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The exact convergence rate in the ergodic theorem of
Lubotzky-Phillips—-Sarnak and a universal lower bound on
discrepancies

Antoine PiNocHET Losos and Christophe PITTET

Abstract. We establish a new result about the equidistribution of points on the two-dimensional
round sphere. More precisely, we improve an upper bound of Lubotzky—Phillips—Sarnak on
the discrepancies of some finite symmetric sets of isometries of the sphere defined with the
help of Lipschitz quaternions. We show that a simple application of the spectral theorem leads
to the best possible upper bound. Our proof relies on the deep result of Lubotzky—Phillips—
Sarnak about spectral properties of some special free groups of isometries of the sphere. It
leads to an upper bound on the discrepancy which matches exactly a general lower bound
suspected by Lubotzky. We confirm Lubotzky’s guess by proving a universal lower bound on
the discrepancies of actions on atomless probability spaces. We also mention some facts relating
discrepancies to standard deviations, spectral gaps, amenability, Kazdhan pairs and €-good sets.
In an appendix, we emphasize the relation between the computed discrepancies and the values
of the Harish-Chandra function of a free group.

Mathematics Subject Classification (2020). Primary 37A15; Secondary 37A30.

Keywords. Convergence rate, discrepancy, equidistribution, Harish-Chandra function,
Koopman representation, quasi-regular representation, von Neumann ergodic theorem.

1. Introduction

1.1. Birkhoff’s sums and discrepancies. Let (X, v) be a probability space and let I" be
a group acting on X by measure preserving transformations. Let y1, ¥ 1 ..., Yns Vo 1
be a finite symmetric family F of elements of T".

Definition 1.1. The discrepancy §(F) of F relative to the given action of " on X is
defined as

8(F)=  sup
||f||L2(X.v)=1

] = 4
. ( fX F@)dv(y) - 5}; Ftx) + f(ykx))

L2(X,v)
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(In the above statement, the expression || x > ¢(x)||2(x,,) denotes the L?-norm
|l 2(x,v) of a function ¢. In what follows we will shorten the notation, writing

lo(x)|lz2(x,v) instead of [[x = @(x)|z2(x,v)-)
Decomposing f as f = fo + f1, where

fol) = F(x) - [X FOYG,

it is easy to check that
DEHFFZ]

(these inequalities also obviously follow from Definition 3.1 below). A heuristic neces-
sary condition for the discrepancy to be small is that for almost all x € X, the partial
orbit

)jlx, aeay )/n.x,

“spreads out” through the whole space X : Birkhoff’s sums on partial orbits

= 32 £ + ()

k=1

are expected to be good approximations (when 7 is large) of integration over the whole
space

f FO)AVE).
X

forany f € L?(X, v), only when the action is ergodic. In fact, the existence of a finite
symmetric family F of elements of I" such that

5(F) <1

implies the ergodicity of the action of I" on (X, v), see Proposition 3.4 below for a proof.
But the condition §( F) < 1, is stronger than ergodicity: according to Corollary 3.10
below, if the measure v has no atom, then any symmetric finite family /' which generates
an amenable group satisfies

8(F)=1,

so if we consider for example the group I' = Z generated by a rotation T of infinite
order acting on the circle (S!, d6), and if we choose the family F = {T, T~!}, then
8(F) = 1, although the action of I' is ergodic. There is a special class of groups whose
actions are ergodic if and only if their discrepancies are less than 1: if the group I
generated by F has Kazdhan property (T) — and if the space L2(X, v) is separable —
then the ergodicity of the action implies that §(F) < 1, see Proposition 3.4 below.
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See also Remark 3.5 below for the equivalence between the condition §(F) < 1 and
strong ergodicity. Notice that if we allow the measure v to have atoms, then actions
of amenable groups with zero discrepancy do exist, as the following simple example
shows. Consider a finite group

['={yi,.... vn}

of cardinality |T"| = n, acting transitively on a finite set X . In this case, the invariant
probability measure v on X has to be the uniform measure

1
U=m28x.

The discrepancy of the family y1, Y7, ..., yn, ¥; ' equals zero: for any x € X, and
any f € I*(X,v),

1 I _
b4 20 =5 ,; f@e'x) + fex).

yeX

(In order to prove the above equality, it is enough to check it for f a characteristic
function of a point of X.)

1.2. Smallest possible discrepancies on atomless probability spaces. Any finite
symmetric family y1,¥7', ..., ¥n, ¥, ' of elements of SO(3, R) acting on the round
sphere X = §2, endowed with its normalized uniform measure, satisfies

— _ V2n—1
(1) 8(}’1,3/1 la---,'J/n,)/n 1)2'_"—"1_a
and when n = %’—1, with p prime such that p = 1 mod 4, the above lower bound
is reached by some families constructed by Lubotzky Phillips and Sarnak (see [30,
Theorem 1.3]). But a generic finite symmetric family of elements of SO(3, R) does not
reach the above lower bound [30, Theorem 1.4]. In contrast, any family yq,..., y, of

elements of SL(2, Z), acting naturally on 72 = R?/Z?, which generates a free group

of rank n, satisfies
v2n —1

Sy yr e Yy ) = —

see Theorem 2.5 below. Lubotzky writes in [29, p. 121] “It seems likely that there
should be a general result like [the above lower bound (1)] for much more general
X7 This is indeed the case: for any finite symmetric family y1, y; L s Vs P vy Of
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any group, acting by measure preserving transformations, on any atomless probability
space,

V2n—1

(2) BOPL, YT 5o v 5 Vs ) B -

Moreover, if the above lower bound is reached, then the group generated by

Vl’---ayn

is free of rank n. These facts are consequences of Theorem 3.6 below, combined
with results from Kesten’s thesis [27, Theorem 3] on the norm of Markov operators
associated to the regular representation. (Lubotzky’s question has been answered,
without a proof, in exactly the same terms by Shalom in [41, Theorem 4.13], where
the reader is referred to an unpublished manuscript entitled “Hecke operators of group
actions and weak containment of unitary representations”.)

1.3. Monte-Carlo estimators and discrepancies. We explain here in what sense stan-
dard deviations of Monte-Carlo estimators generalize discrepancies of group actions
and discuss the question whether Monte-Carlo estimators may have standard deviations
smaller than discrepancies of groups actions. The reader interested only in the dynami-
cal aspects of discrepancies may safely skip this section. Let (X, v) be a probability
space. Let Zy,..., Z, be a family of n random variables with values in X with the
same law v. Let f € L?(X, v). The Monte-Carlo estimator of the mean of f is the
complex random variable

l n
=) f(Zo).
k=1
Its expectation is

1 n
E[;]; f(Zk)] = [ 100

In the case the random variables are pairwise independent, the variance of the Monte-
Carlo estimator of the mean can be computed for any f € L2(X,v) as

i 2 2
) V[%Z f(Zk)] _ B = rov ol 1513
k=1

n n

Hence the standard deviations o (i.e., the positive square roots of the variances) satisfy:

1 & 1
— Z = —,
sup a[n;f( k)] 7

I|f||L2(X,U)=1
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If (X, v) has no atom then

| 1
su o|- Z B —
izt [” kgﬂ k)} S

holds true without any independence hypothesis. See [36].

