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systeme geteilt. Vermesser und Geogra-
phen erfahren, welche tiefgreifenden Um-
walzungen sich in ihren Wissenschaften
durch den Einsatz der Informatik ergeben.
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Azimuth transport and the
problem of orientation within
geodetic traverses and geodetic
networks

E. W. Grafarend

Mina herrar, .
landmataren maste stamplas som plattlus,

han kan inte se i rymden darfér at han inte
l&ser beskrivande geometri.

Gentlemen, the surveyor must be conside-
red a “plattlus”, because he cannot see
into the space having not taken my course
in threedimensional geometry.

(R. Woxen, f.d. rektor,
Kungl. Tekn. Hégskolan
Stockholm, Sverige)

Due to the variation of the local vertical, in which any local positioning system
(LPS) operates, standard formulae for computing traverses and networks, separ-
ating horizontal and vertical control, generate model errors of the order of 10-30
cm in local regions of less than 1000 m. Here it is demonstrated that line-type tra-
verses are impossible for computation as long as only distance and horizontal/
vertical direction have been measured. In contrast, triangular chain-type traver-
ses allow the computation of the variation of the local vertical, e. g. expressed in
terms of astronomical longitude/latidude, the variation of the azimuth/vertical di-
rection and therefore the threedimensional rectangular coordinates in the horizon-
tal reference system attached to the initial point. In cases where prior information
about model longitude/latitude and the variation of vertical deflections is avail-
able, a specific computational scheme for threedimensional rectangular coordina-
tes is derived. Finally rigorous threedimensional observational equations for hori-
zontal/vertical directions and distances within local geodetic networks are set-up.
They are expressed in terms of a horizontal reference system attached to the cho-
sen initial point and include three orientation unknowns like in photogrammetric
networks, namely the conventional orientation unknown in the local horizontal
plane and the differences of astronomical longitude/latitude between the LPS
placement and the network initial point. Throughout the order of magnitude of any
effect which can be attributed to the variation of the local vertical is estimated.
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1. Introduction

For the determination of local point posi-
tions the local positioning system (LPS)
consisting of a direction measurement sys-
tem, the theodeolite, and a distance mea-
surement system based on electromagne-
tic wave propagation (EDM) has been pro-
ven to be most useful. Powerful software
has been developed in order to allow a
nearly online positioning. All computer
packages to be known to me from techni-
cal reports and engineering journal publi-
cations neglect the influence of the varia-
tion of the local vertical for local applica-
tions. Typical is the separation of local hori-
zontal and local vertical control. Horizontal
direction measurements are modelled by
the arctan-function of the ratio of horizon-
tal y- and x-coordinate difference, in con-
trast to the vertical direction measure-
ments which are related exclusively by the
vertical z-coordinate difference between
target point and LPS placement. As the
distance the Euclidean twodimensional
metric, the twodimensional Pythagoras
formula is used.

We have shown in another publication
(1987) that in geodetic networks of about
500 m extension the systematic model er-
rors which are caused by neglecting the
change of the local vertical due to the
earth’s variable gravity field will amount to
10-30 cm! Thus the set-up of LPS-obser-
vational equations has to take into account
the variation of the local vertical to which
any LPS refers by the “horizontation pro-
cedure”, the task of the present contribu-
tion. Once the “right” observational equa-
tions have been found and being classified
as nonlinear they can be linearized with
respect to prior positioning information in
“geometry and gravity space” and be han-
ded over to the standard linear adjustment
procedures.

