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Dynamics and structure of groups of
homeomorphisms of scattered spaces

Maxime GHEYSENS

Abstract. We study the topological structure and the topological dynamics of groups of homeo-
morphisms of scattered spaces. For a large class of them (including the homeomorphism
group of any ordinal space or of any locally compact scattered space), we establish Roelcke-
precompactness and amenability, classify all closed normal subgroups and compute the universal
minimal flow. As a by-product, we classify up to isomorphism the homeomorphism groups of
compact ordinal spaces.

Mathematics Subject Classification (2020). Primary 20F38; Secondary 54G12, 43A07.

Keywords. Scattered space, homeomorphism group, upper completion, universal minimal
flows, amenability, Roelcke-precompactness, ordinal space.

A topological space is said scattered if it does not contain any nonempty perfect
subset. As we observed in [16], this ‘discrete feature” allows the topology of pointwise
convergence on a scattered space X to be compatible with the group structure of the
group of homeomorphisms Homeo(X'). Moreover, the canonical map Homeo(X) —
Sym(X) is then a topological embedding (when Sym(X) is endowed with the topology
of pointwise convergence on the discrete set X ).

Except in trivial cases, the subgroup G = Homeo(X) of Sym(X) is not closed
(and, in particular, is not complete for the upper uniform structure). We show here how,
in most cases of interest, including all locally compact scattered spaces, we can very
easily compute its closure G, which happens to be a product of symmetric groups.

The point of this seemingly technical result is that many topological and dynamical
properties of a topological group G can be studied indifferently on G or on its closure
G for any topological embedding into another group H. (More abstractly, they can be
studied on any group lying between G and its upper completion é.) This is notably
the case of continuous actions on compact spaces. In particular, we will establish
amenability and compute the universal minimal flow of Homeo(X) when X is a
locally compact scattered space (Corollary 23). Other properties we will study that way
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are Roelcke-precompactness and topological perfectness (of the group) — all notions
are recalled in Section 1 below.

The general scheme for all the proofs of this paper is the following three-step
argument:

(1) When a scattered space X is zero-dimensional (a property that holds automatically
in the locally compact case), the canonical action of the homeomorphism group
Homeo(X) on X enjoys a strong transitivity property.

(2) This transitivity property allows to describe explicitly and easily the upper com-
pletion of Homeo(X) (or, equivalently, its closure in Sym(X)) as a product of
symmetric groups.

(3) The properties we study (amenability, Roelcke-precompactness, and so on) are
inherited by (and from) dense subgroups and are easy to establish for a product of
symmetric groups.

Instead of writing each proof along those lines, we organize the whole paper
according to that scheme. We start by the latter step and collect in Section 2 all the
needed facts about dense subgroups and products of groups. In Section 3, we define
fully transitive groups of homeomorphisms and study for them amenability, universal
minimal flows, Roelcke-precompactness, and so on. Lastly, in Section 4, we prove that
the homeomorphism group of a zero-dimensional scattered space is fully transitive. In
order to give more context to this result, we also give in Section 4.2 some examples
of homeomorphism groups of scattered spaces that fail to be amenable or Roelcke-
precompact, thus showing that we cannot get rid of the ‘zero-dimensional’ assumption.
Finally, as another application of full transitivity, we conclude the paper by classifying
up to isomorphism the homeomorphism group of compact ordinal spaces (Section 3).

Remark 1. This paper is a companion to [16], but the two papers differ in scope and
style and can be read independently. Whereas [16] focuses on a particular group of
interest, Homeo(w ), and leverages the peculiar structure of the space w; to give direct
ad hoc proofs, the present paper aims at a more complete picture of the class of spaces
the homeomorphism group of which enjoys similar topological and dynamical proper-
ties. Inevitably lost in this generality are all the ‘uncountable features” of Homeo(w;)
(Sections 2.1 and 2.2 of [16]).

Convention. In this paper, the groups Sym(X') are always endowed with the topology
of pointwise convergence on the set X endowed with the discrete topology. If X is a
scattered space, the group Homeo(X) is endowed with the topology of pointwise con-
vergence on X (for which it is a topological group), otherwise, it is simply considered
as an abstract group.
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1. Background

1.1. On scattered spaces. A topological space X is said scattered if any nonempty
subset A of X contains an isolated point (for its subspace topology). In other words,
X does not contain any nonempty perfect subspace. Notable (non-discrete) examples
include ordinal spaces, that is, ordinals endowed with their order topology (on which we
will focus in Section 5). When X is scattered, the topology of pointwise convergence
on X is compatible with the group structure of Homeo(X) [16, Cor. 2].

A ‘constructive’ approach to scattered spaces is given by the Cantor-Bendixson
derivative process. For a topological space X , we define its derived subspace, X', as the
subspace of all limit points of X . By transfinite induction, we can now define a nested
sequence of subspaces of X by X = X ; x(@+1D — (X(‘”))l and XW = Ng<y X©@
(for A a limit ordinal). This sequence stabilises at some ordinal CB(X), the Cantor-
Bendixson rank of X . In particular, we can define for any point x its Cantor-Bendixson
rank as the greatest ordinal @ < CB(X) such that x € X(®. The subspace X (CB(X)) jg
the largest closed perfect subspace of X (sometimes called the perfect kernel of X);
by definition, a space X is scattered if and only if X CB(X) = g,

Before recalling further topological notions, let us stress that our topological spaces
are not by default assumed to be Hausdor{f'. The reason for this liberality is that, when
X is a scattered space, the topological group Homeo(X) is always Hausdorff even if
X fails to be so. This can be seen in two ways.

(1) If X is scattered, then its subset of isolated points is dense. Therefore, the inter-
section of all identity neighbourhoods, which is contained in the set of all 4 that
fix each isolated point, contains only the identity. Thus Homeo(X') is Ty, hence
Hausdorff since it is a topological group.

(2) More generally, for any topological space X and set Y, the pointwise convergence
topology (i.e., the product topology) on XY is T; when X is so (i = 0, 1,2). But
a scattered space is always at least T (see below). Hence Homeo(X) (a subset of
X %) is also Ty when X is scattered, hence is HausdorfF since it is a topological
group.
Since we do consider (mostly in Section 4.2) non-Hausdorff spaces, we recall for
the convenience of the reader a few facts and terms useful in that generality.

(1) A topological space X is said Ty if distinct points do not belong to the same open
sets: for any x # y, there is an open set containing x but not y or containing y but
not x. It is said T, if distinct points can be separated by distinct open sets: for any
X # y, there is an open set containing x but not y. (Equivalently, if singletons are

10n the other hand, topological groups in this paper happen to be Hausdorff.
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closed.) It is said Ty or Hausdorff if distinct points can be separated by disjoint
open sets: for any x # y, there exist disjoint open sets U and V' such that x € U
andy e V.

