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CLASSIFYING SPACES FOR PROPER ACTIONS

by Peter H. KROPHOLLER

It is an open problem to find good algebraic criteria for a group G to admit
a finite dimensional model for EG, the classifying space for proper actions.
Recall that this classifying space is a proper G-CW-complex such that every
finite subgroup has contractible fixed-point set and it is uniquely determined
up to G-homotopy equivalence. Guido Mislin introduced me to this concept
some twelve years ago and together [2] we proved a theorem about it : namely
that every Hg-group of type FP.. has a finite dimensional E. This theorem
was an improvement of my original conjecture that v -groups of type FP.
should belong to H;§. The class H;§ consists of all groups which admit a
proper action on a finite dimensional contractible CW-complex. The proof of
the Kropholler—Mislin theorem applies to a wider class than the FP,. groups,
showing that all H;§-groups for which there is a bound on the orders of the
finite subgroups have finite dimensional models for E£. Therefore there is the
following natural conjecture.

CONIECTURE 45.1. Every ni§-group has a finite dimensional classifving
space for proper dactions.

Examples which do not fall within the scope of the Kropholler—-Mislin
method include quasicyclic groups, the lamplighter group and many others.
However, in all known cases of such examples it is always possible to verify
the conjecture very easily. The conjecture is of theoretical interest and remains
tantalizing.

Wolfgang Liick introduced [3] the use of the orbit category in this context
and greatly improved the dimension bounds on proper classifying spaces,
as can be seen in Theorem 6.4 of [3]. Liick’s work provides an algebraic
framework for research in this area. Subsequently others have contributed:
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notable examples include the work [1] of Brady-Leary—Nucinkis and the
studies [4], [5], [6] made by Martinez-Pérez and Nucinkis. Nevertheless there
is at present no proof or refutation of the above conjecture.
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