Chapter one is therefore devoted to set-up
the computational equations for geodetic
point positioning in a traverse. With refe-
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Aufgrund der Variation der lokalen Vertikalen, auf die sichdie Horizontierung eines
lokalen Positionierungssystems (LPS) bezieht, weisen die Standardformeln, mit
denen Polygonziige und Netze im lokalen Bereich berechnet werden, Modellfehler
in der Gréssenordnung 10-30 cm auf, falls das Gebiet, in dem sich das Netz er-
streckt, kleiner als 1000 m ist. Wir zeigen insbesondere, dass linienférmige Poly-
gonziige lberhaupt nicht ausgewertet werden kénnen, falls ausschliesslich die
Messungen von horizontalen und vertikalen Richtungen sowie von Distanzen vor-
liegen. Im Gegensatz dazu beweisen wir, dass dreieckige, kettenartige Polygon-
ziige perfekt berechenbar sind, da sie gestatten, die Variation der lokalen Vertika-
len, z. B. parametrisiert durch astronomische Lénge/Breite, ausserdem die Varia-
tion des Azimutes / der vertikalen Messrichtung und damit der dreidimensionalen
rechtwinkligen Koordinaten in einem horizontalen Bezugssystem zu bestimmen,
welches dem Anfangspunkt des Netzes angeheftet wird. In solchen Féllen, in de-
nen Vorinformation lber die sphdrischen Ldngen/Breiten der Messpunkte sowie
Uber die Variation der Lotabweichungen vorliegt, werden wir eine Rechenproze-
dur vorstellen. Schliesslich stellen wir die strengen nichtlinearen Beobachtungs-
gleichungen fiir horizontale / vertikale Richtungen und Distanzen innerhalb loka-
ler geodétischer Netze auf. Sie beziehen sich auf ein einheitliches horizontales Be-
zugssystem, welches am ausgezeichneten Anfangspunkt des Netzes angeheftet
ist, und schliessen drei Orientierungsunbekannte wie in photogrammetrischen
Netzen, ndmlich die konventionelle Orientierungsunbekannte in der lokalen Hori-
zontalebene und die Differenz der astronomischen Ldngen/Breiten zwischen dem
LPS-Standpunkt und dem Anfangspunkt des Netzes, ein. Durchgehend geben wir
die Gréssenordnung derjenigen Effekte an, die der Variation der lokalen Vertikalen
zuzuordnen sind.

A cause de la variation des verticales locales, verticales qui servent de référence
au calage d’un systéme de positionnement local, les formules standards de calcul
des polygonales et des réseaux peu étendus peuvent conduire a des erreurs de 10
a 30 cm, méme lorsque la région sur laquelle s’étendent les mesures est plus pe-
tite que 1000 métres. Nous montrons en particulier que des polygonales simples
ne peuvent pas étre traitées au cas ou les mesures ne comprennent que des direc-
tions horizontales et verticales, ainsi que des distances. Nous prouvons, au con-
traire, que des chaines de triangles sont parfaitement calculables car elles per-
mettent de déterminer la variation des verticales locales (verticales données par
exemple par la longitude et la latitude astronomique), ainsi que celle de I'azimut, la
direction de I’axe principal de I’appareil de mesure, et par la les coordonnées or-
thogonales tridimensionnelles dans un systéme horizontal de référence calé a I'o-
rigine du réseau. Dans de tels cas, lorsque des informations sur les longitudes et
les latitudes des points de mesure, ainsi que sur la variation des déviations de la
verticale sont connues a priori, nous présentons une procédure decalcul. Nous
établissons enfin des équations d’observation exactes et non linéaires pour les di-
rections horizontales ou verticales et les distances a I'intérieur d’'un réseau local.
Elles se rapportent a un systeme de référence horizontal dépendant du point ori-
gine du réseau et a trois inconnues d’orientation comme en photogrammétrie,
c’est-a-dire 'inconnue d’orientation conventionnelle dans le plan horizontal local
et les différences de longitude et de latitude astronomiques entre le lieu de station
du systéme de positionnement local et I'origine du réseau. Nous donnons finale-
ment I'ordre de grandeur des influences qui dépendent de la variation des vertica-
les locales.

rence to the Appendix it is proven that line-
type traverses are impossible for computa-
tion if no prior information but the actual
LPS observations is available. In contrast
we prove that triangular chain-type traver-
ses allow beside the computation of posi-
tions the determination of the local vertical
variation, namely the variation in azimuth
and vertical or the variation of astronomi-
cal longitude and astronomical latitude.
On the other side if prior information of the
variation of the local vertical is available,
say in terms of variation of model longitude
and latitude and the vertical deflection
components, any type of traverse is ready
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for coordinate computation. (The variation
of the vertical deflection vector is proportio-
nal to the second derivative of the gravity
disturbing potential. Thus a triangular LPS
can be considered a gravity gradiometer.)
In chapter two we finally set-up the “right”
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nonlinear observational equations for di-
rection measurements of horizontal and
vertical type and for threedimensional dis-
tance measurements, namely in a horizon-
tal reference system attached to the net-
work initial point. We emphazise that in lo-
cal geodetic networks there appear — like
in photogrammetric networks — three
orientation unknowns which describe the
variation of the LPS horiziontal reference
triad from point to point. These orientation
unknowns are the conventional theodolite
orientation unknown in the horizontal
plane being referred to South and the diffe-
rences in astronomical longitude and
astronomical latitude between the initial
point and the LPS placement.

