we calculate
the energy of one proton in a state "m" (and no mesons present),
to terms proportional to the Square of the coupling constant. This
means calculating the mean value of fl" for this state, and perfor-
ming second order perturbation theory with respect to fl'. The
method is sträightforward and proceeds exactly as in I. The results
are:

E E' + E" (3)

W - 2 ji g2
1 I lo(p) I2y Jr_ ¦y ynm\

Lp a>» I.E„>0 (0v + En-En
\n(v) I I n(p')*o<-") + 0<-p)*0{i>)

~ y--i. ,„ T\rTTÄ-~W~i <-d ~~~
,7,3

-O "-'¦P£^0 «"j>+1-^7,1 + #

E" 2ng2Xt £~£\Bmnnm + 2ng2X £ Bmm nn •

Ej>0 Ej<Cil FjkO

The characteristic minus signs which arise in the summations over
negative energies come from the use of hole theory, and the defini-
tion of the true energy as the energy of the particle plus vacuum,
minus the energy of the vacuum.

To make use of the method of I, it is now necessary to specialize
the state "m". As was there shown, if we take "m" to be tha
Solution of the Dirac equation in which the energy is simply M,
then any infinities in the mass or charge of the electron will not
effect the magnetic moment. This means that simply by developing
the quantity E in a power series in fl0 (external field) the linear
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term in fl0 will converge and will give us directly the change in the
magnetic moment of the nucleon. This expectation is borne out
by the detailed calculation, from which one may conclude that
in the pseudoscalar theory1) all the infinities are simply mass and
charge infinities, just as in electrodynamics.

With this choice of state the evaluation of the matrix elements
simple, and we shall only quote the results2):

W

where

1 °°

\n=0

2 eH0 \ I pj \
En(En + M) \En(En + M)J
E„ + a)„-M

Pj
En(En + M)j
E„ + co„-M Mera!

-(M M) (4)

En~YM2 + p32 + 2eH0n
+

pj+pj¦I
2eH„

and (M —*¦ M) means that the same function of — M is to be
constructed.

E" 71 g2 X T Y (2(En+i + M) + E«+M En-M
~.. ~^„ V E„,, E„ Er
Vi, Pa n-o

M M)
Simplification gives

(5)

En-M 1 Jyey\
J- m» \X^0mv+En~M En »!

E" (2M)(eH0)Xg22: Z (jh
p, n 0 V n+1

(M-+-M) (6)

l
E„

In (7) we have replaced the summation over p2 by
eH0
2n

(7)

which

corresponds to keeping the particles present within the normali-

i) Villars (in unpublished calculations) has shown that even with this special
state the magnetic moment of the nucleons diverges for the vector theory—with
tensor coupling—which seems to indicate that in this Version of the vector meson
theory there are infinities in addition to the mass and charge terms. This result,
incidently, prevents the calculation of the magnetic moments on the basis of a
Moller-Rosenfeld mixture.

The other Version of vector meson theory (vector coupling, similar to coupling
of electron to the electromagnetic field) has been investigated and found to give
convergent magnetic moments.

2) The calculation involves an integration over Hermite polynomials which has
been carried through in I.
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zation volume1). Let us first calculate E". To terms linear in fl0
we have _

2 e H„E" 2MeK,Xg2Z£U
4 0 \ « -ß'«

The Euler surn formula
_ oo

/(0)Zf(n)= f(x)dx+7A"7 +
*=o ¦/

provides an expansion in powers of fl0. Keeping only the linear
terms one obtains

100

\

fdn(jr--^0-) + \jr\ o-J \&n En I y^n \n=0\
0

The first term is independent of fl0, and represents an infinite seif

energy. Dropping this, we get for the terms linear in fl0:

E''=2M<«H«wf [M.-MMPs \ 0

However,

MMil re=0
0

and therefore
E" 0. (8)

Returning now to the discussion of E', we make use of the iden-
tity

M _____ M 1 \
co,, a)p + £TC-_f Vcu„ (o3, + En-Mj

which transforms (6) into

*' —«,^i5^n4r -f-(M —M). (9)

Defining a quantity (Cf. I)
1 1

^(n) _-„ «,,+^-Jf
/(l) + («_l)/'(l)+M-^lr(l)

i) Bethe-Sommerfeld, Hand, der Phys., XXIV, 2, page 478, Julius Springer,
Berlin (1933).
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we get