Let us now explain in what sense the discrepancy of a group action is a spe-
cial case of the discrepancy of a Monte-Carlo estimator of the mean. Let " be a
group acting by measure preserving transformations on a probability space (X, v). Let
Y1, Y7+« .s Yn, ¥y be a finite symmetric family of elements of I". As the action of T
on X preserves v, the random variables defined for all x € X as

Zi(x) = yix, Za(x) = yi'x, oo, Zono1(x) = yuX, Zan(x) = ¥, 'x,

all have the same law v and we recover the discrepancy of the family in terms of
standard deviations of Monte-Carlo estimators of the mean:

2n
I _ _
P [ﬂ > f(Zk)] =81yt YY)
k=1

||f"L2(X.v)=1

To sum up, let (X, v) be an atomless probability space; on the one hand, among all
choices of 2n random variables with law v, the choices when the random variables
are pairwise independent, lead to the smallest possible standard deviations of Monte-
Carlo estimators of the mean, and Formula (3) above shows that the value \/;Z_n is
achieved; on the other hand, any action of a family of 2n elements of a group has a
discrepancy bounded below by @ and this lower bound is reached by some actions
of free groups of rank n. The conclusion is that Monte-Carlo estimators using pairwise
independent random variables do almost twice better than what can be obtained with
groups actions. But from a practical point of view, producing independent random

variables may be more difficult than producing an action with low discrepancy.

2. Statement of the main results

2.1. Convergence rates on the sphere. In [30] and [31] the theory of modular forms
and the theory of unitary representations are applied to compute the discrepancy of orbit
points of Lipschitz quaternions on the 2-sphere. We recall the construction from [31]
of free subgroups of isometries of the round sphere. Let H = {qg = x¢ + x1i + x2] +
x3k : xg, X1, X2, X3 € R} be the field of quaternions. Let

1(q) = xo + x11 + X2J + X3k = x9 — X101 — X2] — X3k
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denote the conjugate of g. Let N(¢) = ¢q be the norm of ¢ and let |q| = /N(q) be
its module. The multiplicative group H* acts on H by conjugation and, if ¢ € H*
and v € H, then |gvg™!| = |v|. As this action preserves the subspace ImH = {x;i +
X2j + x3k : x1, x2, x3 € R}, it defines a homomorphism

Ad:H* - SOB3,R), ¢ = (v — qug™t)

with values in the orientation preserving isometry group of the round sphere S2. (A
word about notation and terminology. Identifying Im [H with the Lie algebra of the Lie
group of quaternions of norm 1, we see that the map Ad just defined, evaluated at a
quaternion ¢ of norm 1, is the conjugation by g and is linear in the above model, hence
coincides with its derivative at the identity. This means that, up to pre-factorization by
the center Z(H*) ~ R*, we are dealing with the usual adjoint representation from Lie
group theory.) The ring

H(Z) = {q = Xp + X1i + X2 + x3k : xg,X1,X2,X3 € Z}
of Lipschitz quaternions has 8 units:
H(Z)* = {*1,%i,+j £ k}.

Let n € N. According to Jacobi (see for example [8, p. 27] or [13, Theorem 2.4.1] for
odd integers), the cardinality of the set of Lipschitz quaternions of norm » is

INT' ) NH(Z)| =8 ) d.
44dn

Hence, if n = p is prime, the set N ~1(p) N H(Z) splits as the disjoint union of the
p + 1 orbits of the action of H(Z)*. In the case p = 1 mod 4, it is easy to check that
each orbit contains a unique quaternion ¢ = xo + x1i + X2j + x3k with xo > 0 and
Xo = 1 mod 2 and that the set

{g = x0 + x1i + x2] + x3k : X, x1,X2,%3 € Z, N(q) = p, X0 > 0, xo = 1 mod 2}

splits into %1 orbits of the involution 7, each containing two elements. Let X, C
SO(3, R) denote the image of this set under the homomorphism Ad. Let v be the

Lebesgue probability measure on the round sphere S2.

Theorem 2.1 (Lubotzky—Phillips—Sarnak [30, Theorem 1.3, Theorem 1.5]). Let p be a
prime such that p = 1 mod 4. The subgroup T" of SO(3, R) generated by the symmetric
set T of cardinality p + 1 is free of rank 231 and

2
w |3 X son- [ rove| =2

1/ l262.0y=1 | 12| jo5, 12(S2,v) Sk
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Let E,, be either the sphere or the ball of of radius n around e € T" with respect to the
word metric defined by X.,,. There is a constant C > 0 such that for alln € N,

1
| En|

sup
|If|!L2(Sz.v)=1

> 1en- [ o) o

yE€E, L2(S2,v)

The next theorem is our main result. It generalizes [30, Theorem 1.3] (choosing
n = 1 in the first equality of Theorem 2.2 below, one recovers [30, Theorem 1.3]). It
also strengthens [30, Theorem 1.5]. Indeed, [30, Theorem 1.5] establishes an upper
bound depending on an unknown constant, and claims no lower bound, whereas the
second equality in Theorem 2.2 below is an exact formula for the rate of convergence,
resulting from the combination of a new upper bound, smaller than the upper bound
from Theorem [30, Theorem 1.5], with the universal lower bound resulting from
Theorem 3.6 below.