Throughout we have tried to color the va-
rious equations by numerical examples. To
some extend the contribution is a follow-
up of my others (1975, 1981, 1985 and
1987). Here we have concentrated on the
azimuth variation and the problem of orien-
tation of a geodetic traverse and a geode-
tic network. R.Conzett has dealt with the
threedimensional orientation problem in
the report by R. Conzett and E. Frei (1985);
he focussed on the LPS in the publication
by R.Conzett and R.Scherrer (1985) and
on the condition equations in geodetic net-
works in the publication R. Conzett (1985).

2. Geodetic traverses

For local positioning traverses play a cen-
tral role, namely in inertial positioning. In
surveying they are used in a line-type
structure as outlined in Figure 1. Conven-
tionally the Cartesian coordinates of
points in a traverse are computed accor-
ding to

where (Xq, Yo, Zqg) are the coordinates of
the initial point Pq, aqp the initial azimuth
and Bop the initial vertical direction of the
line PoPp — here measured from the hori-
zontal plane and being complementary to
the zenith distance —, rq the initial threedi-
mensional or Euclidean distance of the
line PoPg. In contrast (a.apy, Papy) are the
horizontal, vertical, respectively, angles
measured at the point Pg between the li-
nes Pg Po, P Py; ray denotes the dis-
tance of the line Pg Py. (Xy, Yy, zy) are the
coordinates of the point PY, here arbitrarily
being chosen. Conventionally rqpcosBop,
rgycos (Bap+Bapy) are called horizontal
distances of the lines of sight PP, PPy,
respectively, while rqpsinfap, rgysin
(Bap+Bapy) are referred to as heights.
We have outlined in the Appendix that

cos(aaBmasY)cos(BaB+8aBY) (1.1)

sin(aaBmaBY)cos(BaB+BaBY) (1.2)

+8 ) (1.3)

afy
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Figure 1: Line-type and triangular
chain-type traverse (the line-type tra- p
verse does not allow a threedimensio- o
nal computation in contrast to the trian-
gular chain-type traverse)
ax
Re(A_ 6 )RT(A 6 ) Re(A_,6 JRY(A,0.)
EV Y Y B e e EVN Py eV R O
9 T B
* *
e RE(AB,%)RE(AQ,%) e

once we take up the real local horizontal
reference system as the true one being
materialized in a theodolite or in a local
positioning system (LPS) the formulae
(1.1), (1.2) and (1.3) can no longer be ap-
plied. They are systematically being wrong
due to the very nature of the local horizon-
tal reference frame to change from point to
point. Instead the above operational equa-
tions have to be replaced by (A20), (A21)
and (A22): Beside the initial azimuth aqp
there appear now also the variations (Aa,
AP) of the local vertical!

21 Geodetic traverses without other
information

In case just distances and horizontal/verti-
cal directions are measured by a LPSin a
line-type structure of a traverse we are
unable to compute the coordinates

((1 a a
X oz
Y’yY Y)
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. a
in the local reference frame g%

of horizontal type attached to the initial
point, even if we assume the initial values
for the azimuth aqp and the vertical direc-
tion Bup to be known. The changes (Aa,
APB) of the local vertical cannot be determi-
ned: With any new point in a line-type tra-
verse we introduce two additional un-
knowns (Aa, AR)!

What can we do in order to overcome this
situation?