(2) A scattered space is always Ty. Indeed, for any two distinct points x, y € X, at
least one of them, say x, is an isolated point of the subspace {x, y}. This means
that there is an open set in X containing x but not y.

(3) A topological space is said totally disconnected? if its only nonempty connected
subspaces are singletons.

(4) A scattered T space is always totally disconnected. Indeed, let C be a nonempty
connected subspace of X. Since X is scattered, there must exist an isolated point
x € C. This means that {x} is open in C. But since X is Ty, singletons are always
closed. Therefore, by connectedness, C = {x}.

(5) A topological space is said zero-dimensional if its topology admits a basis of
clopen? sets. A Ty zero-dimensional space is automatically Hausdorff: indeed,
if U is an open set containing x but not y, then there exists a clopen set V' in U
containing x, hence V and its complement are disjoint neighbourhoods of x and
y, respectively4. Consequently, a zero-dimensional scattered space is necessarily
Hausdorft.

(6) We fill follow Bourbaki’s terminology by defining compact to mean ‘Hausdorff
and quasi-compact’ and locally compact to mean ‘Hausdorff and locally quasi-
compact’, where a space is said locally quasi-compact if each point admits a
quasi-compact neighbourhood.

(7) Of cardinal importance for our applications is the following theorem of van Dantzig:
a locally compact totally disconnected space is always zero-dimensional (cf.,
e.g., [7, 11, § 4,n° 4, cor.] or [15, Th. 6.2.9]).

For the sake of completeness, we give here references to the counterexamples that
are expected from the above implications.

(1) The Hausdorff assumption is essential in van Dantzig’s theorem: a T locally
quasi-compact and totally disconnected space need not be zero-dimensional,
cf. Example 99 in [28] (observe that this example is also scattered).

(2) A scattered T space need not be T; (cf. Examples 8—12 in [28]) and a scattered
T, space need not be T, (cf. again Example 99 in [28]).

2‘Hereditarily disconnected” in the terminology of [15].

3 A set is clopen if it is both closed and open.

4Because of this fact and of the weakness of the T axiom, some authors already include a separation
axiom in the definition of zero-dimensional, cf. [8, 1x, § 6, n°® 4, déf. 6] or [15, § 6.2].
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1.2. On uniform structures on groups. Let G be a topological group. We recall that
there are four natural uniform structures definable on a topological group G, the left,
right, upper and lower (or Roelcke) uniform structures, see, e.g., [25, Chap. 2]. They
are defined respectively by the following basis of entourages:

left:  {(x,y)|x € yU},
right:  {(x,y) | x € Uy},
upper: {(x,y) | x € Uy NyU},
lower: {(x,y)|x € UyU},

where U ranges among a basis of identity neighbourhoods of G.

Only the last two structures will play a crucial rdle in this paper, via two comple-
mentary notions, precompactness and completion.

A group G is said Roelcke-precompact if it is precompact for the lower uniform
structure. In other words, for any identity neighbourhood U, there is a finite set F* such
that G = UF U. This precompactness condition ensures some rigidity of the actions
of the group (for instance, any isometric continuous actions on a metric space has
bounded orbits, see, e.g., [31, Prop. 2.3]) while simultaneously being quite common
among (non-locally compact) groups. (By contrast, if the group is Hausdorff, the
precompactness condition for any of the other three uniform structures boils down
to being a dense subgroup of a compact group [25, Lem. 9.12 and Prop. 10.12(c)].)
Note that this notion is useless for locally compact groups, which are automatically
complete for the Roelcke uniform structure (hence, for them, Roelcke-precompactness
is equivalent to compactness) [25, Prop. 8.8].

Another notion worth of study for these uniform structures is their completion. A
distinguishing feature of the upper uniform structure is that its (Hausdorff) completion
G is again a topological group. (By contrast, the completion of the right or left uniform
structures on a topological group is only a topological semigroup and the completion
of the lower uniform structure can even fail to be a semitopological semigroup?). In
particular, any topological group is a dense subgroup of a group which is complete for
the upper uniform structure. For these facts, see, e.g., [25, Prop. 10.12 and 10.24]. A
group is called Raikov-complete if it is complete for its upper uniform structure.

Observe that, if H is a subgroup of a topological group G, endowed with its induced
topology, then the restriction to H of the upper uniform structure of G is nothing but
the upper uniform structure of H. (This would also hold for the right and the left
uniform structures, but not in general for the lower one, see, e.g., [25, Prop. 3.24 and
Ex. 3.25].) In particular, we see that, in order to compute the upper completion of a

SBut see [32, § 7] for positive results in the case of locally Roelcke-precompact Polish groups.
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group, it is sufficient to embed it in a Raikov-complete group and to compute its closure
there.

Remark 2. The right uniform structure has a cameo role in this paper, via its link to
amenability and extreme amenability, as explained in the next subsection.

1.3. On amenability and universal minimal flows. A topological group is said
amenable if, whenever it acts continuously and affinely on a nonempty compact convex
set, it has a fixed point. It is said extremely amenable if, whenever it acts continuously
on a nonempty compact set, it has a fixed point. Here, the continuity of the action of a
group G on a space K means the (joint) continuity of the action map G x K — K.
This is equivalent to requiring the morphism ¢: G — Homeo(K) to be continuous
when the latter is endowed with the topology of uniform convergence (or compact-open
topology).

How much a group fails to be extremely amenable is assessed by its universal
minimal flow, defined as follows. A flow is a nonempty compact space K endowed
with a continuous action of a topological group G. It is said minimal if any point
in it has a dense orbit; by a standard Zorn argument, any flow contains a minimal
subflow. It is quite easy to show that for any group G, there is a ‘maximal’ minimal
flow K, i.e., such that there is a G-equivariant map from K onto any other minimal flow.
Trickier but still true is the fact that this minimal flow is unique up to isomorphism,
that is, is universal. It is called the universal minimal flow of G and will be written
UMF (G). Standard textbooks for all these facts are, e.g., [11, 14]. Observe that a group
is extremely amenable if and only if its universal minimal flow is a singleton.

(Adding convexity everywhere, these notions can be adapted to amenability in
order to yield the affine universal minimal flow of a topological group. We will not
need it in this paper since we will prove that our groups are amenable, that is, their
affine universal minimal flow is a singleton.)

If G is a compact group, then UMF (G) = G, but if G is a locally compact non-
compact group, then UMF (G) is not metrisable [20, App. 2]. Describing explicitly
the universal minimal flow of a group is often an ambitious endeavour but here is a
particular case where it is tractable. Assume that G is Hausdorff and contains a closed
subgroup H which is extremely amenable and co-precompact. The latter condition
means that the set of right classes G/ H , endowed with the quotient of the right uniform
structure of G (cf. [25, Th. 5.21]), is precompact. Observe that, for any flow K, the
orbit map G — K: g — gx is equivariant and right-uniformly continuous for any point
x in K. Choosing x to be a point fixed by H, which must exist since H is extremely
amenable we see that this map fac factors through G/H , hence extends to the completion
G/ H . Therefore, the space G/ H admits an equivariant map to any flow of G. This
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means that any minimal subflow of 6/717 is isomorphic to the universal minimal flow
of G (see [24, § 6.2] and in particular its Theorem 6.2.9).