Theorem 2.2. Let p be a prime such that p = 1 mod 4. Let " be the free subgroup
of rank %1 of SO(3, R) generated by the symmetric set ¥p. Let Sy, respectively By,
be the sphere, respectively the ball, of radius n around e € T" with respect to the word
metric defined by ¥ ,. Then

1 p—1 ) —-n/2
- d =1{1 f— ,
"f”LzS(F;I;vﬁl |Sn|,,;&l Sfyx) fsz Sdv(y) e ( + rrial
swp |2 Y S0 - [ S0
| Bn| 52

||f||L2(S2,v)=1 yEBy Lz(Sz,U)

= —|14+{14+—]n|p .
p+l—-;zz( N

2.2. Upper bounds: Weil and Deligne. Let I" be the free group of rank r and let
C[T'] be the its group algebra. Let 51, ..., s, be a free generating set of I" and let
S = {sf!,...,s*}. Each element y € I' has a word length ||y ||s defined by S. For
each n € N U {0}, we consider the Hecke element of C[I'] defined as

Tn - Z y.
Iylls=n

The upper bounds are obtained with the help of three main ingredients. The first ingre-
dient is an equality between the spectra of two operators. The two operators are defined
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with the help of the same Hecke element 7}, and two unitary representations of the same
free subgroup of SO(3, R) generated by Lipschitz quaternions. The first representation
is the Koopman representation 7o on the Hilbert space L%(Sz, v) of square integrable
functions on the sphere with zero integral. The second representation is the regular
representation A on [2(I"). See inclusion (6) below for the precise statement. To the
best of our knowledge, the only known proof of the inclusion of the spectra

o (mo(Ty)) C o (M(Ty))

is the one from [30, S153-S158] and [31, Theorem 4.1], which uses the theory of
automorphic forms and Deligne’s solution to the Weil conjecture. The second ingredient
is an application of the spectral theorem to Hecke elements. The third one is an identity
between the norm of operators defined by the regular representation of a free group
and values of the Harish-Chandra function of a free group; see Proposition A.2 below.

2.3. Lower bounds: A general fact. The lower bounds follow from Theorem 3.6
below. We give a short self-contained proof of this theorem. Alternatively, we also
explain how it can be deduced from a general result of Shalom announced in [41,
Theorem 4.14] and also stated in [16, Proposition 7]: if a countable group I" acts by
measure-preserving transformations on an atomless probability space (X, v), then there
is a subgroup H of I', such that the quasi-regular representation of I' on [2(I'/H) is
weakly contained in the restriction of the Koopman representation of I' to the orthogonal
complement L3 (X, v) of the constant functions. In the following proposition, we spell
out the consequence of Theorem 3.6 we need.

Proposition 2.3. Assume that U is a free group of rank r > 1 acting by measure-
preserving transformations on an atomless probability space (X, v). Let {ay,...,a,} be
afree generating set of . Let S = {a¥!,...,aF'}. Letq = 2r — 1. Let Sy, respectively
By, be the sphere, respectively the ball of radius n around e € " with respect to the
word metric defined by S. Then

1 qg—1 -
sup 5] Z S(yx) —“f S(dv(y) = (1 + n 1n)q wa,
1A 2,0y =1 "l yes, & L2(X,v) 4
1
p o= 2 S0 - [ o))
1A 2¢x,0)=1 "l yeB, X L2(X,v)

n—1 -1
1
> 1+2q—"zqk) (1 + (1 + —) n)q_"/z.
( k=0 Vi
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Remark 2.4. Notice that both lower bounds evaluated at ¢ = 1 give the value 1 and
in this case both inequalities are equalities. When g > 1, applying the formula for the
sum of the first n terms in the geometric series gives

n—1 . -1 g—1
— .
(1+2q kz_;)q) q+1_q%.
2.4. Convergence rates on the torus. It follows from [30, Theorem 1.4] that a generic
finitely generated free subgroup of SO(3, R) does not realize the lower bounds of
Proposition 2.3. This is in contrast with the group of automorphisms of the torus
where any finitely generated free subgroup realizes the fastest possible convergence

rate, as stated in the following theorem which easily follows from [41, Theorem 4.17]
or [14, Remark 20 on p. 16], or ideas presented in [18], or [20].

Theorem 2.5. Let T? = R?/7? be the 2-torus with its normalized Haar measure v and
let GL(2,Z) ~ Aut(T?) = G be its automorphism group. Assume that T < G is a free
subgroup of rank r > 1 freely generated by {ay,...,a,} C G. Let S = {ai“, o arly,
Let g = 2r — 1. Let Sy, respectively By, be the sphere, respectively the ball, of radius
n around e € T with respect to the word metric defined by S. Then

1 —] -
sup {7 D ) = [ S dv(y) = (1 t o7 1”)q "
1Al 2ep =1 | 197 ,e5, T L2(T,v) !
1
wp | 3 S0 [ o))
"f”LZ('][‘,p):l | II| yEBy, T L2(T,v)

= (1 +2q7" Eq")_l (1 + (1 - L) n)q*"/z.
=0 va

We present the general case of actions by automorphisms on compact abelian
groups in Theorem 3.11 below.

2.5. Structure of the paper. Section 3 is devoted to the relevant definitions and
notation from representation theory needed for the proofs of the results and facts stated
in the introduction. It contains the proof of the universal lower bound for discrepancies
(Theorem 3.6) as well as the proof that Bernoulli shifts realize this universal lower
bound (Corollary 3.12). In Section 4, we prove the remaining results stated in the
introduction, assuming the formulae for the norms of the operators defined with the
help of the regular representation. In the appendix, the reader will find a detailed
explanation of a geometric method for establishing the formulae used in Section 4.
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2.6. Related references.

About the works of Lubotzky—Phillips—Sarnak and the relations between equidistribu-
tion on the sphere and Ramanujan graphs. The spectral theory developed in the two
papers [30] and [31] brings information on the equidistribution of points on the sphere
(there is a Séminaire Bourbaki [12] on these two papers by Colin de Verdiére) and it is
very close to the spectral theory developed in [32] where the aim is the construction of
Ramanujan graphs (there is a Séminaire Bourbaki [13] on [32] by A. Valette). The rela-
tion between the two subjects are explained in Lubotzky’s book [29]: the main results
from [30] and [31] about equidistributions of points and the main results from [32]
about Ramanujan graphs are two applications of a theorem of Deligne [29, Theo-
rem 6.1.2] about automorphic representations and its implications about the growth
of Fourier coefficients of modular forms. The result of Deligne and its implications
about Fourier coefficients of modular forms may be viewed as part of the Langlands
program. Other advances in the Langlands program (Lafforgue’s proof of the Ramanu-
jan—Petersson conjecture for GL; in positive characteristic and the establishment of the
global Jacquet-Langlands correspondence for GL, in positive characteristic by Bad-
ulescu and Roche) have been applied to the construction of Ramanujan complexes [19].
In a different direction, Parzanchevski and Sarnak have shown that the optimal gen-
erating rotations X, C SO(3, R) can be used to construct efficient gates needed as
building blocks for quantum algorithms [35].

About ergodicity and discrepancies of subgroups of compact Lie groups. The five
pages paper of Arnol’d and Krylov [1] is one of the earlier reference on free groups
of rotations and their ergodic properties. Clozel [9] has obtained sharp bounds (up to
multiplicative constants) on the discrepancies of some subsets of SO(2r). In a series
of paper, Bourgain and Gamburd (see [S] and the references therein) construct finite
symmetric sets in SU(d) whose averaging operators have norms smaller than 1 (see
Definition 3.1 below which identifies discrepancies with norms of averaging operators).