The solution is simple: We have to change
the geodetic traverse from line-type to
triangular chain-type as we have illustra-

a B, _ T a
e* > e* = RE(AB,¢B)RE(AQ1¢a)e -

B, Y T
* * =
e*X > e RE(Ay"bY)RE(KB’%

Figure 2: Commutative diagram of
three orthonormal triads of horizontal
type in a triangular traverse

ted in Figure 1. The result that now the va-
riations of the local vertical (Aa, AP) are
estimable will now been proven. We de-
part from the commutative diagram of Fi-
gure 2 where the three horizontal frames

B, Y
eX, eX, e¥

atthe points P, Pg and Py are connected.
(All definitions are taken over from the Ap-
pendix.) From the commutative diagram
we read

{1+ A0, 1e" (1.4)
By . By
Jex = {1+ A\ 0q )} X (1.5)
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Finally the two constraints (1.11) can now
be transformed into variations of the azi-
muths and vertical directions:

tig o=y

A, tA =X ¢ By o

o BY e

a An <+ b AR

a8®%p T Pap TR Pt S

+ a A +h A
. By %y BY BBY ay oy ay oy

af

A 4.4 AF (1.17)

c Ao aow ooy

af aB * daBABaB = CBYAQBY . dBYABBY

C
ay

The two constraints (1.16), (1.17) contain
three unknown variations Ao, Adgy,
Aagy of the azimuths since the variations
of the vertical direction are determined di-
rectly from measurements, namely ABqp
= Bpa — Pap, LBBy = Byp — PRy, SAPay =
a — Bay- Therefore we are missing one
additional constraint (or holonomity condi-
tion). Since we are working in a threedi-
mensional Euclidean space, there are
three holonomity conditions, for instance

a (o4 ‘ o ‘
gdx =0, gdy=0, gdz = 0 . (1.18)
In order to find the missing third constraint

we recall the definition of horizontal angles
(A12),

Sfe - “vpe By e "%y Y w

Sva o Pavp - Pyd T Yve T T 0y (2l

a = -a =a " = a = a = An
YyaB Bay aB ay aB Yo Yo |

which leads us to

a + 0 + o = "(A(luB + AaBY + Aaya) . {(1.20)
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The astronomical azimuth is additively de- -sirv\ax(;B + cosAmy;LB
comped into the model azimuth aqp, also | &, = arc tan y&./x¥, = arc tan g — -
referred to as the geodetic azimuth, and CosA sing X2 o+sind sing yie=cos®,Z0e
the azimuth disturbance 6aa[3. Or, astro-
nomical longitude is additively decompo- > 5
sed into the model longitude, also called | B,q = arc tan Zés/dxge *iE -
geodetic longitude A, and the longitude dis-
turbance, the vertical deflection compo- cosxacos¢ax;B+sin/\acos¢ay;ﬁ+sin¢az;§
nent. Note that geodetic longitude and | = arc tan - : g = = - = A
geodetic latitude are as spherical coordi- \FCOSAaS1n¢aX;B+S1Masm%yus'cos%zaﬁ) +('S1n>\aXaB+COS>\ay;B)
nates of the model gravity vector
(1.28)
y = gradw
L] L] L] = e _ [ ] QO L] O - [ ]
where (xaB,yuB,zaS) (x3 = %3 » ¥g =Yg 'Zg T Zg)
related to its rectangular coordinates by
are the relative equatorial coordinates in a
_ spherical approximation of the model rela-
A = arc tan Yy/YX (1.28) tive position vector
= 2 2 K. .5
= + 2
¢ = arc tan YZ/-JYX Yy ag
For instance, in spherical coordinates
where w denotes the model gravity po-
tential, also called “normal potential”. In its
most simple, the spherical form it is re- (x® ,y® ,z° )
presented by R apap
allow the standard representation
w= 20 (1.25)
_ oW _ _gm r
Y. = — = - s & (1.26) x® = \ co -
i ax; r3 i g chos 8 s¢B r,COSA cosé
- ; - 4 1.29
. yaB rBsnl'\)\Bcosq)6 r‘asm)\acos% ( )
gm represents the product of the gravita-
tiqngl cqnstant and. the earth‘s mass. z* = r sing. - r sing
Within this model choice we derive | B B B a a
A = arc tan y/x (1.27) being mainly used in “geometric geodesy”
(Vermessungskunde).
¢ = -arc tan z/Ix% + y2 . Finally we are going to relate to disturban-
ces of the azimuth dap and the vertical di-
rection dfqp to the disturbances of astro-
nomical longitude dLy and astronomical
2 2 2 latitude dQ, via the threedimensional La-
r=\x"+y +2z place condition (for a derivation let us refer
to E. Grafarend and B. Richter [1977])
defines the radial distance of the earth’s
centre from the topocentre of an LPS. (x, y,
z) = (x*, y*, z*) are the topocentric coordi- o = -(cosa . tang . cos¢ + sind )SA -
nates in the equatorial frame of reference af ap af o a’ (1.30)
e*. Once (X, y, z) — prior coordinate infor- - sina__ tang _ &¢
mation is available we are able to compute g o Tm
spherical longitude and latitude of the local I _ 1.31
vertical! For instance, we can read (A, Q) 6BqB - Smaas cos¢a “a cos%B 6% LBl
from a spherical map where we have loca-
ted the topocentre. In a similar way we can
compute the geodetic azimuth and the ap-
proximate vertical direction or in matrix form
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= (-1) * o