In many cases, there exists an extremely amenable co-precompact subgroup H
such that the flow 6/717 is already minimal. In this situation, the universal minimal
flow of a product of groups can be easily computed:

Proposition 3. Let {G;} be a family of Hausdorf{f topological groups. Assume that
each G; contains a closed extremely amenable co-precompact subgroup H; such that
UMF (G;) = G;/H,. Then the universal minimal flows commute with the product:

UMF (]_[ G,-) = [[UME G)).

Proof. Let us write H = [[; H; and G = []; G;. Since the product of right uni-
form structures is the right uniform structure of the product (cf. [25, Prop. 3.35]),
the subgroup H is co-precompact in G. Moreover, completion also commutes with
the product [7, 11, § 3, n° 9]. Hence the compact G-space C/;fﬁ is isomorphic to
[[; UMF (G;) and therefore minimal.

Now extreme amenability is preserved by products (see for instance [16, Lemma 15]
for the analogous statement for amenability — the proof does not appeal in an essential
way to convexity, hence also holds for extreme amenability), so H is also extremely
amenable. By the above discussion, this shows that G//?f admits equivariant maps to
any flow of G. Hence 5/-1? = UMF (G). [

Remark 4. By deep results of Ben Yaacov, Melleray, Nguyen Van The and Tsankov [6,
22], the hypothesis ‘there exists an extremely amenable co-precompact subgroup H;
such that UMF (G;) = m’ holds in particular whenever G; is a Polish group with
a metrisable universal minimal flow. It also holds for the symmetric groups Sym(X)
(see the next subsection).

Remark 5. Moreover, we point out that Basso and Zucker have recently provided
in [5] a refined characterization of the commutation of the universal minimal flow
with the product operator, via the topology of flows. See in particular Th 6.1, Prop. 7.7
and Cor. 7.8 of [5]. The hypothesis of our Proposition 3 implies in particular that the
groups G; fit into their general framework (Prop. 8.4 therein).

1.4. On symmetric groups. We collect here a few facts about the symmetric group
Sym(X) of all the bijections of a set X (of any cardinality). We recall that we endow
this group with the topology of pointwise convergence on the discrete set X.

Proposition 6. The group Sym(X) is amenable, Roelcke-precompact and Raikov-
complete.
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Proof. For amenability, observe indeed that the subgroup H of finitely supported
permutations of X is dense in Sym(X') and that / is amenable (even as a discrete group)
since it is locally finite. For Roelcke-precompactness, see for instance [25, Ex. 9.14].
Raikov-completeness can be easily shown by hand or alternatively be deduced from
more general results, such as Ratkov-completeness for the compact-open topology on
Homeo(X) when X is a locally compact space [1, Th. 6] or for automorphism groups
of uniformly locally bounded spaces [17, § 2.3]. [

Moreover, the universal minimal flow of Sym(X) can be described explicitly as
LO(X), the space of linear orders on the set X (see [18, § 2] for X countable and,
e.g., [4, Th. 4] for any X'). We recall that linear orders, being binary relations, can be
identified with their characteristic functions on X X X, so that the set of all linear orders
can be viewed as a subspace of 2X>*X | from which it inherits its compact topology
and an action by Sym(X). In other words, a typical neighbourhood of a linear order
< is made of all linear orders <’ such that x; < y; < x; <’ y; for some finite family
of couples (x1, y1),..., (Xn, Yn) € X x X and, if g € Sym(X), the order (g <) is
definedby x (g<)y © g7 'x < g7 lyforanyx,y € X.

Let us note that this description of the universal minimal flow of Sym(X) fits in
the particular case explained above:

Proposition 7. Let X be any set and G = Sym(X ). There exists a linear order < on
X such that Aut(X, <) is a closed extremely amenable co-precompact subgroup of G
and that LO(X), the universal minimal flow of G, is the completion of the quotient
G/ Aut(X, <).

References for the proof. The result is straightforward when X is finite. Indeed, in
that case, Sym(X) is finite, hence equal to its universal minimal flow. Moreover,
any finite linear order < is a well-ordering, so Aut(X, <) is trivial, hence extremely
amenable, and Sym(X) acts uniquely transitively on the space of linear orders, hence
LO(X) ~ Sym(X).

When X is infinite, any linear order which is w-homogeneous works, that is, any
linear order such that Aut(X, <) acts transitively on the set #,(X) of subsets of X of
size n, for any natural number n. The extreme amenability of these groups has been
established in [23, Main Th. 5.4] (see also Assertion 5.1 therein for the existence of
these w-homogeneous orders). The fact that they can be used to describe the universal
minimal flow of Sym(X') can be read in [24, § 6.3] (see in particular Lem. 6.3.5 and
Rem. 6.3.6). [ |

Propositions 6 and 7 hold (trivially) for finite X. A specific property of infinite
symmetric groups is that they are fropologically simple, that is, any nontrivial nor-
mal subgroup is dense. This follows from the classification of normal subgroups of
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Sym(X) [2, (4), p. 17] (see also [12, § 8.1] for a more recent exposition). In particular,
since they are not commutative, they are fopologically perfect (their derived subgroup®
is dense).

On the contrary, for finite X, the derived subgroup of Sym(n) is Alt(n) (the altern-
ating subgroup, made of even permutations), which is nontrivial for n > 3. It is also the
only proper nontrivial normal subgroup, except for n = 4 where a second one appears,
generated by the involutions without fixed points.

2. Dense subgroups and upper completion

Let G be a topological group and H a dense subgroup of G. We endow the group
H with the induced topology of G. For many dynamical considerations, there is no
difference between G and H. More precisely:

Proposition 8. Let G be a topological group and H a dense subgroup of G, endowed

with the induced topology. Then

(1) G is topologically perfect if and only if H is so;

(2) G is amenable if and only if H is so;

(3) G is Roelcke-precompact if and only if H is so;

(4) The universal minimal flow of G is the same as the one of H (that is, UMF (H) is
the space UMF (G ) endowed with the H -action deduced from the G -action).

Proof. (1) Being topologically perfect for the induced topology means that
H N[H,H] = H (where the closure is taken in G), i.e., [H, H] 2 H. But since
H is a dense subgroup of G, we have

[G.G]2[H,H] 2 [H,H] = [G,G],

i.e., [G, G] = [H, H], hence topological perfectness of H is indeed equivalent to
the one of G.

(2) Let G act continuously on a nonempty convex compact set K. If H is amenable,
then it has a fixed point x € K. But since the action is continuous and H is dense,
the point x is also fixed by G. Hence G is amenable.