About convergence rate for ergodic theorems, spectral transfers and the Harish-
Chandra function. In [10], Clozel, Oh, and Ullmo, express convergence rates for
ergodic theorems on locally symmetric spaces, in terms of Harish-Chandra functions.
The survey [22] of Gorodnik and Nevo includes many convergence rates estimates.
The spectral transfer principle, as formulated in [34], explains how information on the
decay of coefficients of unitary representations may bring convergence rates estimates
in ergodic theorems.

About random points on spheres. In [17], Ellenberg, Michel and Venkatesh, discuss
and improve Linnik’s work on the distribution of point sets on the 2-sphere, obtained
from the representation of a large integer as a sum of three integer squares. In [7] and [6],
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Bourgain, Rudnick, Sarnak, evaluate this distribution through different “statistics” and
compare it with what’s happening in higher dimensions, and with the case of random
points. Shalom’s survey [41] presents estimates of the discrepancy of random points.

3. Discrepancies and representation theory

In this section we recall the relevant definitions and notation from representation
theory needed for the proofs of the results and facts stated in the introduction.

3.1. Three involutive algebras. Let ' be a group. Recall that the formal linear com-
binations of elements of I" with complex coefficients

ZarV

yel

form the group algebra C[I'] of I" over the complex numbers. Each element of C[I']

has a norm defined as
Zay)’ = Z layl.
yel 1 yel

The space
MO ={f:T>C:lflh =Y 1f0)l < oo

yel

of summable functions on I' is a convolution algebra for the law

(f*@)x) =) gy 'x)f(y), VxeTl.

yerl

There is a unique embedding of involutive unital algebras of C[I'] into /!(T"), which
sends each y € C[I'] to the characteristic function 8, € /' (I") of y. Let : T' — U(H¥)
be a unitary representation of I" on a Hilbert space J. Let B(J¢) be the involutive
algebra of bounded operators on #H.If T € B(J) we denote by || T'|| its operator norm.
There is a unique morphism of involutive unital algebras from /!(I") to B(#) whose
restriction to I" equals 7. We also denote this morphism by 7.

Let E be a finite subset of I and let | E| be its cardinality. We denote the element
of C[I'] defined as the sum over elements of E by

1E=ZV

yeE

and we define m g to be ﬁlg.
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Let /2(T") be the Hilbert space of square integrable functions on I'. Let pr : I’ —
U(/2(T")) be the right regular representation:

pF(V)f(x) = f(x}/)9 V)C, Yy € F,

and let Ap : I' — U(I?(I")) be the left regular representation:

Ar(fx) = f(y™'x), Vx,yel.

3.2. Koopman representations. Let (X, v) be a measured space. Let I" be a group
acting on X by measure-preserving transformations. Let L2(X, v) be the Hilbert space
of complex square integrable functions on X. If f € L?(X, v) we denote its norm by
| fll2. Let 7 : T — U(L?(X, v)) be the Koopman representation:

2(y) f(x) = f(y~'x).

3.3. Discrepancies and Laplace operators. Unless stated otherwise, we will assume
that v is a probability measure. Let # = L?(X,v). Let 1y € # be the constant function
on X equal to 1. Let P € B(#) be the orthogonal projection onto the complex line
generated by 1y. We have P2 = P, P = P*, Pn(y) = n(y)P = P forally € T.
Let 7y denote the restriction of & to the kernel

KerP = L2(X,v) = { fel¥X,v): [ F)dv(x) = o}.
b'¢
We will also call 7y a Koopman representation.

Definition 3.1. Let m = }, m(y)y be an element of C[I']. We assume that
>_, m(y) = 1. The discrepancy of m is defined as the norm || 7o (m) || of the operator
mo(m) : L3(X,v) - L3(X,v).

Notice that the condition Zy m(y) = 1, implies that
n(m)— P = n(m)(idz2x,) — P).

Asthe operatoridy2(x,,y — P is the orthogonal projection from L%(X,v) onto L% (X,v),
we deduce that

@) lmom)l = sup |3 G xmey) - [X FO)v)| .

Ifl2=1
yel 5

where the supremum is taken over the unit sphere of the whole Hilbert space L2(X, v).
Choosing

1 — _
m=2—Z(}’kl+Vk)s
k=1
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we recover the discrepancy of a finite symmetric family yy, y; L VA v, ! of
elements of [':

(5) S vi e V¥ ) = lmo(m)]].

For m as above (or more generally for m a symmetric probability measure on I"), it
is fruitful to consider the Markov operator K = mg(m) and to define the associated
Laplace operator A = id L2(Xw) ~ K. Notice that | K| <1, so A is a positive operator.
The following proposition is well known.

Proposition 3.2. (1) Forall f € L3(X,v),

1 n
: kg Imo (i) f = FI? = 2(Af. 1),

(2) The operator norm of K can be computed with the help of Rayleigh quotients:

(AL, f)
Il
Definition 3.3 ([39]). Let y1,..., ¥, be a finite family of elements of I". Let € > 0. The

family is e-good if, for any f € L2(X,v) such that || f|| = 1, there exists 1 < k <n
such that

IK| = 1 — inf
F#0

NimwoQue) f = fll = €.

Proposition 3.4. Let I' be a group acting by measure preserving transformations on a

probability space (X, v).

(1) Letm € C[I'] such that 3 |, m(y) = 1. If | wo(m)|| < 1 then the action of T on
(X, v) is ergodic.

(2) Let F be a finite symmetric family of elements of T'. If 6(F) < 1 then the action of
I' on (X, v) is ergodic.

(3) Let y1, ..., yn be a finite family of elements of I" which is e-good. Then

2

-1 -1 €
8()’1,71 ,---,)/n,Vn )Sl_z_n‘.

(4) Letyy,y; S VR, Yn L be a finite symmetric family of elements of . Let 0 < A < 1.
If
Syv vty Vm v ) S 1-4,

then the family yy, ..., Vs is ¥/2A-good.
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(5) Let F be a finite symmetric family of elements of I'. Let H be the subgroup of I'
generated by the family F. If H has Kazdhan property (T) and if the action of H
on (X, v) is ergodic, then §(F) < 1.

Proof. Let f € L2(X,v).If f isinvariant under the action of T, so are the components

folx) = £(x) - fX FO)vG).

Hence 7o(m) (fo) = X, m(y) fo = fo so that

I foll = llzwa(m)lIll foll-

Under the hypothesis ||o(m)|| < 1, the above inequality forces || fo|| = 0. Hence f
is constant. This proves that the action is ergodic. Applying equality (5) above, we
see that the second statement in the proposition is a special case of the first statement.
In order to prove the third statement in the proposition, let f € L3(X, v) such that
| £l = 1. As the family is e-good, there exists 1 < i < n such that

Imo(vi) f = fll = €.