E' ^i:i;(f(i) + (n~i)f'(i)+^r(t1)+---)^e-t
v m-r-r-o ^ '

-(M^--M)
'¦92i;(f(Z) + if"(Z) + ---)-(M^M)

The first term of this expression is independent of fl0 and represents

a seif energy of the proton. We shall therefore drop it along
with the remainder terms in the expansion, the latter representing
higher powers of fl0 than the first. Therefore, for the purpose of
calculating the magnetic moment we have

S' *T322'i-/"(|)_(M->-M). (10)

Carrying through the indicated differentiations one obtains

™ ng*(eH0) y,_, * f 3^ _ _3 _2 *|J_^ 4 ^Wit Pü Lfl2(ß+cu-Jf)+ß(ß+ö)-Jf)2^ (Q+w-Ms)\Qs

-(M->-M). (11)
Here

Q fM2 + p2, w f/u2 + p 2

Noting the fact that the factor multiplying p\ + p\ in (11) is a

function of p2 only, so that we may replace p\ + p\ by f-s-j p2,

we get

e'-^--^(M)Zp2^
p

3 6(cu+ß) 2(3(to+ß)2 + ilf2)
ß2((cu+ß)2-ilf2)

'

ß((a>+ß)2-Jf2)2
'

((co+ß)3-Jlf2)3

Finally, we replace the sum by an integral

(f- MM) ¦

and carry out the angle integration:
oo

0

[ _3 6 (w + ß) 2(3(<o + ß)3 + ilf2)1 ,12,
[Qi((a> + QJ-M2) + ß((co+ß)2-Jf2)2 + ((co + ß)2-ikf2)3 J * " '
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The integral in (12) is elementary, as may be seen by introducing
the new variable z, defined by Q + co Jz. The result is

K - v^- (i+2 «• - -^—cos-14 _ 2 a - «•) «• log |)" 8 ji ilf V i/4_ ^2 2 v ; & <5 /

where <5 is the ration of meson to proton (or neutron) mass.

dEJ _ <72/l <52 ö3(3-52)cos-M/2 (1-*¦)*», 1\ ._^ —TÄ,—"iriT+T ^ff* 2—logTJ (13)

in units of the nuclear magneton.

III. Charged Theory.

The Lagrangian density is given by

Le Lp + LN + L^c + LJ + Lc" (14)

Here Lv is defined as above, while

t« - (-^f*) (4?-) -(F<Z>*MeA>0*) • (V0-ieAo0) -M20*0

LX =~-\/Wnig [(ip; ßy50 fN) + (^ ß y5 0* fjj]
LX' 4 ti g2 X [(f*p a fN) ¦ (f*N a fj) — (*/.* y5 fN) (f*N y5 ip„)

+ (f*N a fj) ¦ (fl a fN) — (ip*Ny5 vX) iv>l 7b Vn)]

fs is the (quantized) wave function of the neutron, 0 the charged

meson field. The term L'J gives a contribution (— L'p') in the
Hamiltonian density. Just as in the case of neutral mesons this
term will give no contribution to the magnetic moment, and in
what follows we shall drop it entirely. We then obtain for the
Hamiltonian density

flc flj> + Hn + H-mc + Ac'

HN fN(l/ioi-V + Mß) fN (15)

HMC= tc* 7i+(V0*+ieAo0*)-(V0 — ieAo 0)+/li20*0
HJ — LJ.
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We now carry through the quantization by means of the relation-
ships

VN EhnVn
n

V-P =* S ün Vn
n

0 =?fXA« ^
^yii«!-«)«1,.-i

"7

fn are Solutions of the Dirac equation in the presenee of an
homogeneous magnetic field, y>n are Solutions of the field free Dirac
equation (corresponding to the energy EJ), and the 0X are Solutions
of the Klein-Gordon equation in the magnetic field. The quanti-
ties Ei are the corresponding (positive) frequencies, ie

((V~ieAo)2-M2)0l ef0l (17)

The Solutions of (17) are well known1). One finds that l is given by
an integer N _*: 0 and two momenta k2, fc3:

0, e«'fe v+h,z) e-rfU HJn\ — (—O^XA -, - i/JfT (x —\

et Yfi2 + k32 + 2eH0(N+y2).
The quantities HN are the ordinary Hermite polynomials.