Conversely, assume G is amenable and let H act continuously on a nonempty
convex compact set K. Since the group Homeo(K) is Raikov-complete ([1, Th. 6],
see also [17, § 2.3]), we can extend the morphism ¢: H — Homeo(K) to the upper

8The derived subgroup of a group is the subgroup generated by all commutators.
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completion H, which contains G (since H is actually isomorphic to the upper
completion G of G, thanks to the universal property defining completions). In
particular, we can extend the H -action on K to a continuous G-action, which is
also affine. The latter action has a fixed point by assumption, which is a fortiori
fixed by H.

(3) The Roelcke uniform structure of H isequal to the restriction on H of the Roelcke
uniform structure of G [25, Prop. 3.24]. Therefore, again thanks to the universal
property defining completions, the Roelcke completion Hof H is isomorphic to
the Roelcke completion G of G. Hence G is Roelcke-precompact if and only if H
is so.

(4) As for (2), this fact follows from the possibility to extend any continuous morphism
¢: H — Homeo(K) (for K compact) to the upper completion of H, hence in
particular to G. This brings a canonical bijection between H -flows and G-flows.
Since H is dense in G, a flow is minimal as an H -flow if and only if it is so
as a G-flow. In particular, UMF (H ) is the space UMF (G) endowed with the
H -action. [

Another way to phrase the above Proposition is to say that the notions considered
therein can be studied directly on the upper completion of a topological group G and
that if H is a dense subgroup of G, then H and G have isomorphic upper completions.

Remark 9. Of course, this only works if H is endowed with the induced topology com-
ing from G. For instance, a compact group (hence an amenable, Roelcke-precompact
group which is equal to its universal minimal flow) can well contain a dense nonabelian
free subgroup F (take for instance the profinite completion of F'). But with the discrete
topology, F is a non-amenable, non-Roelcke-precompact group with a nonmetrisable
universal minimal flow. (Compact groups containing dense free subgroups are actually
quite common, the interested reader will find various linear examples in, e.g., [10]
or [9].)

3. Fully transitive groups of homeomorphisms

Let X be any topological space. The (abstract) group Homeo(X) is naturally
a subgroup of the group Sym(X) of all bijections in X. When X is scattered, this
inclusion is actually a topological embedding (when both groups are endowed with their
respective pointwise convergence topology). As we saw in Proposition 8, the notions
we are interested in can be studied equivalently on Homeo(X') or on its closure in
Sym(X). In order to describe the latter, we must understand what kind of permutations
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can be approximated (in the pointwise topology) by homeomorphisms, that is, we must
understand what are the orbits of tuples of points of X under the action of Homeo(X).
To that end, we introduce in this section the notion of full transitivity.

3.1. Similarity and full transitivity. The notions of this subsection make sense for
the abstract group Homeo(X) of any topological space — but will prove useful in the
next subsections only when X is scattered.

Definition 10. Let X be a topological space. We say that two points x and y in X are
similar if there exist respective neighbourhoods Uy and U, and a homeomorphism
h from Uy onto Uy, such that h(x) = y. The equivalence classes for this relation are
called similarity classes.

Observe that the homeomorphism £ is not required to be defined on the whole
space. For instance, if X is a simplicial regular graph, then all vertices are similar, even
if the graph is not transitive. On the other hand, of course, homeomophisms have to
respect the similarity relation, hence any notion of transitivity for homeomorphism
groups has to take this relation into account.

Remark 11. Obviously, two similar points have the same Cantor-Bendixson rank. On
the other hand, two points of rank zero (that is, two isolated points) are similar but this
does not hold for higher rank, as can easily be seen by considering for Y the one-point
compactification of a countable discrete space, for Z the one-point compactification
of an uncountable discrete space and for X the disjoint union of ¥ and Z. Then X
has (exactly) two points of rank one but they are not similar since one has a basis of
countable neighbourhoods whereas the other one only has uncountable ones.

However, to make a bridge with the companion paper [16], let us observe that
similarity does boil down to having the same Cantor-Bendixson rank for ordinal
spaces. Indeed, as was observed there, a point x in an ordinal space has rank & > 0 if
and only if it can be written as x’ + w®. Hence, it has a neighbourhood homeomorphic
to [0, w*], with x identified with w*. Therefore, all points of rank « are similar to each
other. The simplicity of the similarity relation in this context is fruitful, as we shall see
in Section 5.

Let us now define the main notion of this paper.

Definition 12. Let X be a topological space and G be an abstract group acting on X by
homeomorphisms. We say that G is fully transitive if it is as transitive as allowed by the
similarity relation, that is: for any natural number k, for any k-tuples (xy,..., xx) and
(»1,- .., yi) of distinct points such that x; and y; are similar, there exists g € G such
that g(x;) = y; for each i. By abuse, we will also say that a space is fully transitive if
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its homeomorphism group Homeo(X') is so (which is of course equivalent to require
the existence of any fully transitive group acting on X).

The point of this definition is its immediate translation into a denseness result.

Proposition 13. Let X be a topological space and G be an abstract group acting
faithfully on X by homeomorphisms. Consider G as a subgroup of Sym(X) and let G
be its closure (for the topology of discrete pointwise convergence on Sym(X)). Then
G is fully transitive if and only if G is equal to

[ Tsym(xi),

where X = |_|; X; is the partition of X into similarity classes. [ ]

An easy example of a space which fails to be fully transitive is given by the real line
(since a homeomorphism fixing @ < b cannot send a point of [a, b] outside this interval,
whereas all points are similar). On the other hand, we will see below (Section 4) that
full transitivity is quite common in scattered spaces and holds in particular for all
locally compact scattered spaces (and therefore for all ordinal spaces). For now, we
proceed with the impact of full transitivity on the structure of homeomorphism groups.

3.2. Topological properties. Let us explore the notions of the preceding subsection
for the case where X is scattered, so that Homeo(X) becomes a topological group.
Note that, since the group Sym(X) is always Raikov-complete (Proposition 6), the
closure of Homeo(X) in Sym(X ), which is identified for fully transitive groups by
Proposition 13, is nothing but its upper completion.

For the sake of concision, we will state our results directly for the whole group
Homeo(X ). They would hold also for any fully transitive subgroup H but this does
not genuinely extend their scope, since H would then a fortiori be dense in Homeo(X)
— hence would fit in the framework of Proposition 8.

Theorem 14. Let X be a fully transitive scattered space. Then the group Homeo(X)
is amenable and Roelcke-precompact.

Proof. By Propositions 8 and 13, we only need to prove these properties for arbitrary
products of symmetric groups. But both properties are preserved by products (see,
e.g., [16, Lemma 15] for amenability and [25, Prop. 3.35] for Roelcke-precompactness)
and we already observed in Proposition 6 that symmetric groups are amenable and
Roelcke-precompact. [

The same strategy allows to compute the universal minimal flow:
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Theorem 15. Let X be a fully transitive scattered space. Then the universal minimal
flow of Homeo(X) is
[ Lo,
i

where X = |_|; X; is the partition of X into similarity classes.

