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THE WHITEHEAD CONJECTURE AND L?-BETTI NUMBERS

by A. Jon BERRICK and Jonathan A. HILLMAN

In [8], J.H.C. Whitehead asked whether any subcomplex of an aspherical
2-dimensional complex must be aspherical. An affirmative answer to this
question is widely known as the Whitehead Conjecture.

Failure of the Whitehead Conjecture implies either

(a) there is a finite 2-complex X with m(X) # 0 and a map f: S' — X
such that ¥ = X U, ¢* is contractible; or

(b) there is an infinite ascending chain K, C K,4; of finite 2-complexes
with m2(K,) # 0 for all n and such that | J,., K, is aspherical ([4]).

Moreover, a counterexample of the first type implies the existence of a
counterexample of the second type ([7]).

Our concern here is with the finite case of the conjecture, namely the
assertion that any subcomplex of a finite aspherical 2-complex is also
aspherical. This assertion implies that (a) above does not hold. An interesting
question is whether the negation of (a) above is actually equivalent to the
finite case of the conjecture.

If X is a finite 2-complex such that ¥ = X Uy €? is contractible then
7 = m1(X) has a presentation of deficiency 1 (since x(X) = 0), and 7 is the
normal closure of the element represented by the attaching map f; so « has
weight 1. Conversely, the usual 2-complex of any deficiency 1 presentation
of a group 7 of weight 1 is such a finite subcomplex X of a contractible
2-complex (where f° corresponds to a normal generator of 7). (Every such
group 7 is the group of a 2-knot [5].)

We now introduce L?-Betti numbers $/2 [6] into this situation. Relevant
facts here include that for a finite 2-complex X,

(X)) = xPx) = gP@) - 8P + 8P x)



36 A.J. BERRICK AND I.A. HILLMAN

and BP(X) = g (m(X)) for i = 0,1, (The question of whether the equality
of the two Euler characteristics still holds for finitely dominated X relates to
the weak Bass conjecture for m(X) [1]).

A finite 2-complex X is aspherical if yx(X) = 0 and [31(2)(X) =1 |3
From [2], the L?>-Betti number condition is satisfied if, for instance, m(X)
has an infinite subgroup that is

(i) amenable and ascendant; or

(ii) finitely generated, subnormal and of infinite index.

In fact, in the presence of (i), x(X) = 0 is necessary and sufficient for
asphericity. On the other hand, in the presence of (ii) instead, x(X) = 0 is
not necessary for asphericity. To see this, take for X the classifying space of
the group F(2) x F(2), where [I(2) denotes the free group of rank 2; here
x(X)=1.

If 7K is the group of a tame classical knot K < S° then 69(%1{) =0 (see
§4.3 of [6]), and so the 2-complex associated to any deficiency 1 presentation
of a classical knot group is aspherical.

On the basis of this modest evidence, we suggest that a better understanding
of L?-Betti numbers may contribute to the finite case of the Whitehead
Conjecture.

QUESTION 12.1. If a group = has weight 1 and a finite presentation of
deficiency 1, is ﬁ?(ﬂ) =07
Neither “deficiency 177 alone nor “weight 17 alone is enough. The free
product Z = Z /27 has deficiency 1, but it is also a semidirect product
Z+7/27 = F(2)xZ/2Z and so B7(Z «Z/27) = L3P (F(2)) > 0. The free
product Z/27Z = Z/3Z has weight 1 (since equating generators for the free
factors kills the group), but its commutator subgroup is free of rank 2 and has
index 6, so [31(2)(Z [2L + L/3L) = éﬁf)(F (2)) > 0. (Neither of these groups
is m; of a finite aspherical complex.)

On the other hand, Z> has deficiency 1 and 3”(Z%) =0, but clearly Z?
has weight 2. The semidirect product (Z/3Z) x_; Z has weight 1 and
652)((Z/3Z) x_1 £) = 0, but this group has deficiency 0. Thus neither
hypothesis “deficiency 17 nor “weight 17 is implied by the conjunction
of the other with the condition ﬁfz)(ﬂ) =10,
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