=siha cos
af ¢ct.

which looks formally similar to (A10),
(A11), but of course with different contents.
~In conclusio, when the vertical deflection
~_components dicosdd, SO are available
- from a map or can be computed by a pro-
~__gram we are then able via (1.30), (1.31) or

aB Ba aB Ba ap

>

w
1

©
1

w
n

Boa ~ Bap

of the real azimuth and the real vertical di-
rection. Namely in the spherical approxi-

cosa tansagcos%

A R R sq -4 +8 - éba

4 sin
¢a aB

i
cos%‘s 6¢aJ ;

sina tan[sOLB axa-l

(1.32), respectively, to calculate the distur-
bances of the azimuth da and the vertical
direction 6.

We are left with the problem to compute
the variations

- (1.33)

+ 88, - o8

Ba ap

mation (1.29) we obtain the important re-
sult that

AR = fx  + da - 5o aaﬁ#u

aB aB Ba ap

MBop = MPgp * OBy, -

~the variation of the real azimuth and the
~ real vertical direction is the sum of the va-
riation of the spherical azimuth and the
spherical vertical direction plus the diffe-
rence of the disturbances of azimuth and
~ vertical direction or via (1.32) can be com-

(1.34)

8Bug » Bog T Bgg

puted from the difference or changes of "

 vertical deflections OB — dha, SPB—Pq!

Within the above framework of approxima-

tion and representation we rewrite the fun-
damental geodetic traverse equations

(A16) and (A17) by

s

."l
A. =R %« ¢ A ..
i % eyl 1.3,3+1 j=1

i
B =B + 7 B

i
I
. o J:l =

. s A
Ve e j=1

+ 7 A(AOLJ +<5<x)

A(Asj + ssj)

(1.35)

~ where Ag is the initial azimuth, Bg the in-
itial vertical direction, Aj—1,jj+1 the hori-
~ zontal angle (Brechungswinkel) and
- Bj—1,j,j+1 the vertical angle from the LPS-
~ topocentre Pj to the target point Pj—1 and
- Pj+1 within a line-type traverse. Aéaj =
d0j—daj—1, AdBj = S5pj — 6[3,-1 denotes
the incremental variation of azimuth/verti-
~ cal direction which can be replaced via the
three-dimensional Laplace condition
~ (1.32) by incremental variation of longitude
91j-8%j—1 and latitude dP~dDj—1. Simi-
larly (A20)—(A22) could be rewritten.
A basic question would be how accurate

i
BY

betweenﬁ a point Pg and a point Py in the
~reference system E*(P,) of horizontal type

Vermessung, Photogrammetrie, Kulturtechnik, 7/88

the information of vertical deflections
would be needed. Especially the bias pro-
blem within prior deflections of the vertical
is open for investigation, a future task.

An example, also including “trigonometric

height determination” might be useful at
the end. '

Example 2
(trigonometric height determination):

Once we introduce the additive decompo-
sition of the change of the local vertical
into a model (or normal) part and distur-
bing part, the height difference

attached to the point Py can be repres-
ented from (A22) by
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a
y
tBY = arc tan gﬁ—l C oB =
BY
a a
X, Z
_ (smq)(1 - %2 +;2 cos%)k
BY “BRY
a
- BY
SBY arc tan 32 +§2 +
BY “BY
a
y
+ (;2 +§2 cos,q)oL AQB -
BY “BY
ap oy ap
= + +
"8y VXBY Yoy T Zey

Bap (measured from the horizontal plane,
complement of zenith distance) such that
C )
xaB = rOLB coson(xB cosgmB
o a a
Z = i
) y , ycLG raB smonoLB cos[sOLB (A1)
af ;‘2 +§2 aB
By By % - ;
ag - Tap STMByg
(2.4) holds. The superscript a indicates that the
’ coordinate differences Xqp = Xp — Xa,
Yap: =YB—Ya Zaf := ZB — Zq With respect
to the horizontal triad
X &
— ¢
¥2 +§2 ap refer to the reference frame at the point
BY "By P. Correspondingly, the reverse relative
position vector
EBa = 'KQB