Applying Proposition 3.2, we obtain that

2

1 €
2n

(6F1) = 5, 2 o) = /1P = lmon) f = [

and
2

- - €
L N R A E I R

In order to prove the fourth statement in the proposition, let f € L3(X, v) such that
| | = 1. By hypothesis,

(Af, f) = A
That is,

1 n
5= 2 Imote)f = £ = 2.
k=1
Hence there exists 1 < k < n such that

lmo(vi) £ = 1 = V22,

We now prove the last statement of the proposition. The hypothesis that the group
H generated by y1, ..., ¥, has property (T) implies the existence of € > 0, such that
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({y1,...,¥n},€) is a Kazdhan pair for H (see [2, Definition 1.1.3]). If the action of H
on (X, v) is ergodic, the representation g restricted to H has no non-trivial invariant
vector. The definition of a Kazdhan pair then implies that for any f € LZ(X, v) such
that || f|| = 1, there exists 1 < k < n, such that |mo(yx) f — f|| > €. [ |

Remark 3.5. In the case I' is countable and m is a symmetric probability measure on
[" whose support generates I', the condition ||o(m)|| < 1 is equivalent to the strong
ergodicity of the action of ' on (X, v). See [41, Theorem 4.2].

3.4. A universal lower bound on discrepancies. The following theorem generalizes
and strengthens [40, Théoréme 3.3], [9, Theorem 2], [37, Theorem 4], [30, Theo-
rem 1.3].

Theorem 3.6 (A universal lower bound on discrepancies in terms of the regular repre-
sentation). Let (X, v) be an atomless probability space. Let I be a group acting on
X by measure-preserving transformations. Let m € C[I'| be a positive element (i.e.,
m=3} crayy witha, >0). Then

lro(m)|| = [lpr (m)].

Remark 3.7. Let J be a Hilbert space and let = : I' — U(Jf) be a unitary representa-
tion. The unique morphism 7 : I}(I") — B(#) of unital involutive algebras extending
7 is continuous. (More precisely it satisfies |7 (f)|| < || f|1 forall f € [}(I').) Asa
consequence, Theorem 3.6 extends to positive elements in /* (I").

Remark 3.8. Without the positivity hypothesis, the inequality ||7ro(m)| > ||or(m)||
obviously fails. As a simple example, consider the cyclic group of order two I' = {e, o'}
acting trivially on a probability space. If we choose m = ¢ — ¢ in C[I'], then 7o (m) = 0
but || p(m)|| = 2.

For any countable group I', there exist Koopman representations on atomless prob-
ability spaces, realizing the universal lower bound from Theorem 3.6. Corollary 3.12
below shows that Bernoulli shifts provide such representations in the case I is infinite.

We give two proofs of Theorem 3.6. In the first proof, we make the additional
assumption that (X, v) is a standard probability space. This proof is based on a stronger
result due to Shalom [41, Theorem 4.14], published without a proof, which was rediscov-
ered and proved by Dudko and Grigorchuk in [16, Proposition 14] with the assumption
that (X, v) is standard. The second proof is short, self-contained, and does not require
(X, v) to be standard. It follows an idea of B. Sévennec.

First proof of Theorem 3.6. By considering the subgroup of I' generated by the support
of the positive element m, we can assume that I is finitely generated. According
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to [16, Proposition 14], there exists a subgroup H of I' such that the quasi-regular
representation of I" on /2(I'/H) is weakly contained in the restriction of the Koopman
representation of I to the orthogonal complement L3 (X, v) of the constant functions.
As the quasi-regular representation of I" on /?(I'/H) contains positive vectors, the
theorem follows from [42, Lemma 2.3], and the definition of weak containment [2,
Definition F.1.1]. [ |

Second proof of Theorem 3.6. If m = 0 the inequality is trivial. If m # 0, multiplying
m by ||m| 7!, we may assume that |m|; = 1. As ||T||*> = ||TT*|| for any bounded
operator T on a Hilbert space, we may moreover assume m = m™.

Let ¢ € T be the identity element. We claim that for any n € N, ||mo(m")| >
m™ (e), where m‘™ e [1(I") is the n-th convolution power of m (although m has finite
support it is convenient here and in what follows to view m in the convolution algebra
I1(T") of summable functions).

To prove this claim, let F be the support of m"™). We choose a measurable subset
B4 of X such that

1
0 B —_
<v(By) < oF)

Such a set obviously exists because v is finite without atom. As the action preserves
the measure,
v(FB4) < |Fv(B4) <1/2.

A finite atomless measure has the intermediate value property (see [3, 1.12.10 Corol-

lary]) hence there exists a measurable subset B_ of X \ FB, satisfying v(B1) =

v(B-). Let

g, —1p_
1, —15_|2

7 e L3(X,v).
The proof of the claim follows then from the Cauchy—Schwarz inequality, the symmetry
of F, and the positivity of m:

lo (m™) || = (o (m™)e. @)
1

- (n)
"~ v(By) + v(B-) J;F[V (yB+ N B4) +v(yB- N B_)|m™(y)

! (n)
> S BT y;[v (vB+ N By) + v(yB- N B-)|m™(y)

= m™(e).

This finishes the proof of the claim.
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Applying the claim, we obtain
o (m)|| = Tim |7 (m)" ||/
n—o0

> lim supm ™ (e) /"
n—oo

= [ler(m)|.
The last equality above goes back to [27, Lemma 2.2]. =}

Remark 3.9. As mentioned to us by P.-E. Caprace, the existence of measure preserving
actions of locally compact amenable groups with a spectral gap (see for example [33,
Corollary 1.10, 1, Chap. III]) prevents an obvious generalization of the above result to
locally compact groups. But we believe the following statement is true.

Let 1 be a Haar measure on a locally compact group G. Let pg be the right regular
representation of G. Let X be a Hausdorff topological space. Let v be an atomless
Borel regular probability measure on X. Suppose that G acts continuously on X,
and preserves v. Assume there exists a point xq in the support of v, with compact
stabilizer, such that the orbit of x¢, under any compact subset K of G, has zero measure:
v(Kxg) = 0. Let g : L'(G, ) - B(L3(X, v)) be the Koopman representation,
restricted to the subspace of functions with zero integral. Then, for any continuous
function f : G — R with compact support and taking only nonnegative values, we
have

lzo (N = llpe (NI

If moreover G is is second countable, the inequality extends to nonnegative functions
belonging to L!(G, j). (We hope to say more on these questions in a forthcoming

paper.)
The following corollary together with Proposition 2.3 illustrate Theorem 3.6 with
two opposite situations: the discrepancy is maximal in the case the transformations

generate an amenable group whereas the discrepancy may be small in the case the
transformations generate a free group.