(We recall that LO(X;) is the space of linear orders on the set X;, defined in
Subsection 1.4.)

Proof. By Propositions 8 and 13, we only need to prove that the above compact set is
indeed the universal minimal flow of [ [; Sym(X;). This follows from Propositions 3
and 7. [ ]

Remark 16. In particular, for a fully transitive scattered space X, the universal min-
imal flow of Homeo(X) is metrisable if and only if all similarity classes of X are
countable and at most countably many of them are not singletons, e.g., if X is count-
able. Note that a metrisable countable scattered space is homeomorphic to a subspace
of an ordinal space [21, IV] (the ‘countable’ assumption is actually not necessary
here, see [29, Cor. 5]). There exist however countable scattered spaces that cannot be
embedded into an ordinal space. For instance, there exist points p € BN (the Stone—
Cech compactification of the discrete space N) such that the (countable and scattered)
subspace N U {p} does not admit any scattered compactification, hence cannot be
embedded into an ordinal space, cf. [27, 30].

3.3. Topological structure. We now investigate the closed normal subgroups of a
fully transitive group.

Proposition 17. Let X be a fully transitive scattered space. Assume that each similarity
class is infinite. Then Homeo(X) is topologically perfect.

Proof. By Propositions 8 and 13, we only need to prove that an arbitrary product of
infinite symmetric groups is topologically perfect. But Sym(X) is so whenever X is
infinite and a product of topologically perfect groups is again topologically perfect. m

We can actually classify all closed normal subgroups. For a subset A of X, we
write Fix(A) for its fixator, i.e., the subgroup of Homeo(X) fixing pointwise A (if A
is empty, Fix(A) is then the whole Homeo(X)).

Proposition 18. Let X be a fully transitive scattered space. Assume that each similarity
class is infinite. Then any closed normal subgroup of Homeo(X) is of the form Fix(A),
where A is an arbitrary union of similarity classes.
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Proof. Tt is obvious that such fixators are closed and normal. Conversely, let N be a
closed normal subgroup of Homeo(X ) and let A be the set of points fixed by N. In
particular, N is a closed subgroup of Fix(A). It is sufficient to show that N is dense in
Fix(A) and that A is a union of similarity classes.

By normality, A has to be invariant by Homeo(X): full transitivity then forces A
to be saturated for the similarity relation, i.e., to be a union of similarity classes. Let
us write A = (J; X, where X = | |; X; is the decomposition of X into similarity
classes and J C [ are sets of indices. By definition of A, the group N is (in Sym(X))
a subgroup of

H =] [lidx;} x [] Sym(Xy)
ieJ iel\J
and, for any i ¢ J, the image of N in Sym(X;) is not trivial.

But the closure N of N in the group [] 7 Sym(X;) is a closed normal subgroup
(as Homeo(X) is dense in the latter). Since Sym(Xj) is topologically simple, we have
‘N = H. By construction, we have N < Fix(4) < H, hence N is dense in Fix(A), as
expected. =

Remark 19. For ease of statement, we have assumed here that each similarity class is
infinite, so that the corresponding symmetric groups are topologically simple. Knowing
that the derived subgroup of Sym(n) is Alt(n) (which is nontrivial for n > 3), it is easy
to describe the closed derived subgroup of Homeo(X) in full generality: it is made of
all homeomorphisms that induce an even permutation on the finite similarity classes.

Similarly, knowing the proper nontrivial normal subgroups of Sym(n), we can also
describe the closed normal subgroups of Homeo(X) in full generality. They are made
of all homeomorphisms that are trivial on | J; X;, induce even permutations on X; for
i € K and induce the identity or a fixed-point free involution on X; fori € L, where
J, K and L are three disjoint subsets of the index set of all similarity classes, such
that X; is finite of size at least 3 for i € K and finite of size 4 fori € L (J, K or L
may be empty).

3.4. Remarks on the abstract structure. For the sake of completeness, let us observe
that the results of this section (or indeed of this whole paper) only reveal information
on the group Homeo(X) as a topological group and not as an abstract group.

As a first illustration, let us observe that the group Homeo(X) is never abstractly
amenable when X is infinite, scattered, and locally compact. Indeed, either X is just an
infinite discrete space (in which case Homeo(X) = Sym(X) contains nonabelian free
subgroups) or X contains a point x of Cantor-Bendixson rank one. Since x is of rank
one, there must exist a subset V' of isolated points such that 1 U {x} is a neighbourhood
of x. Furthermore, V' must be infinite since X is Hausdorff and x is not isolated. By
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local compactness, we may further assume that V' U {x} is compact and open. Hence
V' U {x} is homeomorphic to the one-point compactification of the discrete space V.
Therefore, any permutation of V' can be extended to a homeomorphism of X (fixing the
complement of V). So Homeo(X) contains a copy of Sym(}'), which itself contains
nonabelian free subgroups.

As a second illustration, observe that the subgroup of finitely-supported homeo-
morphisms of an infinite T scattered space X is a normal subgroup which is not closed
(its closure is the subgroup Fix (X (V')). More interestingly, let A ;, denote the increasing
union of Fix(X @) for @ < A, where A is a limit ordinal. Then A is a dense normal
subgroup of Fix(X #)), in general not equal to it. It has been shown for instance that
any countable group can appear as an abstract quotient of the form Homeo(X)/A,, ,
for X a compact scattered space of Cantor-Bendixson rank w; + 1 [13, Th. 3.9].

4. Examples and counterexamples of fully transitive groups

We now finally show that full transitivity occurs under mild topological assump-
tions on the scattered space X, for instance local compactness. On the other hand,
Subsection 4.2 is devoted to the constructions of very general scattered spaces that
show that amenability and Roelcke-precompactness of Homeo(X') do not hold for all
scattered spaces.

4.1. Zero-dimensional spaces. Here is the key technical result of this paper.

Theorem 20. Let X be a Hausdor{f zero-dimensional space.” Then Homeo(X) is fully
transitive.

Proof. By induction, it is enough to show that for any finite set F' of X, the fixator
Fix(F) is transitive on X; \ F for each similarity class Xj;.

Let thus x and y be two similar points not in F. By definition, there exist two
respective neighbourhoods U, and U, and a homeomorphism h: Uy — U, such that
h(x) = y. Since X is Hausdorff, we can assume that Uy and U, are disjoint and avoid
the finite set F'. Moreover, since X is zero-dimensional, we can also assume that U,
and Uy, are clopen. Therefore, the map g defined by

h(z) if z € Uy,
gz) ={ h~(z) ifzeU,,
z otherwise,

is a homeomorphism of X that fixes F and swaps x and y. |

"Recall that a T zero-dimensional space is automatically Hausdorft.
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Remark 21. In a scattered space X, if the Cantor-Bendixson rank of a point x is ¢,
then there must exist a neighbourhood U of x such that all points of U \ {x} have rank
< «a. In particular, in the above proof, we can make it so that the homeomorphism g is
trivial on points of sufficiently high rank. In particular, if X (A) is a singleton for some
limit ordinal A, then the subgroup A ; of Homeo(X) is already fully transitive, where
A, is the union of Fix(X @) for @ < A (compare with Subsection 3.4).

