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Corollary 8.10 is purely arithmetical in nature. It should be possible to give

a direct proof, but this probably requires a more ad hoc approach, making for

instance a case distinction between the supersingular and the ordinary primes

for E over K.
The next corollary is certainly well-known, but it is amusing to see how

it can be proved using Arakelov theory.

Corollary 8.11. Suppose that N p is a prime number. Extend the

p-torsion points of E over the regular minimal model of E over K. Then

the p-torsion points restrict injectively to a fiber at a prime of characteristic

different from p.

Proof By symmetry considerations, it suffices to prove that for any

p-torsion point P, the sections P and O do not intersect at a fiber above a

prime of characteristic different from p. But if we take N — p in the formula

from Corollary 8.10, the right hand side is a rational multiple of log/?, hence

so is the left hand side. As the local intersections involved in (P, <9)fin are

always non-negative, they are in fact zero at primes of characteristic different

from p. This proves the corollary.
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