The quantities an, bn satisfy Fermi-Dirac commutation rules,
the quantities a£, ßl Einstein-Bose ones. Using (16) we obtain

"¦s £j ®n ®"n ¦"»
n

HN ^J K b„ E„
n

HMC jj (^ K( + r5' ^ Sl
l

HX X^nigZ^r< bm T%m («, + ßl) + c. c. (18)
n, m

l

T{L^fd3x(f:ßy50lfn
It is now necessary to calculate the energy of a neutron or proton

in the state "to", where "to" is again the special state which avoids
the divergencies in the mass and charge. This choiee is necessary

i) Bethe-Sommerfeld, Hand, der Phys., XXIV, 2, page 478, Julius Springer,
Berlin (1933).
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here only in the case of the proton: for the neutron (since its energy
is always independent of fl0) any state would do. We calculate
with the state "to", however, because it is mathematically the
simplest state to handle. Straightforward second order perturbation
theory then leads to the result (ECN, Ecp being the corrections to the
energy of the neutron and proton respectively):

E% =-4:7ig2 F— y ______ _ _ y \nm\ — /19ny f *i\£0En+*i-M S^0\E«\ + °i+MJ

-. t \rp(l) 12 | rp{l) 12 I

Ecp =-4,7tg2 y~- 27-—- -JA —^-— • (20)
* £' Ib„>o En+£,-M Fn<o\En\ + el + M\

Calculation of the matrix elements gives
oo

E% -27cg22J 27

2eH0(n + l) pj \
en+3l2En+1(En+1 + M) (En+1 + en+3 2-M) e^ll2En(En + M) (En +en+lj2- M)\

-(M-+-M). (21)

E"p= -2ng2Z 2
p N 0

pj + pj PJ } «Jj £N

(Ü+8N+1/2-M) (Ü + eN+ll.2-M)\.Q(.Q + M) N (M-^-M). (22)

En yM2 + p32 + 2eH0n
+

en ]//u2 + p32 + 2eH()n

Ü ]/M2 + p2

g 2eH„
Let us first calculate Ec„.

E\.= ~2ng2 e#° Z y \ „,y + *e"°* J- -(M-> -M).A y 2^ ^ J^Aen+ll2En(En + M)(En+en+ll2-M)) v >

Ps »=o £n+llA(En + M)(En + en+U2-M))

E„-M- - f (««.) 2Z\yy°AiJXyTM]} - <* - *>-
oo

S2 (e Ho) E ZQ\En(En+en-M) - En(En + 7J=M)Y 2ef]

+ 0{H*)-(M-+-M*).
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Using once more the Euler sum formula used in the evaluation
of (7), and dropping seif energy terms and those which are proportional

to the Square of tbe field strength, we get

*--.«¦ <«a_£(T[wH=-«rL
OO

eHa f dn -=•—-^ j^y] - (M -> - M).^o
2

o

f 2* J dPnY[En(En+en-M)\n
o

CO

eH0
2

ö

The second integral may be considerably simplified. Let r2 2 efl-w
ß>=j/«2 + p2, ß l//a2 + p2, p2 p2 + r2, then

OO CO CO oo

fäp.fdnBn^^_M)t=fdptfrdrQm(J0_s?
— oo 0 —oo 0

oo

2V7 P mQ(ca+n-M)2
^ J P 77ü(cc+ü-M)2

0

dp- "[)

a>Q(co+Q-M)2
— CO

Therefore

^r^Jäv{ls^s^-^Q_i^- {M^-M)
— CO

oo

_ (eH0)g2 f f 1 p2 co+ß

Öj H!.((oj+fl)!-I!) coß "((a> + ß)s-J-"2)2 I ' ' '

The integral in (23) is elementary, and may be reduced to known
form by the same substition that was used in (12). The result is

m (eH0)g2 1 /. <5(2-<52) i <M *a l rE% M 1/1 COS-1 — + ö2 log -r



494 J. M. Luttinger.

Proceeding to E%>, we may write (22) as

2na2 y y f 1 —° 1 ^ c-t
T/S0lQlQ+eS-M) 2eN (ß + sN-M)2\ Nl

-(M->-M)+0(fl02).
Define a function

9{N)-y;TizM=g{i) + {N-i)g'(^)+^^9''(^) + ---

Then, after dropping the seif energy terms and terms in fl^, we get

HM2^2X^{f3''(l)--^7^w)-(M^-M).
Carrying out the x differentiation yields:

