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EULER'S FAMOUS PRIME

GENERATING POLYNOMIAL AND THE CLASS NUMBER

OF IMAGINARY QUADRATIC FIELDS

by Paulo Ribenboim

This is the text of a lecture at the University of Rome, on May 8,

1986. The original notes disappeared when my luggage was stolen in

Toronto (!); however, I had given a copy to my friend Paolo Maroscia,

who did not hâve his luggage stolen in Rome (!) and was very kind to

let me consult his copy. It is good to hâve friends.

Introduction

Can a non-constant polynomial, with intégral coefficients, assume only

prime values ?

No ! because of the following

Theorem. // f(X) eZ[l], deg(/) >0, there exist infinitely many
natural numbers n such that f(n) is composite.

Proof. It is true if f{n) is composite for every n 1. Assume that
there exists n 0

1 such that f(n 0) =pisa prime. Since lim | f(n) | = 00,
n?? oo

there exists n 1 n0 such that if n n 1 then | f(n) \>p. Take any h

such that n 0 +ph nl.n
1 . Then | f(no + ph) \>p, but f{n o + ph) = f(n0)

+ (multiple of p) = multiple of p, so | f(n0 + ph) \ is composite. ?
On the other hand, must a non-constant polynomial f{X) g 7j[X~\ always

assume a prime value ?

The question is interesting if f(X) is irreducible, primitive (that is, the

greatest common divisor of its coefficients is equal to 1) and, even more,
there is no prime p dividing ail values f(n) (for arbitrary integers n).

Bouniakowsky, and later Schinzel & Sierpinski (1958) conjectured that
any polynomial f(X) g Z[Z] satisfying the above conditions assumes a prime
value. This has never been proved for arbitrary polynomials. For the spécifie



polynomials f(X) = aX + b, with gcd(a, b) = 1, it is true ? this is nothing
else than the famous theorem of Dirichlet: every arithmetic progression

contains infinitely many primes.
In my new book entitled "The Book of Prime Number Records"

(Springer Verlag, 1988), I indicated many astonishing conséquences of the

hypothesis of Bouniakowsky, which were derived by Schinzel & Sierpinski.
But this is not the subject of the présent lecture.

Despite the theorem and what I hâve just said, for many polynomials
it is easy to verify that they assume prime values, and it is even conceivable
that they assume prime values at many consécutive integers. For example,
Euler's famous polynomial f(X) = X2X 2 + X + 41 is such that f(n) is a prime
for n=o, 1, ..., 39 (40 successive prime values) :

41, 43, 47, 53, 61, 71, 83, 97, 113, 131, 151, 173, 197, 223, 251, 281,

313, 347, 383, 421, 461, 503, 547, 593, 641, 691, 743, 797, 853, 911, 971,

1033, 1097, 1163, 1231, 1301, 1373, 1447, 1523, 1601.

However, /(40) = 40 2 + 40 + 41 = 40 x 41 + 41 = 41 2
.

Note that if n > 0 then (-n) 2 + (-n) + 41 = (n-1) 2 + (w-1) + 41, so
X2X 2 + X + 41 assumes also prime values for ail integers

Which other polynomials are like the above ?

Some of thèse polynomials may be easily obtained from X2X 2 + X + c

by just changing X into X ? a, for some a > 1. For example, (X ? a)2

+ (X-a) + 41 = X2X 2 - (2a-l)X + (a 2 -a + 41); taking a = 1 gives X2X 2

?X+ 41, which assumes primes values for every integer n, ?39 n 40,

while taking a = 40, gives X2X 2 ? 19X + 1601, which assumes primes values

for every integer n, 0 n< 79, but thèse are the same values assumed by
X2X2 + X + 41, taken twice. In summary, it is interesting to concentrate the

attention on polynomials of the form X2X 2 + X + c and their values at

consécutive integers n=o, 1, ... If the value at oisa prime q then

c =q. Since (q? l) 2 + (q? 1) +q = q
2

, then at best X2X
2 +X+q assumes

prime values for 0, 1,2, ...,q ? 2 (like when q= 41). For example, if f(X)
= X2X 2 +X+q and q = 2,3, 5, 11, 17, 41 then f(n) is a prime for

n=o, 1, ..., q-2. However if q=7, 13, 19, 23, 29, 31, 37 this is not true,
as it may be easily verified.

Can one flnd q > 41 such that X2X 2 + X + q has prime value for

n = 0,1, ...,4-2?






