Remark 22. A fitting version of full transitivity was established and used for ordinal
spaces in [16, Lemma 12]. Indeed, when X is an ordinal space, two points are similar
if and only if they have the same Cantor-Bendixson rank (Remark 11).

In particular, all the results of Section 3 apply to zero-dimensional scattered spaces.
Let us point out:

Corollary 23. Let X be a scattered space which is locally compact or metrisable. Then
Homeo(X) is amenable and Roelcke-precompact. Moreover, its universal minimal
flow is

[ Troex.

where X = |_|; X; is the partition of X into similarity classes.

Proof. By Theorems 20, 14 and 15, we only need to show that X is zero-dimensional.

e A locally compact scattered space is zero-dimensional by van Dantzig’s theorem,
since a scattered T; space is totally disconnected.

» Since zero-dimensionality is inherited by subspaces, any scattered space that admits
a scattered compactification has to be zero-dimensional by the previous argument.
By [29, Cor. 5], metrisable scattered spaces admit such compactifications. |

We note that locally compact scattered spaces include the following two much-
studied classes:

(1) Ordinal spaces and, more generally, locally closed® subspaces of finite products of
ordinal spaces. We retrieve in particular Theorems 13 and 16 about Homeo(w1)
of [16]. The computation of the universal minimal flow of Homeo(w;) was also
obtained independently by Basso and Zucker in [5, § 9].

(2) Compact scattered spaces. By Stone’s duality, these correspond to superatomic
Boolean algebras (Boolean algebras whose any quotient is atomic). This class of
algebras has been extensively investigated, in particular in connection with the
axioms of set theory — see for instance the survey [26].

8 A subset is locally closed if it is open in its closure. Locally closed subspaces of locally compact spaces
are exactly the locally compact subspaces, cf. [7, 1, § 9, n° 7].
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4.2. Exotic constructions. We prove here that the previous results cannot be extended
to a larger class of scattered spaces in the absence of full transitivity. More precisely,
Corollary 23 can fail for the homeomorphism group of a scattered space that is Haus-
dorff but not locally compact or that is locally quasi-compact but not Hausdorff. To
that end, we will give two constructions that show the variety of groups that can occur
as homeomorphism groups of scattered non-locally compact spaces:

At the core of our constructions lies the notion of a graph, which for this paper is
assumed to be non-oriented, simple and combinatorial, i.e., a graph & is a pair (V, E) of
a vertex set V' and an edge set E that is a subset of the set of all pairs of (distinct) points
of V. We recall that the automorphism group Aut(¥) is the subgroup of Sym(V') that
leaves E invariant®. Its topology is thus the topology of pointwise convergence on the
set V' (viewed as a discrete space). Whenever the graph § is locally finite (each vertex
has only a finite number of neighbourhoods), the group Aut(¥) is locally compact.
Moreover, if § is a Cayley graph of a finitely generated group G, then the action of
G on § by translations realizes G as a discrete subgroup of Aut(¥). In particular, the
class of automorphism groups of graphs contains many non-amenable, non-Roelcke-
precompact groups whose universal minimal flow is not metrisable, for instance those
of Cayley graphs of non-amenable finitely generated groups (e.g., Aut(734) for any
regular tree 7,4 of degree 2d, d > 2).

Both our constructions will show that the automorphism group of any graph can
occur as the homeomorphism group of some scattered spaces, when we leave the realm
of locally compact or metrisable scattered spaces. By the previous paragraph, this will
be sufficient to show the importance of the hypothesis in Corollary 23.

We first provide examples that fail to be Hausdorff.

Proposition 24. Any automorphism group of a graph can be realized as the homeo-
morphism group of a scattered, locally quasi-compact space (which is not T1 and not
zero-dimensional).

Proof. Let § be a graph with vertex set V' and edge set E. The idea of the construction
is to realize V' as the dense set of isolated points of a scattered space X in such a way
that the adjacency relation given by E is topologically encoded in X. To do that, we
define X as the set V U E endowed with the following topology: a subset U is open if,
whenever e € U for some e € E, then e C U. That is, whenever U contains a point
corresponding to an edge, it contains also the points associated to the vertices of that
edge.

9To avoid trivialities, we will implicitly assume that the edge set is not empty. This is actually not a
restriction, since the automorphism group of the graph without edge over the vertex set V' is the same as the
automorphism group of the graph on V' where all pairs of vertices are in the edge set.
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Observe that, with this topology, the set of isolated points of X is exactly V.
Moreover, X1 = E and X® = @, hence X is indeed scattered. Since any point
admits a finite neighbourhood ({v} if v € V or {e} U e if e € E), the space X is locally
quasi-compact.

As for any scattered space, the restriction map

p: Homeo(X) — Sym(X \ X)) = Sym(V)

is a continuous and injective morphism, since isolated points form a discrete dense
subset. Let us show that p is, here, an isomorphism onto its image, which is Aut(¥).

Whereas points in X (M) are closed, the closure of the singleton {v} for v e V
is made of the vertex v and of all the edges e that contain v. (In particular, X is
not T;.) That is, the vertices v and w are adjacent in the graph § if and only if the
intersection m N {w_} (in the topological space X) is not empty. In particular, for
any homeomorphism % of X, the restriction p(h) preserves the adjacency relation £
on V. On the other hand, any element of Aut(¥), when viewed as a permutation on
V' U E, preserves the open sets. Therefore, p is a bijection onto the subgroup Aut(§)
of Sym(V).

Finally, observe that a homeomorphism of X fixes an edge e if it fixes both its
vertices. Therefore, a basis of identity neighbourhoods of Homeo(X) is here given by
the fixators of finite sets of isolated points, hence the map p is a topological isomorphism
onto its image, i.e., Homeo(X) ~ Aut(%). [

We now provide examples that are Hausdorff but fail to be zero-dimensional (and
a fortiori fail to be locally compact). For this second construction, we recall that we
can realize a graph as a topological space by identifying each edge with an interval
[0, 1] and glueing the extremities of the intervals along the vertices. Notice that a
homeomorphism of the resulting topological space has to preserve vertices of degree
other than 2. In particular, if the graph § has no such vertices, there exists a surjection
from the homeomorphism group Homeo(¥) onto the automorphism group Aut(¥).

Proposition 25. Let Z be any Hausdorff completely regular'® (non-discrete) topolo-
gical space. Then there exists a Hausdor{f (non-locally compact, non-zero-dimensional)
scattered space X such that Homeo(Z) is abstractly isomorphic to the quotient
Homeo(X)/ Fix(XM).