Within the range where local networks
apply we can consider the changes of the
local vertical A, Qaff as small. Thus we
are permitted to taylorize (2.3):

Obviously, the distance in vacuo is inde-
pendent of the choice of the reference sys-
tem, here of its orientation and origin. In
contrast, the direction observations de-
pend on it. The observational equations for
horizontal and vertical directions contain
three orientation unknowns, namely the
conventional orientation unknown o in
the local horizontal plane between “zero”
of the LPS’s horizontal circle and South of
astronomic type, and the differences in
astronomical longitude Aup and astrono-
mical latitude Qaf between the initial point
Pq andthe point P of LPS’s placement. In
addition, the coordinate differences

a a a

(XgyYgyrZay)

between target point Py and set-up point
Pp of the LPS appear as unknowns. Fur-
ther linearization with respect to approxi-
mate placement coordinates is standard
and will not be presented here.

Appendix:

Transport of horizontal and vertical
directions

Once we assume that the geodetic line of
sight within a local positioning system
(LPS, theodolite with EDM equipment)
has been reduced to its Euclidean stan-
dard (refraction, instrumental errors, sta-
tion-reference-point), then we can repre-
sent the relative position vector

Xop
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from the standpoint X
to the target point Xg

with respect to the local horizontal triad
{ south, east, vertical } =

{91*’92*’93*}

by spherical coordinates distance rqp,
south-azimuth aup and vertical direction

can be represented by

B _

XBa = - rBQ cosaBa COSBBa
B ,

yBOL = r‘Ba s1naBa COSBBa (A2)
B _ :

ZBG = qu s1n(360L

€

Figure A1: Moving versus fixed frame of reference (moving: e*, horizontal, fixed:

e*, equatorial)
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a
e* east
'
X
- "ﬁ@
e, =
=3 hx
P ~aB
B
auB
o
P €1x P
¢ south

a
3% vertical

B
A p horizontal
B
X
By = B
=3 Ix
~aB
Bas
=a
P horizontal

Figure A2: Horizontal and vertical projection of the Euclidean line of sight at
points Py versus Pg, horizontal aqp, apa and vertical Bop, Ppq directions

o
RE(AQ,¢Q) RE(AB'¢B)
a
e* g*
Re(A_ 0 )RT(A .6 )
AR T AL
R
£ (g Pap) Re (0B
. R
ot Ry(h) 8,

Figure A3: Commutative diagram of orthonormal triads (moving: e*, horizontal, fi-
xed: e, equatorial)
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indicating that the coordinate differences
XBo -= Xa = XBs YBo ‘= Ya —YBs ZBa -= Za

— zp with respect to the horizontal traid
e*

now refer to the reference frame at the
point Pp. Figure A1 and A2 illustrate how
we have defined the spherical coordinates
aafs Baps @Bas Bpa of the direction sight

Xop * 1%y

where "o = IX .l

is the Euclidean standard distance. They
have been chosen in such a way that they
always parametrize

€31 1T Xug * Iyl

and that

aap = aBas Pap = PRa holds if there is no
change of the local vertical e

and of the horizontal directions

51*' §2*~
In general, of course, ;f 1; - 5
aB Ba
etc. but & = _% 8 _ B
B Xp = Xpar *op T Xga

etc.) has to be taken into account, an effect
which is due to the moving frame e*(x) .

According to Figure A3 we introduce the
commutative diagram of reference frames,
where g*, g i
are moving with respect to the fixed equa-
torial frame {Greenwich direction in the
equatorial plane, orthogonal to Greenwich
in the equatorial plane, direction of the ter-
restrial rotation vector} =

{Sl',éz',§3'}-

All reference frame are chosen orthonor-
mal such that they are connected by Eule-
rian rotation matrices RE (q, B, v) :=

Ry(Y)Ry(7 = BIR5(a). Ry(y)

indicates a rotation around the 3-axis by
an angle y etc. The observation triad €’ is
defined by

a _ g B
€30 T 830 < 5GB # raB

and the connection of

a B a B

gll * gll, gzl * gzl

to the horizontal frame, such that

b = R3(h)$'.
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We have to mention that the spherical
coordinates of the gravity vector, also cal-
led astronomical longitude A and astrono-

movement of the local horizontal triad e*
with respect to the global earth-fixed equa-
torial triad e*as indicated in the commu-

mical latitude O, describe the directional tative diagram.