Corollary 3.10. Let E C Aut(X,v) be finite and symmetric. Let T be the group
generated by E. If I is amenable then

T El > 1= [ 10100 =1

2

sup
Ifll2=1

Proof. Without any hypothesis on I we always have || mo(mg)| <|mg|1 = 1. Accord-
ing to Theorem 3.6, |mo(mE)|| > ||or(mEg)|. According to [26], the group T is
amenable if and only if ||or(mg)| = 1. =
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3.5. Actions on compact abelian groups.

Theorem 3.11. Let A be a compact abelian group. Let v be its normalized Haar mea-
sure. Let T be a group acting by continuous automorphisms on A (hence preserving v).
We assume that for any non-trivial continuous homomorphism y : A — T with values
in the circle group T, the corresponding stabilizer subgroup of T,

Iy={yeT:Vaed xy'a) = x@}

is amenable. Let my be the Koopman representation of T on L3(A, v). For any m €
CI[r],
o (m)|| < llpr(m)].

(In other words, g is weakly contained in pr.) Moreover, in the case m € C[I'] isa
positive element, and if A is nontrivial, the opposite inequality

lo(m)|| = llpr (m)|

also holds true, hence
[ro(m)|| = || or(m)]|.

Proof. Let us first prove the second inequality. We claim that if A is a finite abelian
group, then ||7ro(m)|| equals 1. Indeed, if ||7ro(rn)|| was strictly smaller than 1, then the
action of I" would be ergodic according to Proposition 3.4 (1), hence transitive, and it
can’t be because the zero element of A is fixed by every automorphism of A. If A is
not finite, then since it is compact, the Haar measure v does not have atoms, and the
second inequality follows immediately from Theorem 3.6.

We now explain how the first inequality follows from the properties of the Fourier
transform and from the continuity of the induction. Let

A = Hom(4, T)

be the Pontryagin dual group of A, that is the group of all continuous homomorphisms
from A to T endowed with the compact-open topology. Recall the following general
facts from the theory of Fourier analysis on locally compact abelian groups (see [43]
or [25]). The dual group A is discrete (because A is compact) hence the Haar measure
on A is the counting measure, the Fourier transform

F:L2(A,v) — 12(A),

defined by the formula

FUHQ) = fA F@)x@dv(a),
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is an isometric isomorphism of Hilbert spaces. The group I" acts on A via the dual
action, that is, forall y € I', y € Aand a € A, we define

(@) = x(y~'a).

Since the Haar measure on 4 is the counting measure, it is preserved by the dual
action. Let 77 be the Koopman representation associated to the dual action. The Fourier
transform intertwines the two representations. More precisely, let ¢ € L2(4,v), y € A
and y € I', we have

FO(F @) () = fA p(@)yTx(a)dv(a)
= fA (@) 1@ dv(a)

= Lw(y‘la)mdv(a)
= F (7)) (@) (x).

Notice that A \ {14} is stable, since [" acts trivially on 14. The Koopman representation
associated to this action is denoted by 77 and is in fact unitarily equivalent, again via
the Fourier transform, to 7o (the constant functions are exactly those for which all the
Fourier coefficients but the 14-th vanish). Let 7" be a transversal for the action of I" on
A\ {14}, i.e. a subset of A \ {14} which intersects each orbit of the action at exactly
one point. Then the family of orbits

(F : X)xET
is a partition of A \ {14}; this partition yields the decomposition
P(A\{1a}) = P IT - )
Xxe€T

as a Hilbert direct sum of sub-representations of 7. For all y € T, let I'; be the
stabilizer of y (the notation should not be confused with the orbit I" - y). Then for all
xeT,

12T x) ~ I>(T/Ty);

to sum up, we have proved the following unitary equivalence

7o ~ P Aryry

x€T
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where Ar/r, denotes the quasi-regular representation on / 2(I'/ T'y). By assumption,
I', is amenable, so we have a weak containment of representations

lr <lr‘x.

X

By continuity of the induction, it follows that the quasi-regular representation Ar;r,,
itself equivalent to IndFX 1r,, is weakly contained in Inde)LpX, which is itself equiva-
lent to Ar. Since this holds for all y € T, the direct sum

@lr/rw
x€T

and hence, g, which is equivalent to it, is weakly contained in Ar. This is equivalent
to say (see [2, Theorem F.4.4]) that for all f € [1(T"),

l7zo (I = IAr (I

Finally, the left regular representation and the right regular representation of I are
equivalent, and this concludes the proof. |

Corollary 3.12 (Bernoulli shifts). Let " be an infinite countable group. Let 7./ 27 be
the cyclic group of order two, with the discrete topology. Consider the direct product

A=[]@/2z),

yel

endowed with the product topology. Let v be the normalized Haar measure on A. Let

g (ay) = (agy), VYgeTl, V()€ A,

be the action of T on A by Bernoulli shift automorphisms. Let m € C[I'] be a positive
element. Let 7o be the Koopman representation of I on L%(A, v). Then

lo ()|l = llpr (m)].

Proof. As T is infinite, the direct product A is infinite and the normalized Haar mea-
sure on this compact abelian group has no atom. Let y : A — T be a continuous
homomorphism. In order to prove the corollary it is enough to show that the stabilizer
I", is finite (hence amenable). As any non trivial element of A has order two, we may
view y as a continuous homomorphism taking values in the discrete group Z/2Z.
Hence ! ({0}) is open in A. By definition of the product topology, there exists a finite
set F C I' such that

{ay)€A:a, =0, Yy € F} C x ' ({0}).
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Let us denote this open set as
Ur ={(ay) € A:ay, =0, Vy € F},
and let
Vi ={(ay)€A:a, =0, Vy T\ F}.

For each element y € T', let

py:A—>Z/2Z
be the projection onto the direct factor (Z/27), = Z/2Z of A. Also let us write 1¢ the
element (a,) of A suchthata, =0if y # g and a; = 1. Each a € A can be written

a=u-+v

with u € Ur and v € V. It follows that

1= x(1y)py.

yeF

As the action on I" on itself by left translations is free, we see that I'y, is finite (bounded
by |F~1 F|), hence amenable. ®

4. Proofs of the main results
We complete the proofs of the results stated in Section 2.

4.1. Lower bounds on the discrepancies of actions of free groups. We prove Propo-
sition 2.3.

Proof. Letn € N be given. Let S,, C I' be the sphere around e of radius . As explained
in Proposition A.2 from the Appendix, or according to [11] or [44, Formula 12.17],

_ q — 1 -n/2
lorns)l = (1+ 250 ) a7
Let E = S, and let H < T be the subgroup generated by E. Letmg € C[H] C C[I'].
Decomposing I' into its right H-cosets, it is easy to check that pr restricted to H
decomposes as a direct sum of unitary representations, all unitary equivalent to pg,
and that consequently

lor(me)ll = llpa (mEe)l.
Applying Theorem 3.6 we obtain
lo(me)| = llor (mE)|.

