
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 54 (2008)

Heft: 1-2

Artikel: Alperin's weight conjecture

Autor: Kessar, Radha / Linckelmann, Markus

DOI: https://doi.org/10.5169/seals-109911

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 06.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-109911
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


L'Enseignement Mathématique (2) 54 (2008), 120-122

42

ALPERIN'S WEIGHT CONJECTURE

by Radha Kessar and Markus I i\< ki t m \n\

Let p be a prime number.

Conjecture 42.1. Let G be a finite group and let P be a Sylow

p-subgroup of G.

(i) The number of conjugacy classes of p'-elements of G is greater than

or equal to the number of conjugacy classes of NG(P)/P.

(ii) If P is abelian, then the number of conjugacy classes of G is greater
than or equal to the number of conjugacy classes of NG(P).

The above inequalities would follow from Alperin's weight conjecture [1]
which we describe now.

Let k be an algebraically closed field of characteristic p. For a finite

group H denote by l(kH) the number of isomorphism classes of simple
kH -modules, and by w(kH) the number of isomorphism classes of simple
projective kH -modules. The weight conjecture predicts the following

Conjecture 42.2. Let G be a finite group. Then

Qei

where I denotes a set of representatives of G-conjugacy classes of
p -subgroups of G.

Conjecture 42.2 comes in a block-wise version as well. The reformulation
of this conjecture in terms of alternating chains in [13] paved the way for

many extensions (see for instance [9], [10], [11], [16]). Despite having been

verified for many families of finite groups, including finite p -solvable groups,
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symmetric groups, and in some cases for finite groups of Lie type and some

sporadic simple groups (see for instance [2], [3], [4], [5], [6], [8], [12]), a

true understanding of Conjecture 42.2 or indeed of Conjecture 42.1 remains

elusive.

In its original form stated above, Alperin's weight conjecture is a numerical

equality interpreting the number of simple modules of a finite group or
a p -block in terms of the involved p -local structure. In subsequent years
structural approaches to this and related conjectures in terms of linear source:

modules [7], fusion category algebras [14], and cohomological invariants of
functors over certain finite categories [15], have emerged.

We briefly explain how 42.1 would follow from 42.2. By a theorem of
Brauer, l(kG) is equal to the number of conjugacy classes of p' -elements

in G, and the summand for Q — P on the right side of the equality 42.2 is

equal to the number of conjugacy classes of Ng(P)/P. Thus 42.2 implies the

inequality 42.1 (i). The inequality 42.1 (ii) follows from 42.1 applied to

centralizers of p -elements.
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