From the commutative diagram we read

e > &% = R(A_,0 )RV(A 0 )e* = R, (E - ¢ )Ry(A .-k JRM(E - ¢ )e*  (A3)
E:- BB E a o 22 g3 Bgia 22 @
a 8 T a
* *x =
et~ e RE(aBa’BBa)RS(C)RE(auB’Baﬁ)e* (A4)
or
RECoy +8, IRy (E)R (o 5B ) = Re(A,0.)RT(A 0 ) A5)
E\%aq>Paa/R3lEIREla 0sB 0 p\AgrOgiRelA 0 (
or
R = T T
3(C) RE(aBCl’BBC’.)RE(AB’¢B)RE(AG,¢G)RE(GGB’BG.B) . (A6)
Now let us assume
)\B=>\a+)\a8=)\o.+m" ¢B:¢a+¢a8=¢a+A¢
where QA A shall be small such that
cosk: = cos{x +AA) = cosk. cosal - sinx sinAk = cosi - AX simd (A7)
g a a a . a )
sin)\B = sin(xaux) = sin)\a COSAA + cos)\a sinAx = simCL + AX coskcL (A8)
holds close to the identity. The connection
matrix
1 +A)\S"In¢a +Ad
T 3 e -
RE()‘B’%)RE()‘a’%) = A)\smd;OL 1 A)\cosq’OL (A9)
-Ap +A}\C05¢a 1

consists of the sum of the unit matrix and
an antisymmetric matrix. Inserted into (A6)
it leads us to a similar formula once we de-
compose analogously agq = agf +4A0,

Bpa = Bap + AP and apply (A7), (A8), e.qg.
for the elements (3.1) and (3.2) of Ra(h) af-
ter a tedious computation,

Ao = -(cosct(MS tanBaB coso, + sin%)A}\ - it
- s1non(1[S tan(-'sOLB Ad
AB = sm“as cose Ak - cosaaB Ad . (Al1l)
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For the partisans of physical geodesy we
better mention that (A10), (A11) is similar
to the threedimensional Laplace condition
whose contents is, of course, different.

For geodetic traverses and geodetic net-
works we need only a slightly more gene-
ral computation. Once we have identified
the origin of the coordinate system, e.g.
Pq as the initial point, the reference direc-
tions, e.g. the horizontal direction aqp of
azimuth type and the vertical directions
Bap; Pary of the relative position vectors

5(!6’ 5(“ ,
and the scale, e.g. the length

I x

Ih=mr
~af a

8
of the relative position vector X, g

—in short, we have decided upon an S-ba-
sis — we have to look into the horizontal
and vertical directions of the other lines of
sight. According to Figure A4 we place the
local horizontal triad

Bx

at the point Pg and measure “backwards”
to the reference point P, and “forewards”
to the point Py. Note that we have defined
the directions agp, Bap, ¢pas Bpo both at
the point P and Pg by eg, =

-+ _B
e =g,

This type of definition is for two reasons
helpful: (i) It avoids any factor x in the com-

vBa ~ %Ba T “sy’ Pypa T Pga 7 PBgy (A12)
for the horizontal and vertical angles, or
%y ~ %o T %apy’ Poy T Ppa T Papy e
dgy = Gug * G, * b0, (A14)
Boy = Bag * Bagy * 08 (A15)

In other words, we have found that the azi-
muth (alternatively: vertical direction) of
the side

58*{
is determined by

(i)

the azimuth (alternatively: vertical di-
rection) of the side

X
~ap

the horizontal angle (alternatively: ver-
tical angle) between the sides

(ii)

“pa’ gy’

and the change of azimuth (alternati-
vely: vertical direction) from reference
point X

(i)

to the point 58'

In turn, the changes of azimuth Aa and of
vertical direction AP are caused by the
changes of the local vertical as expressed
in terms of A\ AQ according to (A10),
(A11) which are due to gravity gradients.
Once we enlarge the geodetic traverse, for
instance, azimuth and vertical direction
transport is mastered by the equations

where we have used the condensed nota-
tion of a double index into one: o indica-
tes the azimuth of the side PoP{ (alternati-
vely: the vertical direction), Pj—1PjPj+1
(alternatively: the vertical angle) and Aa;j
the azimuth variation at the point P; (alter-
natively: variation of the vertical angle).
The index i runs 1,2,...,n-1 where n is the
total number of points P within the geode-
tic traverse.