Applying Formula (4) finishes the proof of the corollary in the case E = S,,. The case
of the ball of radius » is similar. |
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4.2. Exact convergence rate for some isometries of the sphere. We prove Theo-
rem 2.2.

Proof. It follows from [30, S153-S158] and [31, Theorem 4.1], that the spectrum of
7o satisfies

(6) 0(710(1)31,)) C [-24/p.2/p]-

(In fact, it is shown in [30, S153-S158] that o (JT() (lzp)) = [-2/P,2./p]. We will
“only” use the inclusion o (7o(1s,)) C [-2,/P,2,/p] but this is by far the hardest
to prove; the main ingredient in its proof is the inequality [31, Theorem 4.1] which
relies in particular on [15].) Applying inclusion (6) and Theorem 3.6 we deduce the
inequalities

2yp 2 |70 (1z,)] = |ler (1z,)] -

It then follows from Kesten’s spectral characterization of free groups (see [30, S157]
and [27]) that I" is free of rank r = p—zﬂ (and freely generated by any subset A of X,
containing 1"2"—1 elements and satisfying A N A~! = @). On I" we consider the word
metric defined by X, and for each n € N U {0}, the Hecke element

T,= » yeC[l

lylls,=n

We have
To=e, Tv= ) y=1g,, TWTi =T +2rTy.
Y€Zp
If n > 2 we have
ThwTy = Tyy1 + pTh-1.

There is a unique morphism of unital rings, from the ring Z[X] of polynomials in
one variable with integer coefficients, to C[I'], sending X to T3. The above recursion
relations show that T}, is in the image of this morphism for any n > 0. In other words
for each n > 0, there exists P, € Z[X] such that T, = P, (T1).

We first prove the theorem in the case of a sphere S, C I'. The lower bound
on the discrepancy follows from Proposition 2.3. For the upper bound, applying the
spectral theorem for bounded self-adjoint operators, inclusion (6), and Kesten’s com-
putation [27] of the spectrum of the regular representation

a(pr(T1)) = [-2/P,24/P),

we deduce that

|0 (Tn)|l = |mo(Pu(T0)) |
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= | Pa(mo(T0)|

= _sup |P(3)]
A€o (no(T1))

< sup  [Py(A)]
Ae[-2./,2./7]

= sup |Py(Q)]
A€a(pr(T1))

= [lpr(Tu).

Applying Proposition A.2 or [44, Formula 12.17], we conclude that

1 p=1 -n/2
sup > £ - [ f0)ve) = (1 N n) P2,
1712=1 || 1Snl /G5, 52 . p+1
The proof, in the case of a ball B, follows exactly the same lines. []

Remark 4.1. The recurrence properties of the polynomials defined in the proof are
reminiscent of the definition of Chebyshev’s polynomials. The interested reader may
consult [23] for further details (we thank Pierre de la Harpe for pointing out this
reference).

4.3. Exact convergence rate for automorphisms of the torus. We prove Theo-
fefil 2.5

Proof. According to Proposition 2.3, the lower bounds on the discrepancies are true
and the cases with ¢ = 1 have already been discussed in Corollary 3.10 and Remark 2.4.
As explained in [14, Remark 20 on p. 16] or in [41, Theorem 4.17], the restriction of
the Koopman representation defined by the action of G on T2

mo : G — U(L5(T?,v))

is weakly contained in the regular representation pg. Hence, according to [14, Theo-
rem 7], for any m € C[G],

Iro(m)[| < llpg (m)]|.

This inequality also follows from Theorem 3.11 above. Choosing m = mg, € C[I'] C
C[G], where E, is either a sphere or a ball, we get (as explained in the proof of
Proposition 2.3):

lpa (me, )|l = llor (mE,)-

Applying Proposition A.2 or [44, Formula 12.17] finishes the proof of the theorem. m
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A. Appendix

The aim of this appendix is to recall well-known facts about the regular and quasi-
regular representations of the automorphism group of a regular tree. Most relevant
for this paper are explicit formulae for the norms of Markov operators, defined by the
regular representation of the automorphism group of the tree. Although the formulae
from Proposition A.2 below follow from [11], or [44, Formula 12.17] which is based
on [44, Theorem 12.10] (see also [38] for a more general setting), it seems worthwhile
to emphasize that these formulae can also be deduced and expressed with the help of
the Harish-Chandra function of the quasi-regular representation of the automorphism
group of a homogeneous tree. (Both approaches are equivalent; the modular functions
of cocompact amenable subgroups in [38] correspond to Radon-Nikodym cocycles of
quasi-regular representations.) One reason for relying on the quasi-regular represen-
tation and the Harish-Chandra function is that the method also applies to lattices in
semi-simple groups.

A.1. The boundary of a tree and Busemann cocycles. Let (X, d) be the regular
tree of degree ¢ + 1 equipped with its geodesic path metric d for which each edge
is isometric to the unit interval [0, 1] C R. Let xo be a vertex of X. Let dX be its
boundary at infinity (we refer the reader to [4] for more details). Let b € dX and let
B : [0, 00) — X be a geodesic ray representing b. Let x, y € X. Let

By(x.y) = lim [d (x, B(t)) —d(y.B(1))]

be the Busemann cocycle defined by b € 0X.Leta,b € 0X and lete, B : [0,00) = X
be geodesic rays representing a and b. Their Gromov product relative to the base point
X is defined as
.
(@lb)xo = 5 Jlim [d (x0, (1)) + d (x0. B(®)) — d (), B(®))].

The formula
dx,(a,b) = e—(@lb)x,

defines an ultra-metric on 0X.

A.2. Conformal transformations and Radon-Nikodym derivatives. The group
Aut(X) of isometries of X acts on dX by conformal transformations. The Hausdorff
dimension of (30X, dx,) equals log g and the normalized Hausdorff measure v on
(0X, dx,) is the unique Borel probability measure on dX invariant under the action of
the stabilizer K = Aut(X)x, of xo. The Radon-Nikodym derivative of g € Aut(X) at

b e dX is
dg.v

b) = gBo(x0.8%0)
1, 0 =4
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A.3. The Koopman representation and the Harish-Chandra function. Let us
define a unitary representation

Ay D Aut(X) — U(L2(3X, v))

as
dgv

(Ao(2) f)(B) = f(g7'h) G
We still call it a Koopman representation, although the action of Aut(X) on 0X does
not preserve the measure v, but only its class.
(The representation A, is unitary equivalent to the quasi-regular representation
Ag/p, where G = Aut(X) and P = Gp, with b € dX any base point at infinity.)
Let 13x € L2(dX, v) be the constant function equal to 1. The Harish-Chandra
function

E : Aut(X) — (0,00)
is the coefficient of A, defined by 15x that is,

E(g) = (Av(g)lox. Lax).