Moreover, if Z is the topological realization of a graph § without vertices of
degree 2, then the composition of this isomorphism with the map Homeo(Z) — Aut(§)

10 Complete regularity means that points can be separated from closed sets by continuous real-valued
functions or, equivalently, that the topology can be defined by a uniform structure. It implies that closed
neighbourhoods of a point form a basis of neighbourhoods.
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(given by the restriction of a homeomorphism to its action on the vertices) gives a
continuous surjection from Homeo(X) onto Aut(§).

Proof. Let X be the set Z x [0, w] and let us write Z,, for the slice Z x {w}. (Here,
[0, w] is the countable set {0,1,2,...} U {w}, i.e., the ordinal w + 1.) We endow X
with the following topology: a set U is open if, whenever it contains a point (z, @),
then it contains V' x [n, w[ for some n < w and some V' C Z which is a neighbourhood
of z (for the given topology on Z).

Observe that the set of isolated points of X is Z x [0, @[ and that any point (z, w)
admits a neighbourhood U such that U N Z,, = {(z, w)} (namely, U = {(z, w)} U
V x [n,w[ for any n < @ and any V' which was a neighbourhood of z in Z). Hence
XM = 7z, and X® = @, which shows that X is scattered. It is obvious from the
definition of the open sets that X is Hausdorff (since we assumed Z to be so).

The key feature of this construction is that, even if Z,, is a discrete subspace of X,
its embedding in X still carries enough topological information to recover the given
topology on Z. More precisely, let V' be an open subset of Z (for its given topology)
and consider, in X, theset W = V x [n, w[. Then W U (z, w) is a neighbourhood of
(z,w) in X for any z € V. Better, the intersection of Z,, with the closure of W (for
the topology on X) is exactly the set V x {w}, where V is the closure of V C Z for
the given topology on Z. This has two consequences:

(1) If z € Z is not isolated, then (z,w) € X admits no basis of closed neighbourhoods.
Indeed, a closed neighbourhood U of (z, w) must meet Z,, in a set in bijection
with a closed neighbourhood of z € Z, hence in particular U N Z,, has at least
two points since z is not isolated. But the neighbourhood W U (z, w) of above
meets Z,, in only one point. A fortiori, since Z is not discrete, X cannot be locally
compact nor zero-dimensional (nor even completely regular).

(2) Under the obvious identification between the sets X ) = Z,, and Z, the restriction
map Homeo(X) — Sym(Z):h > h|xq) actually defines a map

p: Homeo(X) — Homeo(Z).

Indeed, since Z is completely regular, any permutation that preserves the closed
neighbourhoods must be a homeomorphism. Moreover, this map is surjective (for
any h € Homeo(Z), the map h=hx id[o,e] is @ homeomorphism of X such that
p(h) = h).

The kernel of p is made of all homeomorphisms that are trivial on X (1), This gives
us the abstract isomorphism of the proposition. The continuity statement in case where
Z is a simplicial graph is obvious from the fact that the topology on the automorphism
group of § is given by the pointwise convergence on the discrete set of vertices. =
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Remark 26. A contrario, the above construction can also yield full transitivity outside
the realm of zero-dimensional spaces. For instance, if Z is a perfect space on which
Homeo(Z) acts n-transitively for any n (e.g., Z can be a Euclidean space of dimension
at least two), then Homeo(X) is fully transitive whereas X is not zero-dimensional.

5. Application to the classification of homeomorphism groups of
ordinal spaces

As an application of the topological structure of fully transitive groups, we classify
here the homeomorphism groups of compact ordinal spaces.

We call ordinal space any ordinal o endowed with its order topology. The latter is
generated by open intervals; since « is well-ordered, this topology is Hausdorff and
admits a basis made of the sets

B.y[={x|B =x <y}

where B < y < a. Closed intervals [, y] are easily seen to be compact; since [B, y] =
[B,y + 1], we conclude that ordinal spaces are locally compact. Any nonempty subset
A of o contains a minimum, which is of course isolated in A. In particular, ordinal
spaces are Hausdorff, zero-dimensional, and scattered; their homeomorphism group is
fully transitive.

By definition, an ordinal is the set of all ordinals strictly smaller than itself. Hence
a more suggestive writing for the topological structure of ordinals is @ = [0, «[ and
a + 1 = [0, «]. In particular, an ordinal is compact if and only if it is O or a successor
ordinal. Moreover, any compact subset of a limit ordinal « is contained in a compact
set of the form [0, B]. Therefore, Alexandrov’s one-point compactification of & can be
identified with o + 1.

The main topological properties of ordinal spaces can be found in Examples 4043
of [28]. For basic facts about ordinal arithmetic, we refer to [19, 1.2], from which we
also follow the notational convention: in particular, the addition is ‘continuous on the
right’ (8 — « + B is continuous for any fixed «; equivalently, it commutes with the
supremum).

We point out three facts particularly relevant for the classification of homeomorph-
ism groups. Firstly, any nonzero ordinal can be uniquely written as a sum of decreasing
powers of w, called its Cantor normal form. That is, for any & > 0, there exist a unique
natural number n > 1, a unique decreasing n-tuple of ordinals @ > g1 > 8, > +++ > f3,,,
and a unique n-tuple of nonzero natural numbers k1, ..., k, such that '

a=w51-k1+---+wﬁ”-k,,.
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Secondly, powers of w ‘absorb’ smaller ordinals on the left, that is 8 + w% = w® for
any B < w® (this is proven easily by induction on «). Note that the decomposition into
Cantor normal forms implies by the way that these powers are the only ordinals with
this property.

Lastly, a nonzero point x of an ordinal space is of Cantor-Bendixson rank « if
and only if x = x” + w® for some ordinal x’. The ‘if’ is an easy transfinite induction
argument and the ‘only if” follows from the Cantor normal form.

5.1. Classification of ordinal spaces. Let us start by classifying the ordinal spaces
up to homeomorphism. The following result is probably well-known (the compact case
is given for instance in [3, Cor. 3]).

Theorem 27. Any ordinal space is homeomorphic to one of the following ordinal
spaces:

(1) Qork,
(2) Cl)a * k + 1!
(3) w* -k,
4) w® k + 0P,
where k is a nonzero natural number, « is a nonzero ordinal and, for the last case, B is
nonzero ordinal < .
Moreover, there is no redundancy in this classification: no space of one of these

four families is homeomorphic to a space of another family and, inside a family, the
parameters k, o, and B are topological invariants.

Proof. If y is a finite ordinal, then it is obviously homeomorphic to a space of the first
family. Let us then assume that y is infinite.

The key point is to observe that ordinal addition translates to topological disjoint
sum:

Lemma 28. Let o and B be two nonzero ordinals. Then the space a + B is homeo-
morphic to the disjoint sum of a + 1 and B', where B’ = B if B is infiniteand B’ + 1 = B
if B is finite.