With the equations of transport (A15),
(A16) we have described the first effect of
the influence of the local gravity field on
the horizontal reference frame. Usually the
terms Aqj, Aﬁj or, equivalently, Akj, A(Dj,
the changes of astronomical longitude/lati-
tude, are neglected. A numerical example
might illustrate the seize of the first effect.

putation (see standard textbooks for a :
more cumbersome notation once we refer _ " L + !
to two dimensions or see P.Teunissen % 7 % El %5-1,3,j+1 'El Ay (A16)
(1985 p. 52 [2.52]) for a threedimensional )= )=
approach); (ii) the transport equations of i i
horizontal and vertical directions are for-
= + . + .
mally the same. Finally from Figure A4 we S jzl Pi-1,3,5+1 )=:1 APy (RL7)
read
local vertical local east P
8 R E
3% t gg*
1\
a
BY / 8g, p_ Py
Byba
- -
local ' oA
BBu p horizontal “Bat local south
o 8 B
ap
Figure A4: horizontal and vertical angles in a local horizontal triad
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(A19) as an approximation of (A18) close
to the identity expresses that the coordina-
tes of the relative position vector

X
~BY
have to be transformed from the frame

a
E* to the reference frame gx

The transformation is necessary since the
observed spherical coordinates "By, By,
Bpy or, equivalently, the horizontal oqpy
and vertical B¢y angles refer to the local
triad

B

e*,
but the holonomic coordinate computation

is only admissible in the chosen (and then
fixed) reference frame

a
e*

at reference point Pg. Thus, in toto, sum-
marizing the two basic effects we have dis-
cussed here lead to the coordinate compu-
tation (in the

ex -frame; the star ™" has been neglec-
ted)

We end up with an example for the second

effect.

Example A3

Vermessung, Photogrammetrie, Kulturtechnik, 7/88

a
X, = Xg * Tyg COSG g COSB o * (A20)
+ + +
+ PBY cos(aas + et Aa)cos(BuB BuBY AB)
- AQB sin¢a rBY sin(onmB + %8y + Aa)cos(BOLB + BGBY + AB)
- i + +
¢aB rBY Sm(BaB BGBY 28)
a a .
yY = ya +* rqB smaOLB COSBQB + (A21)
+ i + + + + A
A@B sing rBY cos(onmB %8y Aa)cos(BOLB BQBY 8)
i + + +
+ FBY sm(aOLB + QGBY Aon)cos((smS SaBY AB)
+ i + +
AuB cos¢q rBY s1n([3OLB BaBY AB)
a a .
zY =z, + raB s1nsOLB + (A22)
+ + + + +
¢a6 rSY cos(mmB gy Aa)cos(BOLB BaBY AR)
- i + +
Aas coso rBY s1n(aOLB + %8y + AoL)cos(BOLB BGBY AR)
+ i + + .
"oy SN(Bag * Bagy * 4F)
A = 1"~ 4.85 % 1070 RaD
aB
-6
= - "o *
¢d8 0.5 2.42 10 RAD
fy = 48.783° (Stuttgart)
X =50 Y. = -50 Z_ =+15
Xgy =20 M Yoy T Mo Zgy T "
e ] B . N 17« ]
+
XBY 1 Xoc(Ssmq’on ¢0.B XBY
B B . &
yBY = -AaBsmcpOL 1 Achos¢a yBY
B 1 a
- +
ZBY ¢aB AuBcos¢a ZBY
1 +3.65 * 107 -2.42 x 1076 50 m
= | -3.65 * 107° 1 -3.19 * 1078 -50 m
+2.42 % 107 43,19 * 1070 1 +15 m
B
X =50m-0.22 mm
BY
5 = -50m-0.23 mm
gy ~. ’
B
z, =15m~-0.04 mm .
BY
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BY B of
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1 —Achos% yBY
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