Ec =na2 (eH T 1 f n*+1p* (i+_MLi ____]p y K °'^i Q\2(m+ü-M)2co2\aj^a>+ü-M) co(co+Q-M)2\

-{M-y-M)
2(Pfj\yJ_( pJ /J, _? \ i 11n9 \e"-o)Z. Q l3(a)+ß-Jl/)2cu2lcu +co+Q-MJ cu (m + Q-M)2)

OO

_if2(eg,) /M___[__ f |
1 (1 P* A

2w J -ßto [3 tu(o)+ß"-Jlf)3 ^ (co+ß-Jl/)2\3 cu2 /
0

-(M-+-M)
00

2g2(eff0) /• pj M p2[3(co+ß)2 + J/23_ (g+m) ^ _T o^V
ji J Fo)Q[S ia{(to+Ü)2-M2y ((co+Q)2-M2)2\ 3 p2)

(25)

Just as in (12) and (23) the integral of (25) is elementary. One
obtains

vc g2(eH0) ll ,2 (5(2-4 d2 + öi) ,ö ../ft üäM x\Ep - a\r hr — ^ —*= 'cos —«r + "5 (2 - <32) log -.-* 2 M n \2 1/4-<52 ^ v ' b dj

„ g2 (1 <5(2-4(52+(54) <5
,2 ,n 1\ ,0„.^=^l¥-<5 MzMH-cos 1T+ö2(2-^2)logT (26)
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IV. The Pseudovector Coupling.

With this coupling the interactions L' and L'e seve replaced by

L' (pseudovector coupling) — |/4^ / (fl (er- V0 — y^-^Avvj

L'e(pseudovector coupling) — fönf \y>*P a-(V-ieAo)0- y&j^lVn)

+ {vn[o-{V + {ieAü)0*-y6^]f9)}
When the coupling constants are related by g2 (2M/)2, then

the two types of coupling give identical results. The values usually
given in the literature1) are (fM)2 ~ 9, for the meson mass equal
to either 200 or 325 electron masses. These values are extremely
tentative, however, and possibly should be subject to suspicion even
in so far as order of magnitude goes.

V. Summary of Results2).
Neutral Mesons.

juN 0

*. M(M-^> MM*-^>M).
Charged Mesons.

c g2 /. 6(2-ö2) ö „„, 1\
fly - — 1 T=^- cos-1 -5- + c52 log -xrjs ¦*** V j/4-<52 2 & SJ

,,<* 92 l1 s. <5(2-4<52+<52) ö „2,0 .-., 1\^ J7[Y~Ö2 ytXX^~ C0S~1Y + Ö2(2-^2)logT).

Symmetrica! Theory.

(*% /*%

The units are those of the nuclear magneton, and d is the ratio
of meson to proton mass. When the above numerical values for the
coupling constant and meson mass are used, one obtains:

A) fi ~ 325 m (electron).

HN 0 [*% ~ - 8 fi% ~ — 8

fj,P~ — 2.8 tf ~ 2.5 n> .3

"-) F. Villaes, Helv. Phys. Acta, XX, 476 (1947).
2) These results satisfy the relationship ß% + ficp 2 p^, which has a general

validity in the <;2-approximation. (The factor 2 appears because we have choosen
the coupling constant differently for charged and neutral theory.)
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B) fi ~ 200 to (electron).

MN 0 M% ~ - 9-3 ^ 9-3

/ip ~ — 2.8 ^ ~ 3.6 /*p ~ .8

/fy (experimental) — 1.9103

fip (experimental) 1.7896

It is clear that none of the theories give agreement with
experiment. More disturbing than the incorrectness of the absolute values
is that of the ratio of the two moments. This is independent of the
value of the coupling constant, and depends only on the ratio d.

It seems impossible to fit the data with any value of ö. Whether
the error lies in the model (pseudoscalar mesons) or in the use of
perturbation theory remains an open question.

In conclusion I should like to thank Dr. F. Villars for suggesting
this problem, and for much help in its Solution. I am also indebted
to Prof. W. Pauli and Dr. Res Jost for many stimulating and
helpful discussions.
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