Proof. Since the subspace [0, @] of @ + B is both open and closed, & + B is homeo-
morphic to the disjoint sum of [0,¢] (= @ + 1) and [@ + 1, « + B[. But the latter is
homeomorphic to [1, B[= B’. ]

Now of course the topological disjoint sum is ‘commutative’, hence the above lemma
implies that, whenever o and B are infinite, the spacesa + 8 + 1 and 8 + « + 1 are
homeomorphic. Combining this with the ‘absorption phenomenon’ for powers of w
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and Cantor’s normal form decomposition, we see that any infinite successor ordinal is
homeomorphic to w* - k + 1, where w® - k is the highest term in its Cantor normal
form.

We have thus shown that any compact (that is, successor) ordinal is homeomorphic
to a space of one of the first two families. For the non-compact case, observe that a
double application of the above lemma also allows to find a homeomorphism between
a + B + y and the topological disjoint sum of @ 4+ 1, 8 + 1 and y’, hence the spaces
a + B + yand B + « + y are homeomorphic. We can therefore again use the absorp-
tion phenomenon on the Cantor normal form of a limit ordinal: if it is not already equal
to w® - k, then it is homeomorphic to w® - k + wP, where « (resp. B) is the highest
(resp. lowest) exponent appearing in its Cantor normal form.

Let us prove that there is no redundancy in this classification. The various para-
meters «, 3, and k are topological invariants. In the first family, & is the cardinal of
the space. Spaces of the second family have Cantor-Bendixson rank & + 1 and they
have exactly k points in their @-th derived subset. The same is true for the one-point
compactification of spaces of the third family. And spaces of the fourth family have
exactly k points of rank o and the point added in their one-point compactification is of
rank 8. Hence no two spaces of the same family can be homeomorphic to each other.

Lastly, no homeomorphism can occur across these families. The spaces of the first
family are finite and the ones of the second family are infinite and compact, whereas
the last two families are made of non-compact spaces. A hypothetical homeomorphism
¢ between a space w? - k and a space 0¥ -k’ + wP would need to extend to one-point
compactifications, which have respective Cantor-Bendixson rank & + 1 and o’ + 1,
hence o = o’. But we must also have & = f3, since these are the respective Cantor—
Bendixson rank of the added point in the compactification. This would contradict
o’ > B, thus such a homeomorphism cannot exist. [

5.2. Classification of homeomorphism groups of ordinal spaces. We now leverage
the results about full transitivity to show that non-homeomorphic compact ordinal
spaces have non-isomorphic homeomorphism groups. Recall that ordinal spaces are
locally compact, hence their homeomorphism group is fully transitive (Corollary 23).

Let us first observe that, for an ordinal space X, the classification of closed normal
subgroups (Proposition 18 and Remark 19) takes a particularly easy-to-state form.
As we have already noticed, two points in an ordinal space are similar if and only if
they have the same Cantor-Bendixson rank (Remark 11). Hence all similarity classes
are infinite, except possibly one (the set of points of rank CB(X) — 1,if CB(X) isa
successor). Moreover, if a homeomorphism fixes the similarity class X @ \ X @+D jt
actually fixes the whole derived subspace X ®: indeed, in a scattered space, the points
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of rank « are dense in the a-th derived subspace and since X is Hausdorff, the set of
fixed points of a homeomorphism is a closed subspace.

Therefore, the closed normal subgroups of the homeomorphism group of an ordinal
space X are exactly the fixators Fix X @, plus possibly the preimage of the one or two
proper nontrivial normal subgroups of Sym(X #), if 8 + 1 = CB(X) and if the set
X ®) contains at least three points (Remark 19). Observe in particular that the closed
normal subgroups form a nested sequence indexed by an ordinal. This enables us to
classify the homeomorphism group in the compact case:

Theorem 29. Let G, ; = Homeo([0, w® - k]), where « is an ordinal and k is a nonzero
natural number. Then o and k are invariants of topological groups (that is, if Gk
and G - are isomorphic as topological groups, then « = o' and k = k'). In particu-
lar, if two compact ordinals have isomorphic homeomorphism groups, then they are
homeomorphic.

Proof. It X =[0,w® - k], then X® = {w®-1,...,w% -k} and the Cantor—Bendixson
rank of X is & + 1. Thanks to the classification of closed normal subgroups explained
above, we can then retrieve k and « as invariants of topological groups as follows:

» k!is the maximal cardinal of a finite discrete quotient of G ;

¢ For any topological group G, let us define €(G) as the supremum of all ordinals
B such that there exists an injective increasing map from the ordered set (8, <)
to the set of infinite-index closed normal subgroups of G (ordered by inclusion).
This is an invariant of topological isomorphism and, by the classification of closed
normal subgroups, we see that € (Gy k) = «.

The last statement follows from the classification of ordinal spaces (Theorem 27). m

Remark 30. For any ordinals 8 < «, there are k points of Cantor-Bendixson rank
B in the ordinal space [0, w*], where k is the cardinal of w® (which is equal to the
cardinal of ¢ if « is infinite). In particular, for a fixed infinite cardinal «, the groups
Homeo([0, w®]), where the ordinal & ranges from « to its cardinal successor k4, give
us k4 non-isomorphic groups with isomorphic upper completions, namely, Sym(x)*
(and hence with homeomorphic universal minimal flows, namely, LO(x)*).

Noncompact case. The non-compact case is slightly more involved and we were
unable to reach a full classification.

Let Hy x = Homeo(w® - k) and Iy x g = Homeo(w® - k + w?) be the homeo-
morphism groups of the non-compact ordinals. The same argument as above allows us
to retrieve the parameters « and k:
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e (k —1)!is the maximal cardinal of a finite discrete quotient of Hy ;
e k!is the maximal cardinal of a finite discrete quotient of /4 ¢ g;
o €(Foi) =a;

o e(lykp) =a.

Consequently, there is no isomorphism between the groups of the family H, x if
k > 2.But 0! = 1!, hence a first impediment towards a classification:

Question 31. Are there isomorphisms between Hy,; and Hy 2?

More generally, by considering the one-point compactification, we can find iso-
morphisms between Hy x and the fixator of a point of rank « in Gy, which is a
subgroup of index k. In particular, Hy 1 is isomorphic to Gg,1. Are there other iso-
morphisms? Because of the parameters o« and &, the question is of the following form
(and encompasses the previous question):

Question 32. Are there isomorphisms between Gy and Hy 417

Similarly, /4 kg is isomorphic to the fixator of a point of rank  in G, which
is of infinite index. We were unfortunately unable to retrieve the parameter 8 or to
exclude isomorphisms with groups of the other families:

Question 33. Are there isomorphisms between I, x g and I x g+? Are there isomorph-
isms between Iy ¢ g and Gy or Hy 417
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