Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 54 (2008)

Heft: 1-2

Artikel: The Dehn function of SLn(Z2)

Autor: Riley, Tim

DOl: https://doi.org/10.5169/seals-109924

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 15.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-109924
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

L’Enseignement Mathématique (2) 54 (2008), 156-158

35

THE DEHN FUNCTION OF SL,.(Z)

by Tim RILEY

For a word w on a;*', ... a,™' representing 1 in a finite presentation

P = {a1,...,an | R) of a group T, define Area(w) to be the minimal
A € N such that there is an equality w = H‘;lui‘lrﬁiuj in the free
group F(ap,...,dy,) for some ¢; = £1, some words u;, and some r; € K.
Equivalently, Area(w) is the minimal A such that there is a van Kampen
diagram for w over P with at most A 2-cells. Defining Area(n) to be
the maximum of Area(w) over all w that have length at most n and
represent 1 in I', gives the Dehn function Area: N — N of P. Whilst
Area: N — N is defined for P, a different finite presentation P’ for T" will
yield a Dehn function Area’: N — N that is qualitatively the same — for
example, (3C > 1, Vn, (1/Cn* < Area’(n) < Cn?) if and only if the same
is true for Area: N — N. (The C may differ.)

QUESTION 55.1. Is the Dehn function of SL,(Z) quadratic when n > 4 ?

Presenting this as a question, rather than a claim, conjecture, or the like,
may be unduly conservative. In his 1993 survey article [5], Gersten describes
the quadratic Dehn function as an asseriion of W.P. Thurston.

I am not even aware of a proof that the Dehn function of SI.,(Z) is
bounded above by a polynomial when n > 4. By contrast, the Dehn function
of SI,(Z) is known to grow linearly — SI.,(Z) is hyperbolic — and that
of SLi(Z) grows like n — exp(n): Epstein—Thurston [4] proved the lower
bound and a result sketched by Gromov [6] §547 gives the upper bound. (An
elementary proof might be a step towards 55.1.)

Of course, 55.1 presupposes SL.,(Z) is finite presentable, but that has
been long known. The n? — n matrices ¢; with 1°s on the diagonal, the
off-diagonal jj-entry 1, and all others 0, generate SIL.,(Z). Milnor [11],
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following J.R. Silvester and in turn Nielsen and Magnus, explains that the
Steinberg relations {[ey, ex] = 1}isjzx and {[ew, en] = e} together with
{(ejei~tey)t = 1}iy; are defining relations. A proof of 55.1 would be an
exacting quantitative proof of finite presentability.

One can regard 55.1 as a higher dimensional version of the Lubotzky—
Mozes—Raghunathan Theorem ([9], [10]) establishing the existence of efficient
words representing elements g of SL,(Z) for n > 3, that is, words of length
like the log of the maximum of the absolute values of the matrix entries. As a
word representing g amounts to a path in the Cayley graph from 1 to g, the
L.-M.-R. Theorem can be thought of as saying that O-spheres admit efficient
fillings by 1-discs. A word w representing 1 in a finite presentation P
corresponds to a loop p,, in the Cayley graph; a van Kampen diagram for w
can be regarded as a combinatorial homotopy disc for p, in the Cayley
2-complex of P. So 55.1 is, roughly speaking, the claim that 1-spheres admit
efficient fillings by 2-discs in SL,(Z) for n > 4.

Gromov [6], §5D(5)(¢), cf. §2B;, takes this further and suggests that in
SL,(Z), Euclidean isoperimetric inequalities concerning filling k-spheres by
(k+ 1)-discs persist up to kK =n — 3. (For k = n — 2, the exponential lower
bound of [4] applies.)

One attack on 55.1 is that whilst SL.,(Z) is not a cocompact lattice in
the symmetric space X := SL,(R)/SO(n), and so the quadratic isoperimetric
inequality enjoyed by X does not immediately pass to SL,(Z), open horoballs
can be removed from X to give a space X on which SL,(Z) acts cocompactly.
Drutu [2] and Leuzinger—Pittet [8] have made progress in this direction,
including a quadratic isoperimetric inequality for the boundary horosphere of
each removed horoball.

Chatterji has asked whether for n > 4, SL,(Z) enjoys her property Ls
for some ¢ > 0, which would imply a sub-cubic Dehn function [3].

The author’s efforts towards 55.1 have, to date, yielded [12] a version of
L-M.—R. giving explicit efficient words. This may aid the construction of
van Kampen diagrams, but that remains to be seen. However it has led to
progress elsewhere [7].

Finally, we mention that for # > 3, the Dehn functions of the cousins
Aut(F,) and Out(F,) of SL,(Z) are also unknown [1].
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