As the action of K preserves the measure and as A,, is unitary, the Harish-Chandra
function is K-bi-invariant and symmetric. (In [24, Part II, Section 16] Harish-Chandra
introduces the function E on a connected reductive Lie group. The function E can
be viewed as the spherical function associated to a quasi-regular representation. The
definitions make sense for G a locally compact (separable) unimodular group with a
compact subgroup K such that (G, K) is a Gelfand pair, and an irreducible unitary
representation 7 with one-dimensional K-invariant subspace [21, Section 1.5]. In our

case G = Aut(X), K = Aut(X )y, and w = A,.)

A.4. A formula for the Harish-Chandra function. The length function
L : Aut(X) - N U {0}

L(g) = d(xo, gxo)

is also K-bi-invariant and symmetric (notice that the elements of length 0 are the
elements of K). As K acts transitively on each sphere of X with center xy, if g, g’ €
Aut(X) satisfy L(g) = L(g’) then there exist k, k' € K such that kg = g’k’. This
implies that E is constant on the level sets of L. For each n € N U {0}, we will write
& (n) for the common value of the Harish-Chandra function on all g € Aut(X) such
that L(g) = n. We claim that for any n € N U {0},

= _ q-_l —n/2
(7) u(n)—(1+q+ln)q .
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If L(g) = 0,thatisif g € K, then E(g) = 1. If L(g) > 0, let [xo, gxo] be the (image
of the) unique geodesic segment of X between xo and gxo. For each vertex x of X
at distance exactly 1 from [xg, gxo], consider the ball U, of X of radius e—4(x0,x)
consisting of the points at infinity of the geodesic rays of X starting from xo and
passing through x. We obtain the partition

x= |J U

d(x,[xp,gx0])=1

As for each 7 € N the measure of a ball of radius e™" equals [(g + 1)g"~!]7L, it is
easy to check that

2(g) :/ 3B (x0:8%0) 7, (p)
oX

= 2 fq%Bb‘xoﬂgxo’dv(b)
1 ¥ Vs

d(x,[x0,gx0])=

— Z q%(d(xo,X)—d(gXO,x))dv(b)

d(x,[x0.gx0))=1" U=

= Y gHGen-dexn,y,)
d(x,[x0,gx0])=1

q_l -n/2
=1+ n .
( qg+1 )q

A.5. Computing operator norms with the Harish-Chandra function. We first
compute the norms of some operators defined by the Koopman representation. We
then explain how spectral transfer applies to compute the norms of the corresponding
operators defined by the regular representation.

Proposition A.1. Letr € N. Let I be the free group of rank r. Letay, ... ,a, be a free
generating set of I'. Let X be the Cayley graph of T" with respect to {ai“, coafh)
Let e = xg € X be a base point. Let G = Aut(X) and let L(g) = d(xo, gx0) be the
length function on G defined by xo. For each integern > 0, let Sy = L™'(n) N T and
let B, = L~1([0,n]) N T (where I' C G is the natural embedding). Then

1Ay (ms,)| = E(n),

3 (RISl

|Mv(mBn)|| =
[Bal 2=
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Proof. We first consider the case of the sphere S,. Let 15x be the constant function
equal to 1 on dX. Applying the Cauchy—Schwarz inequality and the fact that the
function E is constant on S, we obtain

[Av(ms,)I > [[Ay(ms,)lax |2 = |Av(ms,)1ax [|2]|1ax |2

=Y (w0 ax, Tax)

Sal &

> (Ay(ms,)lax, 1ox) =

= E(n).
To prove the other inequality, we first notice that for p € {1, 2, oo}, the operator
Av(ms,) : LP(X,v) — LP(X,v) is bounded. In the case p = 2 it is self-adjoint.
Thanks to Riesz—Thorin’s theorem,
[Av(ms,)ll2—2 < |Av(ms,) 00— oc0-

As A, (ms,) preserves positive functions, it is obvious that

[Av(ms,) o000 = [[Av(ms,)1ax [l co-
We claim that the function A, (ms,)15x is constant equal to E(n). To prove the claim
we first show that the function is K-invariant (hence constant as K acts transitively on
0X).Letb € 0X and k € K. We have

Ao (s, )ax (kB) = —

L By p(x0,7x0)
APIRE

YE€Sh

1 3 g B0 20k yx0)

1Snl o5,

- 1 DI
S

1
|:Sh|

YESh

Z q%Bb(xo,yxo)
yESH

= Ay(ms,)1ax ().

The claim is proved because v is a probability measure and by definition of E we have

[ s tax®rav®) = 2.
0X

In the he case of the ball B,,, applying Cauchy—Schwarz’s inequality and Riesz—Thorin’s
theorem in similar ways proves that

1A @)l = D B().

Y€Bp

The result follows because E is constant on spheres. ]
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Proposition A.2. Let r € N. Let " be the free group of rank r. Let ay, ... ,a, be
a free generating set of I'. Let S = {aibl, ...,aX1}. For each integer n > 0, let Sy,
respectively By, be the sphere, respectively the ball, around e € I of radius n with
respect to the word metric on I defined by S. Let ¢ = 2r — 1. Then

q_l —n/2
_ =11 ,
lortns)ll = (14 250 g

r— c(q,n)(l N (1 + %) n)q-"/z,

=1
where c(q,n) = (1 +2q7" ZZ:) qk) '

Proof. We claim that for any positive element m € C[I'], we have

lor ()]l = [|Av ()]l

The inequality ||or(m)| < ||A,(m)] follows from [42, Lemma 2.3] because 1y is
a positive vector for A,. The inequality ||pr(m)| > |4, (m)]| is true for any element
m € C[I'] (not only positive ones), because the action of " on 0X is amenable, see [28]
and [14, Theorem 7]. To prove the proposition, we apply Proposition A.1 and Formula
(7). In the case of the sphere .S, this immediately proves the statement. The case of the
ball B,, requires some computation. If ¢ = 1, the formula is obvious. If ¢ > 1, we have

1 n
lor (mp,)|| = —— > B(k)|Sk|
|Bnl k=0

= PR SLE S P
IBn|( q
=(q+1qn_ 2 )—1 1+€1+q1/2n qn/2
g=1 =1 q
= c(gq,n) 1+(1+L)n g 2
Vi

where c(g,n) = (1 +2¢" ZZ;B qk)_l' .
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